PREFACE 


General Character and Purpose of the Instructor’s Manual 


This Manual contains: 

(D) Detailed solutions of the even-numbered problems. 

CD General comments on the purpose of each section and its classroom use, with math- 
ematical and didactic information on teaching practice and pedagogical aspects. Some of 
the comments refer to whole chapters (and are indicated accordingly). 


Changes in Problem Sets 


The major changes in this edition of the text are listed and explained in the Preface of the 
book. They include global improvements by updating and streamlining chapters as well 
as many local improvements aimed at simplification of the whole text. Speedy orienta- 
tion is helped by chapter summaries at the end of the chapters, as in the last edition, and 
by subdividing sections into subsections with unnumbered headings. Resulting effects of 
these changes on the problem sets are as follows. 

The problems have been changed. The large total number of over 4000 problems has 
been retained, increasing their overall usefulness by the following. 

(1) Balancing by extending problem sets that seemed too short and contracting others 


that were too long, adjusting the length to the relative importance of the material in’ 


a section, so that important issues are reflected sufficiently well not only in the text but 
also in the problems. Thus, the danger of overemphasizing minor techniques and ideas is 
avoided as much as possible. 

(ID) Simplification by omitting a small number of very difficult problems that appeared 
in the previous edition, retaining the wide spectrum ranging from simple routine prob- 
lems to more sophisticated engineering applications, and taking into account the “algo- 
rithmic thinking” that is developing along with computers. 

(I) Close amalgamation of text, examples, and problems. This has again been 
achieved by the large number of over 600 worked-out examples in the text and by in- 
cluding problems closely related to those examples. ; 

(IV) Addition of TEAM PROJECTS, CAS PROJECTS, and WRITING PROJ- 
ECTS, whose role is explained in the Preface of the book under Big Changes. 

These changes in the problem sets will help students in solving problems as well as in 


' gaining a better understanding of practical aspects in the text. It will also enable instruc- 


tors to explain ideas and methods in terms of examples supplementing and illustrating 
theoretical discussions—or even replacing some of them if so desired. 


“Show the details of your work.” 


This request repeatedly stated in the book applies to all the problem sets. Of course, it is 
intended to prevent the student from simply producing answers by a CAS instead of try- 
ing to understand the underlying mathematics. 


Orientation on Computers 


Comments on computer use are included in the Preface of the book. Software systems are 
listed in the book subsequent to Contents and at the beginning of Chap. 17 on numerical 
methods. , 
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Part A. ORDINARY DIFFERENTIAL 


EQUATIONS 


CHAPTER 1 First-Order Differential Equations 


Major Changes 


Direction fields are now discussed much earlier, in Sec. 1.2. This “geometrical” and “qual- 
itative” approach to differential equations may provide a better conceptual understanding 
of equations and solutions. The graphical power of a CAS will be helpful in this context. 

The second major change concerns the combination of related solution methods. Solu- 
tion by separation and solution by reduction to separable form now appear in a single sec- 
tion (Sec. 1.3). Similarly, exact equations and integrating factors are both discussed in the 
same section (Sec. 1.5). 

Team Projects and CAS Projects are included in most problem sets. 


SECTION 1.1. Basic Concepts and Ideas, page 2 


Purpose. To give the student a first impression of what a differential equation is and 
what we mean by solving it. 

Background Material. For the whole chapter we need integration formulas and tech- 
niques, which the student should review. 

General Comments 


This section should be covered relatively rapidly to get quickly to the actual solution meth- 
ods in the next sections. 

If an example of a partial differential equation is wanted in passing, Laplace’s equa- 
tion 


ou au _ 


— + ‘isa 
ax ay? 


may be best because of its great physical importance. 
Problem Set 1.1 is supposed to help the student with the tasks of 


Solving y’ = f(x) by. calculus, 

Finding particular solutions from given general solutions, 

Setting up a differential equation for a given function as solution, 
Gaining a first experience in modeling, by doing one or two problems, 
Gaining a first impression of the importance of differential equations, 


without wasting time on matters that can be done. much faster, once systematic methods 
are available. 
Comment on “General Solution” and “Singular Solution” 


Usage of the term “general solution” is not uniform in the literature. Some books use the 
term to mean a solution that includes all solutions, that is, both the particular and the sin- 
gular ones. We do not adopt this definition for two reasons. First, it is frequently quite 


1 


Instructor’s Manual 


; ; 


difficult to prove that a formula includes all solutions, hence this definition of a general 
solution is rather useless in practice. Second, linear differential equations (satisfying rather 
general conditions on the coefficients) have no singular solutions (as mentioned in the 
text), so that for these equations a general solution as defined does include all solutions. 
For the latter reason, some books use the term “general solution” for linear equations only; 
but this seems very unfortunate. 
Comment on Example 2 
Theoretically inclined students may show (a) by differentiation, (b) directly from the 
differential equation, that the solution cannot be continued to the closed interval 
—1 =x = 1, where the function is still continuous, but no longer differentiable. 

This also illustrates that open intervals generally are the appropriate domains of defin- 
ition of solutions. 


SOLUTIONS TO PROBLEM SET 1.1, page 8 


2. —(cos 3x)/3 + ¢ 4, ke" +c 
10. x — yy’ = 0 by implicit differentiation and division by 2. 


12. From the solution and the initial condition, 0 + 1 = c. Answer: x* + y* = 1(y > 0). 


The figure shows the portion of this curve in the first quadrant, together with a 
quarter-circle for comparison. 
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Section 1.1. Problem 12 


14. y = —x3/4 © 16. y = (a2) sec x 

18. We get an ellipse with semi-axes |a| and b = |al/2; that is, x7/a” + y*M(al2)? = 1. 

20. e735" = 1/2, k = 0.192 541, e~* = 0.825 after 1 day, 3.012 - 10—*! after 365 days. 

22. y” = g. By two integrations y’ = gf + c, with c, = 0 because the stone starts from 
rest, s = y = gt7/2 + cy with co = 0 because s(0) = 0, the stone starts at s = 0. 

24. k follows from ¢28°°* = 1/2, k = In(1/2)/18000 = —0.000038 508. Answer: 
e25000k — 0).26yo. Since the decay is exponential, 36000 = 2 - 18000 would give 
(yo/2)2 = 0.25yo. 

26. y’ = ry, where r = 0.08; y(1) equals 


1080.00, 1082.43, 1083.28, 1083.29 
and y(5) equals , 
1469.33, 1485.95, 1491.76, 1491.82. 


The last two numbers in each line differ only slightly from each other, as claimed. 
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SECTION 1.2. Geometrical Meaning of y’ = f(x, y). Direction Fields, 
page 10 


Purpose. To give the student a feel for the nature of differential equations and the gen- 
eral behavior of fields of solutions. This amounts to a conceptual clarification before 
entering into formal manipulations of solution methods, the latter being restricted to rel- 
atively small—albeit important—classes of equations. This approach is becoming in- 
creasingly important, especially because of the graphical power of computer software. It 
is the analog of conceptual studies of the derivative and integral in calculus as opposed 
to formal techniques of differentiation and integration. 


Comment on Isoclines 

These could be omitted since students sometimes confuse them with solutions. Tn the com- 
puter approach to direction fields they no longer play a role. 

Comment on Order of Sections 


This section could equally well be presented later in Chap. 1, perhaps after one or two 
formal methods of solution have been studied. 


SOLUTIONS TO PROBLEM SET 1.2, page 12 


2y=x*+0e 4. y = ce* 6 y=x3/3+4+6¢ 
8. y=ce*—-x-1 2. 10 y=x27244 
12. y= ce", c= 1,4 bell-shaped curve 


14. The exact solution is y = 1/(x — 1). This is not part of the problem because the 
solution is obtained by separating variables (which is discussed in the next section), 
dyly? = —dx, y = 1a + c), c = —1 from the initial condition. 

16. s'(t) = 1/s(t). Exact solution s = +°/2¢ + 1; this is not part of the problem; it -is 
obtained by separating variables, s ds = dt, 52/2 = t + é, 5? = 2¢ + c, and s(0) = 1 
gives c = 1. Now take square roots. 

18. The main points of this problem are to realize that a direction field can give general 
information on solutions and that the present differential equation permits direct con- 
clusions. We can write it 


(A) y' = 4y — y? = y(4 — y). 
We now see that y = 4 is a solution. For x = 0 Eq. (A) gives 
| y'@) = y(OV(4 = y0)). 


For 0 < (0) < 4 both factors on the right are positive, so that y'(0) is positive. 
- Similarly, as long as 0 < y@) < 4, we get y’(x) > 0, that is, an increasing curve. 
When y(x) > 4, then y’(x) < 0 and the curve decreases. 
20. CAS PROJECT. (a) The point is that enlargement of subregions may give a more 
accurate impression. 
(b) y = ce-** is monotone, and the simple direction field may help the student gain 
confidence in the method. Note that the isoclines are horizontal straight lines 
y = const, a property that should also become visible if the field is produced by 
computer, without reference to isoclines. 
(c) The impression of circles should come out very nicely. 
(d) y' = —x/4y 
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SECTION 1.3. Separable Differential Equations, page 14 


Purpose. To familiarize the student with the first “big” method by solving simple equa- 
tions as well as some that require more skill, along with initial value problems (which are 
simple to solve, once the general solution has been found). Applications of separable equa- 
tions follow in the next section. 

Comment on Example 1 

From the implicit solution we can get two explicit solutions 


y=4+2Ve- (x?/9), 
representing semi-ellipses in the upper half-plane, and 
y = —2Vc — (x7/9), 


representing semi-ellipses in the lower half-plane. (Similarly, we can get two explicit 
solutions x(y) representing semi-ellipses in the left and right half-planes, respectively.] 
On the x-axis, the tangents to the ellipses are vertical, so that y’ (x) does not exist. Simi- 
larly for x'(y) on the y-axis. 

Comment on Separability 

An analytic function -f(x, y) in a domain D of the xy-plane can be factored in D, 
f(x, y) = g(h(y), if and only if in D, 


fayf = fafy 


[D. Scott, American Math. Monthly 92 (1985), 422—23]. Simple cases are easy to decide, 
but this may save time in cases of more complicated equations, some of which may per- 
haps be of practical interest. 


SOLUTIONS TO PROBLEM SET 1.3, page 18 


2. 25x72 + y2=c 4. 1/(x + c) 6. (kx + c) 

8. xu + xm’) = xu + x, u'x = 1, u' = Vx, u = In|s| + ¢ = ye. Answer: y = 

x(In |x| + c). 

10. y + 4x =v, y’ =v! — 4 = v” by the differential equation. Hence vi = v2 + 4, 

We may set v/2 = w. Then 2w’ = 4(w? + 1). By integration, arc tan w = 2x + ¢, 
w = tan (2x + c) = v/2 = y/2 + 2x. Answer: y = —4x + 2 tan (2x + c). 

12. yy’ = —x, y?/2 = -x7/2 + @ x + y® = c. From this and the initial condition, 
12 + (V3)? = 4 = c. Answer: x° + y? = 4, a circle of radius 2. 

14, By integration, y4/4 + x*/4 = c. From this and the initial condition, 1/4 + 0 = ¢. 
Answer: x* + y* = 1. 


16. By separation of variables, dy/(1 + 4y”) = dx. We may set 2y = z, hence y =2'/2. 
By substitution, 
dz 
mata” arc tanz = 2x + ¢, z= tan(2x + ©), 


hence y = 2/2 = 3 tan (2x + c). From this and the initial condition, 0 = 3 tan ¢, 
c = 0. Answer: y = 3 tan 2x. 
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18. By separation, integration, and exponentiation, 


dr es 
oo —2t dt, Inr= -274+4, r= cer, 


From this and the initial condition, r(0) = c = 2.5. Answer: r = 2.5e-*. 
20. Substitute w/x = u, y = xu, y’ = u + xu’ and simplify to get 
x(u + xu’) = x3(u — 1)3 + xu, "= x(u ~ 133. 
By separation and integration, 
du 1 i 
————_ = =F GH ~ = 2 _ 
wap aD a PD 


Hence by taking roots, y = xu = x + x/Vc — x2. From this and the initial condi- 
tion, 3/2 = 1 + 1/Vec — 1, c = 5. Answer: 


x 
y=xt+ =. 
V5 — x? 


22. We substitute y/x = u, y = xu, y’ = u + xu’ and simplify, obtaining 


c—x7° 


x(u + xu’) = xu + x? sec uy uu’ =secu, cosudu = dx, snu=x+c. 
From this and the initial condition y(1) = a we have u(1) = zw, 0 = sing = 
1 + ¢, c = —1. Answer: y = x arc sin ( — 1). 

a@.0=x+y-2,y =v! —-1=y2,p' =y2 + 1 can be separated, 

arctanu=xt+e,y=u-—x+2=2-—x+tan@+o). 

TEAM PROJECT. (a) Note that at the origin, x/y = 0/0, so that y’ is undefined at 

the origin. 

(b) (xy)' = y + xy’ = 0,’ = —yix 

(c) y = cx. Here the student should learn that c must not appear in the differential 
equation. y/x = c, y'/x — yix? = 0, y’ = y/x. 

(d) The right sides —x/y and y/x are the slopes y’ of the curves. Orthogonality is im- 
portant and will be discussed further in Sec. 1.8. 


aay 
pay 


26. 


_____ SECTION 1.4. Modeling: Separable Equations, page 19__ 


Purpose. This section contains some typical applications to choose from, depending on 
students’ interests and background. ‘They serve to convince the student of the practical 
importance of differential equations. Similarly, Problem Set 1.4 contains much more 
material than one would ordinarily wish to discuss. 


Comment on Example 4 


Although Newton’s second law involves acceleration, hence a second derivative, it is 
often possible to stay within first-order equations, as in this case. 


Comment on Footnote 4 ; 
Newton conceived his method of fluxions (calculus) in 1665-1666, at the age of 22. 
Philosophiae Naturalis Principia Mathematica was his most influential work. 

Leibniz invented calculus independently in 1675 and introduced notations that were 
essential to the rapid development in this field. His first publication on differential cal- 
culus appeared in 1684. 


asi 
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SOLUTIONS TO PROBLEM SET 1.4, page 23 


2. y’ = k (constant acceleration). By two integrations, y = 3kt” + 10t, where we used 


10. 


12. 


14. 


the given initial speed. After 50 sec we have y(50) = 1250k + 500 = 2000. This 
gives k = 1.2. By differentiation and substitution, y '(50) = 50k + 10 = 70 meters/sec 
= 252 empaaes 


. Acceleration y” = 7t. Hence y’ = 717/2, y = 717/6, y'(10). = 350 (initial goed of 
further flight = end speed upon return.from peak), y(10) = 7000/6 = 1167 (height 


reached after the 10 sec). At the peak, v = 0, s = 0, say; thus for the further flight 
(measured from the peak), s(t) = (g/2)t? = 4.927, v(t) = 9.8¢ = 350 (see before). 
This gives the further flight time to the peak t = t; = 350/9.8 = 35.7 and the fur- 
ther height s(t,) = 4.92,” = 6245. Answer: 1167 + 6245 = 7412 [m]. 


e710 = 1 4. = + In} = 0.069315, e~ = 0.01 (1% is the remaining moisture). 
1 
Answer: to = ms In 100 = 66.4 min; practically 1 hour. 


. The acceleration is a = 9 - 10° meters/sec”, and the distance traveled is 5.5 meters. 


This is obtained as follows. Since s(0) = 0 (i.e., we count time from the instant the 
particle enters the accelerator), we have for a motion of constant acceleration 


2 
(A) si)=a > + bt 
and the velocity is 
v(t) = s'(f) = at + b. 
From the given data we thus obtain v(0) = b = 10° and 
v(10~%) = 10-3a + 10% = 104 
so that 
a = 10°(10* — 10°) = 10? ~ 10° = 9- 10°. 


Finally, with this a and that b, from (A) we get 


—6 


10 
s(10-3) = 9 - 108- + 10? - 10-3 = 5.5 [m]. 


At the earth’s surface the minimum velocity for escape is U9”, and from (11) and (12) 
in Example 4 we see that then the square of the velocity at any distance r from the 
center of the earth is 


2gR? 
r 


2gR? 
v(p)? = S— + vg? — 2g =. 


so that at the point of separation rp = R + 1000 (ie., 1000 km above the earth’s sur- 
face) the projectile has the velocity 


ah Re 2 + 0.0098 + 6372" 6372” 
22 Ool= e 4370 = V 107.95 = 10.39 [km/sec]. 


This is the minimum erie of escape at the separation point. 

AA = —kAAx (A = amount of incident light, AA = absorbed light, Ax = thickness, 
-k= coneiu of proportionality). Let Ax — 0. Then A’ = —kA. Hence 
A(x) = Age is the amount of light in a thick layer at depth x from the surface of 
incidence. 

Let y(t) be the amount of salt in the tank at time t. Then each gallon contains y/400 
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Ts 4.39 


16. 


18. 


20. 


Ib of salt. 2A¢ gal of water run in during a short time At, and —Ay = 2At( y/400) = 
At y/200 is the loss of salt during At. Thus Ay/At = —y/200, y’ = —0.005y, y(Z) = 
100e~°-°". Answer: y(60) = 100e-°? = 74 [Ib]. 


Let V = V(‘) be the volume and r = r(#) the radius. Then the area is A = 472. The 
rate of change dV/dt is proportional to A; thus by the chain rule, denoting the con- 
stant of proportionality by k, 


dv av a 4 hanes ee 5 
a age SB 

At t = 0 the radius is 1 and after 2 months, it is 3. Now dividing the previous equa- 

tion by 4zr? and integrating, we obtain 


ve k, r=ktte } 
dt 
and that condition can be used to find k and c, 
rQ)=c=1, paket, r(2) = 2k +1=4, 


Hence k = —1/4, and from this and the condition that the ball have radius 0.05 cm, 
we obtain 


0.05 = r@) = —}t + 1, thus. t=4-0.95 = 3.8. 


The answer is 3.8 months. 


W = mg in Fig. 12 is the weight (the force of attraction acting on the body). Its com- 


ponent parallel to the surface is mg sin a, and N = mg cos a. Hence the friction is 
0.2mg cos a, and it acts against the direction of motion. From this and Newton’s sec- 
ond law, noting that the acceleration is dv/dt (v the velocity), we obtain 


dv : 
m ae = mg sin a — 0.2mg cos a@ 
= m- 9.80(0.500 — 0.2 - 0.866) 
= 3.203m. 


The mass m drops out, and two integrations give 


t 
v = 3.203t and s = 3.203 7 . 


Since the slide is 10 meters long, the last equation with s = 10 gives the time 

t = V2- 10/3.203 = 2.50. 
From this we obtain the answer . 

v = 3.203 - 2.50 = 8.01 [meters/sec]. 
TEAM PROJECT. (a) This property is worth noting. It is obtained by substituting 
t = ¢(h) into v(a); thus 
a=g, vu=g h=gt?/2, t=V2hig, v= gV2hig = V2gh. 

(b) This is a typical exercise in modeling. It is remarkable that A and B(A) in (14) 


are unspecified, so that (14) could serve as a model for various types of tanks 
(cylindrical, conical, hemispherical, etc.). BAh is the decrease in volume when h 
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decreases by Ah during a short time At, and this must equal AvAt, which, by 
Torricelli’s law equals A - 0.600 2ghAt. By equating the two expressions, and 
introducing a minus sign (since the water level decreases), we get 


BAh = ~—26.56AVhAt, 


Dividing by At and letting At — 0 gives (14). 
(c) This is the simplest case because B is constant (independent of h), and we can 
easily solve (14) by separation of variables and integration, 


h-"2 dh = —26.56(A/B) dt 
pl? = —13.28(A/B)t + c. 


(d) A/B = (1/100)?, Vh(0) = V150 = 12.25 = c, and the tank will be empty at ¢ 
satisfying 


0 = —0.0013281 + 12.25; that is, t = 9924 sec = 154 min. 


SECTION 1.5. Exact Differential Equations. Integrating Factors, page 25 


Purpose. This is the second “big” method in this chapter, after separation of variables, 
and also applies to equations that are not separable. The criterion (5) is basic. Simpler 
_ cases are solved by inspection, more involved cases by integration, as explained in the 
text. 


Comment on Footnote 12 


Condition (5) is equivalent to (6”) in Sec. 9.2, which is equivalent to (6) in the case of 
two variables x, y. Simple connectedness of D follows from our assumptions in Sec. 1.5. 
Hence the differential form is exact by Theorem 3, Sec. 9.2, part (b) and part (a), in that 
order. 


Method of Integrating Factors 


This greatly increases the usefulness of solving exact equations. It is important in itself 
as well as in connection with linear equations in the next section. Problem Set 1.5 will 
help the student gain skill needed in finding integrating factors. Inasmuch, the method has 
somewhat the flavor of tricks, but on the other hand, Theorems 1 and 2 show that at least 
in some cases one can proceed systematically—and one of them is precisely the case 
needed in the next section. 


Comment on Notation in Example 5 


The standard notation for (sin y)? is sin? y, hence sin y? clearly means sin (y*); the paren- 
theses are superfluous, but we wanted to help poorer students. 


SOLUTIONS TO PROBLEM SET 1.5, page 31 
2. 2x dx — 2y dy = 0, hyperbolas, with asymptotes y = +x 
4. —(2x dx + 2y dy)(x? + y”)? = 0, concentric circles 


6. cos x cosh y dx + sin x sinh y dy = 0. The curves u = const go vertically upward to 
infinity as sin x — 0, as x > 0, +7, - - - ; see the figure. 
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y 
8 
6 
4 
2 
% 1 2 3. x 
Section 1.5. Problem 6 
8. yx =c 10. re?® =c | 


12. xcoty + x7/3 =c 14, Yes, y = 3.8 sin 2x 
16. Yes, y? + ye™ = 0 
18. (wcos wy), = 0 but (2 sin wy), # 0. Not exact. By separation of variables, 


2 1 ; 2 = ; _ 
—— dx, — In |sin wy] = -—x + Z, sin wy = ce", 
@ @ @ 


cot wy dy 


Now y(0) = m/(2w) gives sin (7/2) = c. Hence c = 1. Answer: e” sin wy = 1. 
20. (2xye), = xe" = (e*’),, shows exactness. By integration, 


—22 


y(0) = 2 gives c = 2. Answer: y = 2e 


22. Equation (9) becomes s* + t* = const; see the figure in the solution to Prob. 12 of 
Sec. 1.1 in this Manual. 


24. (xy)~1 dy — x? dx = 0 has the integrating factor F = y, giving 


(A) x1 dy — x-*y dx = 0, 
which is exact because 
Qo), = x? = (-xy)y. 


Now (A) implies 


dy — ydx 
wl dy — xAyax = APPS _ (2) = 
so that 


os 
-=c y=cx 
x 


as claimed, but y = 0 is not a solution of the original equation. 
26. y cos (x + y) dx + [ycos (x + y) + sin (x + y)] dy = 0 is exact because 


[y cos (x + y)], = cos (x + y) — ysin(x + y) 


[y cos (x + y) + sin (x + y)],. 
By inspection or systematically, , 


ysin(x + y) =c. 
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28. 


30. 


32. 


34. 


36. 


38. 


40. 


The new equation is 
3(y + 1)?x~* dx — 2y + 1x73 dy = 0. 
It is exact, 


M, = N, = 6(y + 1x74. 
The general solution is 
(y + Ix =. 


The new equation is 
2 cos 2x cos y dx — sin 2x sin y dy = 0. 
It is exact, 
M, = N, = —2 cos 2x sin y. 
A general solution is 
sin 2x cosy = c. 
F = y" gives the new equation 
2xy? dx + 3x*y? dy = d(x”y) = 0, 
which is exact and has the general solution xy? = const. 
F = e” gives the new equation 
e?*(2 cos y dx — sin y dy) = 0. 
This equation is exact, 
M, = N, = —2e* sin y. 
The general solution is e”” cos y = c. 
F = 1Kx + 1)\(y + 1) gives the exact equation 
dx dy 
x+1 ytil 


The general solution is 
yt1=c + 1). 
WRITING PROJECT. Suitable equations abound; for instance, the equations 
xy +y+4=0, b°x dx +. a”y dy = 0, 


etc. can be solved by inspection, separation, or as exact equations. 
CAS PROJECT. (a) Theorem 1 does not apply. Theorem 2 gives 
1 dF —1 


= (0 + 2ysinx) = —— F = exp [ -7ay=— 
F dy = y? sin x /y SiN X. y : = exp y y= ye. 


The exact equation is 
y~? dy — sinx dx = 0, 


as one could have seen by inspection—any equation of the form 


f(x) dx + g(y) dy = 0 
is exact! We now obtain 
, u = { -sinx dr = cosx + K(y) 

1 


1 
ty = RO) = a Me 


Instructor’s Manual 11 


u=cosx-— = 
y 


(b) Yes, 


1 


d 1 
y' = y* sin x, ® = sin x de, —-—=-cosx+c, y = —. 
y y cosx + ¢ 


(c) The vertical asymptotes that some CAS programs draw disturb the graph. From 
the solution in (b) the student should conclude that for each initial condition 
y(Xo) = Yo With yo # 0 there is a unique particular solution because from (b), 


1 — Yo COS Xp 
Yo , 


C= 


(@) y=0 


SECTION 1.6. Linear Differential Equations. Bernoulli Equation, page 33 


Purpose. Linear equations are of great practical importance, as Problem Set 1.6 illus- 
trates (and even more so are higher order linear equations in Chap. 2). We show that the 
homogeneous equation is easily separated and the nonhomogeneous equation is solved, 
once and for all, in the form of an integral (4) by the method of integrating factors. Of 
course, in simpler cases one does not need (4), as our examples illustrate. 


Comment on Notation 
We write 


y’ + p@y = r(a). 
p(x) seems standard. r(x) suggests “right side.” The notation 
y’ + p@y = qx) 


used in some calculus books (which are not concerned with higher order equations) 
would be short-sighted here because a few weeks later in Chap. 2 we turn to second- 
order equations 


y” + py’ + q@dy = r@), 


where we need g(x) on the left, thus in a quite different role (and on the right we would 
have to choose another letter different from that used in the first-order case). 


Comment on Content 
Bernoulli’s equation appears occasionally in practice, so the student should remember 
how to handle it. 

Riccati and Clairaut equations are less important than Bernoulli’s, so we have put 
them in the problem set; they will not be needed in our further work. 

Input and output have become common terms in various contexts, so we thought it a 
good place to mention them here. 

Problems 23-30 express the properties that make linearity important, and their coun- 
terparts will, of course, reappear in Chap. 2. 
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Comment on Footnote 14 


Eight members of the Bernoulli family became known as mathematicians; for more de- 
tails, see p. 220 in Ref. [2] listed in Appendix 1. 


SOLUTIONS TO PROBLEM SET 1.6, page 38 


4. 
6. 


12. 
14. 


16. 
18. 


20. 
22. 
24. 


30. 


32. 


34. 


36. 


y = ce~2™ + 1.25 
y = ce"? +. 4. Separation of variables seems simplest here, y’ = —(y — 4)x; then 
divide by y — 4, etc. 


. y = ce~** + fcosx + zy sin x. The particular solution can be obtained by substi- 


tuting y = acosx + b sin x, which leads to a = 4b and 17b = 1 by comparing with 
cos x on the right of the given equation. This avoids the integration. 


. y = e (ce — In |cos x|) 


y =x dn |a| + ©) 
x’y' + 2xy = (x?y)’ = sinh 5x; now integrate to get 


x’y = $ cosh 5x.+ c, thus y = x" cosh Sx + c). 


These problems illustrate that the integral solution formula (4) can be avoided in many 
cases. 

y = cx%e* — x is the general solution. The initial condition gives c = 1. 

This homogeneous linear equation has the general solution y = c sec x, and c = —2 
from the initial condition. 

y= e287 (¢ — 1/x) is the general solution; c = 1 from the initial condition. 

y = cx-* + x* is the general solution. The initial condition gives c = 1. 

Problems 23—30 require proofs by substitution, so they are basically very similar. By 
working these problems the student should become aware of the difference between 
homogeneous and nonhomogeneous equations. This will also serve as a preparation 
for the corresponding theorems for higher order equations, some of which are im- 
portant in constructing general solutions of nonhomogeneous equations from those of 
homogeneous equations. 

y’ + poy = Yo, ¥' = —Poly — rolPo), y'y — TolPo) = Po 

In (y — rolpo) = —Pox + C, y = To/po + ce Po” 

u=y*, yy + y? = —x, du’ + u = —x, u’ + 2u = —2x; hence 


un em|—fearde te] =b— xt oe ™ y= Vu 
This differential equation can simply be solved by separating variables, 


ie 
coty dy =, In |sin y| = In |x — 1] + @, 
= 


y = arc sin [cx — 1)] or x=1+Ccsiny. 
As an alternative, we can regard it as a differential equation for the unknown func- 
tion x = x(y) and solve it by formula (4) with x and y interchanged. 
Take x as the dependent variable to get 


dx dx 
— =y (sinh 3y — 2xy),  —+ 
dy dy 


38. 


40. 


42. 


44, 
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and by (4) with x and y interchanged, | 
x= | J y*(sinh 3y)y~? dy + | 
= y~*[2 cosh 3y + c]. 
Using the given transformation y” = z, we obtain the linear differential equation 


; 1 
z+ (1 -——J)z = xe’, 
x 


which we can solve by (4) with z instead of y, 
= xe°(f — e*xe* dx + +4 = xe *(fe?* + c) = exe + dre*. 


From this we obtain y = Vz. 
y’ + y = 1 — cos (a#/12). Solution: 


yoo fe ‘( - 00s =) — 


, at 
= = ae —]+ 
ele ‘( 0.936 cos — = 0.245 sin 4 | 


where y(0) = 2 gives c = 1.936, so that we get the answer 


: -t Tt : Tt 
aoe ae. eit ath 
y = '1.936e~° + 1 — 0.936 cos 2 0.245 sin 2 


From (4) and the initial condition v(0) = 0 we obtain 


vy = M3 gg — mim), where m = — = —— = 230 [kg]. 
k zg 9.80 


By integration, using y(0) = 0 
W-B _m 
= t-— — p—ktlm 2 
ORS | pe | 


From v(f) we calculate that v = vo,i_ when 


m 1 
t= terit = To DW BR Tew B) 17.2 [sec]. 


This gives y(torit) = 105 meters, approximately. 
The given equation y’ = x°(y — x)? + xy shows immediately that y = x is a so- 
lution. It is a Riccati equation; its standard form is 


y’ + (Qx* — x7Dy = x3y? + x5 


as follows by direct calculation. 
From w = y — x we have y = w + x, and from the given equation we get 


y=w t+1=x4w +x wt+s~, 9 wl — x lw = x3, 


Ne ett Te et eae 
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a 


46. 


48. 


a Bernoulli equation. To solve it, set Ifv = z, w = I/z, w’ = —z'/z? and by substi- 
tution 
! 3 
Zz 1 «x ‘ ; 
Sp Se Z+7zZ=-x", 
oo Ze 


This linear equation can now be solved by (4), 
1 1 1 
Zi 2] fax a + c| = t}-is + | , 
x x 5 


1 F 1 Ve 
yrowrtue=—+x= lex’ -szx ae 
Zz 5 


Answer: 


By differentiation, y’ = y’ + xy” — y"/y'® = y' + y"(x — lly’). Now (A) y” = 0 
gives y = cx + aand a = I/c by substitution, a family of straight lines. (B) x = 1/y'? 
gives by integration y = 2x/?-+ ¢ and ¢ = 0 by substituting y and y’ into the given 
equation, hence y = 2Vx, the singular solution, to which the straight lines in (A) are 
tangent. 
y = ax_+ b intersects the axes at (—b/a, 0) and (0, b). Length 1 implies that b = 
—alV'1 + a”. Now a = y’ and we get the equation given in the problem. We write 
’ = s. Then the singular solution results from x = —g'(s) = (1 + s?)~2”. From this 
and the differential equation, by simplification, 


y = sx — si(1 + s?)¥? = —53(1 +. 52), 
The result is 
x= (1+ 57782, y = —53(1 + 52)-32, 


a parametric representation of the astroid (see the figure). Adding these two expres- 
sions, each raised to the power 2/3, we get the formula in the problem. 


Section 1.6. Astroid in Problem 48 


- SECTION 1.7. Modeling: Electric Circuits, page 41 


Purpose. To model by Kirchhoff’s laws those circuits (RL and RC) that lead to a first- 
order equation and to discuss the currents for the simplest inputs (constant and sinusoidal). 
This is a major standard application of linear equations and will help all students—not 
just electrical engineers—to gain further experience in modeling. (RLC-circuits, leading 
to second-order equations, follow in Sec. 2.12.) 

Shorter Courses. Sections 1.7—1.9 may be omitted without interrupting continuity. 
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SOLUTIONS TO PROBLEM SET 1.7, page 47 


2. 5 increases with L, indicating that L has a retarding effect (an inertia effect—to be 
studied further in Sec. 2.12, where we show the analogy between mechanical and 
electrical quantities). 

4. Solve (4) algebraically for J’ = dl/dt; this gives I' = [Ey — RIVL, and I' > 0 as long 
as E,>/R > I(t), so that 1(2) begins to increase when 1(0) < E)/R. Similarly, 1(0) > 
E,/R implies that [(t) begins to decrease. 

6. For t = 1 and J = 0.99E)/R we have from (5**) with L = 10 


E, E 
0.99 ma = os (1 — eR/0) p- R/O — 9.01, 


eF10 = 100, R = 101n 100 = 46 [ohms]. 


8. We obtain 
RA + wLB = 0, —wLA + RB = Ey 
and from this, 
A = —@LE(R? + o*L?), B = REo/(R? + o°L?). 
By (14), Appendix A3.1, 


4 / 2 a B a wLE,” + R°E,2 a Eo 
N(R? + wl’? pce TS 


as in (6), and tan 6 = —A/B = @L/R. 
10. TEAM PROJECT. (a) J(Z) is continuous. A jump J/L of I’ gives a jump J of LI’, 
equal to the jump of E(s) on the right side of (4). 
(b) J = I, = 1 —de-* when 0 St = 4, In = coe~*—™ (this is better than writing 
coe—*, which, however, would also work). Now by continuity of J, 
1,(4) = 1,(4) = 1 — 4e-* = 0.99. 
(c) Here we proceed as in (b), with letters instead of numbers. 


E, 
I(t) =a + ce) when 0St Sa, 
R 


E E, 
7,(0) = = + cy = Ip, c= Ip =O. ; I2(t) = coe RE- aL, 


Again, t — a in the exponent is practical, but we could use f instead. cy follows 
from 


Eo Eo _Ra/JI 
I. a a 
I,(a) = cg = y(@) = R ah; (1 R Je 


12. From the first line in (11), 


FEgC 
K0)=c+ oe = 0; 
1 + (@RC) 
this gives c. Inserting it into the first line, we have 
wEgC 


If) = [—e#R° + cos wt + wRC sin at]. 


1 + (@RC)* 
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14. Differentiation of (7) gives 
I dl 3 
"+ RT4+—= — pr’ = —= 
RI RI C 0, (200 — jr + 31 = 0, F 7 200 
Hence J = c(t — 200)? and (0) = 1 gives c = —1/(8 - 10°), thus 


I(t) = (200 — N78 - 10%) if 0 StS 200, Kt) = 0 if t > 200. 


dt. 


16. We want the time such that Q = Qge~/*© = 0.01Qp. Hence t = RC In 100 = 4.605RC 
[sec]. 


18. 200’ + 10Q = 30e~* is the new equation. For the initial condition Q(0) = 0 we 
obtain the particular solution 


OQ = 0.6(e-? — e~*). 


Q'(t) = 0.6(-0.5e—"? + 3e—3*) = 0 gives e? * = 6, t,, = (In 6)/2.5 = 0.717 [sec] 
and Q,,, = 0.349 [coulomb]. The larger R has caused a smaller Q,,, at a later time t,,. 
See the figure, where the upper curve corresponds to Prob. 17. 


aw 


0.5 
0.4 
0.3 
0.2 
0.1 


% 0.5 aol 1.5 2 t 


Section 1.7. Problem 18 


20. TEAM PROJECT. (a) Use (3*), (3). Then from (7), 
, RIQ) = EO — QC. 
Divide by R and set ¢ = 0. 


(b) This follows from (7). The charge on the capacitor cannot change abruptly. Hence 
RI on the left must have a jump of magnitude J, so that J must have a jump J/R. 

(c) 1(0) = Oby (a). +2 =24,2=t-— 1+ e-*, 12) = 14+ e*. dE/dt has a jump 
—2 at t = 2. Hence the current /, for t = 2 satisfies 


I, +I =0, I(2) = -1 + e?. 


Solution: In = (1 — e”)e™*. 


SECTION 1.8. Orthogonal Trajectories of Curves. Optional, page 48 


Purpose. To show that families of curves F(x, y, c) = 0 can be described by differential 
equations y’ = f(x, y) and the switch to y’ = —1/f(x, y) produces as general solution the 
orthogonal trajectories. This is a nice application, which may also help the student gain 
more self-confidence, skill, and a deeper understanding of the nature of differential equa- 
tions. We leave this section optional, for reasons of time. This will cause no gap. 
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SOLUTIONS TO PROBLEM SET 1.8, page 51 


2. (x — c)* + (y — c3? — 4 = 0 gives a circle of radius 2 with center (xp, yo) = 
(c, c3), and we see that the coordinates of the center satisfy yo = x9°, as required. 
4, y' = 1/2. This is the slope of these parallel straight lines. 
6. From the given formula we get arc tan y = x + c. Differentiating and applying the 
chain rule, we obtain 
y’ 
ae Sd A 3 TS14+y?, 
iy 1 nswer y lt+y 
8. x~+y = c. By differentiation, —4x~°y + x~*y’ = 0. Algebraic solution for y’ gives 
the answer 
y’ = Aylx. 


10. From the given representation we get 


~22 


ye” =, e-*"(y’ — xy) = 0, y’ = 2x. 


This is the differential equation of the given family of curves. From this we have the 
differential equation of the orthogonal trajectories 


a: 1 
Cr 
Separation of variables and integration gives 
pees echoes 
x ll 


Taking exponentials and solving for x as a function of y, we obtain 


* 
2 c -y2 
ev =—, x=cte%, 


x 


These are bell-shaped curves—note that in Sec. 1.3 the roles of x and y are inter- 
changed. 
12. y’ = 1/x gives for the orthogonal trajectories y’ = —x with the solution 


y= —hy? + c*, 


Note that here we have congruent curves as well as congruent orthogonal trajecto- 


ries. 
14, Squaring the given formula, differentiating, and solving algebraically for y’, we 
obtain 
2 . t i 1 
yi -x=c, 2yy =1, y=. 
2y 


This is the differential equation of the given curves. Hence the differential equation 
of the orthogonal trajectories is 


By separation of variables and integration we obtain 
In |y| = —2x + ©. 


sysctl Sok os Set Seas 
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20. 


22. 
24. 
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Exponentiation gives the answer 


y = c¥e*”, 
Differentiating the given formula, we obtain 
xy +y=0. Thus ya-2, 


This is the differential equation of the given hyperbolas. Hence the differential equa- 
tion of the orthogonal trajectories is 


Separation of variables and integration gives 
y dy = x dx, gy? = 3°46 


Answer: The hyperbolas x2 — y? = c* are the orthogonal trajectories of the given 
hyperbolas. 


x + x~1y” = 2c by algebra. By differentiation, 


2.2 lat ee aur 
1 — x -“*y* + 2x~*yy =0, thus y= 
2xy 
Hence the equation of the trajectories is 
ay. FOR 
dy 2xy 
To solve it for x = x(y), set v = x/y and separate. 
2vU dy 5 = 
cane Oe eee Then In(v a —In|y| + ¢ 
which gives 
2 
2c* 
ee es x + (y — c®)? = c®, 


(x2 — 1)/y + y = 2c by algebra; 2x/y — [(x2 — 1)/y? — 1]y’ = 0. Now replace 
y’ by —1/y’ and multiply by y?/x?: 


Qyy’ oy? 1 d [{y* 1 
et eg rg, eee ccaey (ee reg pene 
x x? x dx \x , x? 0 


Multiply by x to get the desired final formula 
(x + c*)? + y? = c*® - 1, 


Ax + 2yy’ = 0, y’ = —2x/y, y’ = y/2x, y= c#Vx 
du = 0 gives dy/dx = —v,/v, and this must equal u,/u,, (see Prob. 23). 
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Differentiating u = e*cosy and using the first Cauchy—Riemann equation, 
uz = Uy, we obtain 
Vy = Uz = e* COS y. 
By integration with respect to y, 
v =e*siny + k(x), 
where the “constant” of integration k = k(x) depends on x because we are dealing 
with partial derivatives. From this and the second Cauchy—Riemann equation, 
vz = e* siny + k'(x) = —uy = + e*siny. 
Hence we must have k’(x) = 0, and k = @ = const. Answer: e* sin y=c*, 
26. TEAM PROJECT. (a) The point is that the student should learn to summarize the 


essential facts in a given more detailed presentation. 


(b) Differentiating the given equation with respect to x and solving the result-alge- 
braically for y’, we obtain the differential equation of the given curves 
1 bie 
y ay * 
This involves the constant k = b/a”; hence we are dealing with infinitely many 
families, each corresponding to some value of k. The differential equation of the 
orthogonal trajectories is 


po wy 
y ar Pia 


a 


By separation of variables and integration, 


e 
In |y| = 72 nb +@ 


and by taking exponentials, 
: y= Ce TO 

We see that a?/b” has substantial influence on the form of the trajectories. For 
a” = b? we have circles and obtain straight lines as trajectories. a?/b? = 2 gives 
quadratic parabolas. For larger integer values of a?/b” we obtain parabolas of 
higher order. Intuitively, the “flatter” the ellipses are, the more rapidly must the 
trajectories increase to have orthogonality. — 

For hyperbolas we have a minus sign in the given formula. This produces a plus 
sign in the differential equation for the curves (instead of the minus we had) and 
a minus sign in the differential equation of the trajectories, 


— 


(c 


By separation of variables and integration we obtain 
y= (as Lae 
with a minus sign in the exponent. For a7/b? = 1 we get hyperbolas and for 
higher values less familiar curves. ‘ 
(d) The problem set contains various cases that lead to other families of curves that 
can be handled easily. 
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SECTION 1.9. Existence and Uniqueness of Solutions. Picard Iteration, 


page 52 


Purpose. To give the student at least some impression of the theory that would occupy a 
central position in a more theoretical course on a higher level. 
Short Courses. This section can be omitted. 


Comment on Iteration Methods 


Iteration methods were used rather early in history, but it was Picard who made them pop- 
ular. They are well suited for the computer because of their modest storage demands and 
usually short programs in which the same loop or loops are used many times, with dif- 
ferent data. Since integration is generally no difficulty for a CAS, Picard’s method has 
gained popularity during the past two decades. 


SOLUTIONS TO PROBLEM SET 1.9, page 58 


2. 


6. 


10. 


General solution y = cx*, so that y(0) = 0 does not specify c and we have infinitely 
many solutions, f(x, y) = 4y/x is not defined when x = 0. Note that in Prob. 1 we 
had no solutions; hence both cases, nonexistence or nonuniqueness, may occur. 


. Separating variables and integrating, we get 


d 2x - 2 a 
Oe a ey, In |y| = In |x? — 22| + @, 
y x” — 2x 

and by taking exponentials 


y = c(x® — 2x) = ex(x — 2). 


From this we can see the answers: 

(a) No solution if y(0) = k # 0 or y¥2) =k #0. 

(b) Infinitely many solutions if y(0) = 0 or y(2) = 0. 

(c) A unique solution satisfying y(%o) = yo if X» # 0 and x9 # 2. There are no con- 
tradictions to Theorems 1 and 2 because 


2x — 2 
f(x, y) Geo: 
is not defined whenx = Oor2. 
y=Oy= ce* 2 (¢ > Q), y= ce #2 (c < 0). Thus the solutions in the upper half- 
plane increase very rapidly as |x| increases, whereas in the lower half-plane they are 
bell-shaped curves and approach zero as |x| —> ©. They are obtained by noting that 
y =xyify2O0andy’ = -xify $0. 


. The smallest K is K = (b + 1)*, and b/(b + 1)? is maximum when b = 1, the value 


is 1/4. Hence a@ = 1/4. The solution is y = 1/(2 — x). 

PROJECT. (a) The student should get an understanding of the “intermediate” po- 

sition of a Lipschitz condition between continuity and (partial) differentiability. 

(b) It suffices to consider the sine term. The validity of a Lipschitz condition follows 
from (12) in Appendix A3.1 and the calculation 
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ee ee a Sh 

yet 
2 


sin cos =2 be = yal , 1 = ly. — yy). 


2 | 


|sin yp — sin y,| = 2 ea 


The nonexistence of af/dy can be seen from the curve of |sin x|, which has a 90° 
cusp at 0; formally, if x = 0, then 


|sin (x + Ax)| — |sin x| 7 |sin Ax| " 1 if Ax>0 
Ax Ax —j if Ax <0. 


(c) Here the student should realize that the linear equation is basically simpler than 
the nonlinear one. The calculation is straightforward because we have 


f(x, y) = r(x) — p@y 
and this implies that 
(A) F(%, Ya) — fF yi) = —p@)Ove — y3)- 


This becomes a Lipschitz condition if we note that the continuity of p(x) for | 
|x — xo| = a implies that p(x) is bounded, say |p(x)| S M for all these x. Taking 
absolute values on both sides of (A) now gives : | 


lf@, ye) — f(x, yD = Miye — yl 


2, 3 xrth 


x x 
12. =—+—+te+°>+———_, = pt — = 
yn Or 31 ape © ee 


14. yo = 1yp = 1 t+ x, yg = 1 +x 4x7 + 34% ete.; exact y = 1/1 — x) 
16. y = (x — 1), y = 0. The general solution is y = (x + c)*. Picard iterations for this 

equation and other initial values are not suitable either. The student may give it a try 

for y(1) = 1, etc. - 
18. The solution is y = x?. The Picard iterates are linear combinations of powers of In x, 


1, 1+3inx, 1+3inx + $dnx*, 14+ 3iInx + $dnx? + $dnx)', 


etc. H 
20. CAS PROJECT. (b) The Maclaurin series is : 


oo xen 
y= 1:3-5---(n+1)° 
Picard’s method gives the terms one after another, undisturbed by any error terms 
that change from step to step. The initial value problem is 


y =x +1, y(0) = 0. 


This linear differential equation is solved as explained in Sec. 1.6. 

(c) y’ = y would be a good candidate to begin with. It is perhaps a good idea to as- 
sume the initial choice in the form yg + a; then a = 0 corresponds to the choice 
in the text, and we see how the expressions in a are involved in the various 
approximations. The conjecture is true for any choice of a constant (or even of 
a continuous function of x). 
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SOLUTIONS TO CHAPTER 1 REVIEW, page 59 


16. This Bernoulli equation (a Verhulst equation ifb< 0) can be reduced to linear form, 
as shown in Example 5 of Sec. 1.6 (except for the notations). The general solution is 
(see (9) in Sec. 1.6) 


~ ce~ — bla” 
18. We separate variables and integrate, 


dy oe dx 
yr +1 w+? 


arc tan y + arc tanx = C. 
We now take the tangent on both sides and use the addition formula for the tangent 
(formula (16) in Appendix A3.1). This gives the answer. 


tan (arc tan y) + tan (arc tan x) 


tan (arc tan y + arc tan x) = 
1 — tan (arc tan y) tan (are tan x) 


ytx 
= erm 
20. Exact equation, solvable almost by inspection, _ 
e* coshy +x =c. 
22. yix = u,y = ux, y’ = xu’ + u substituted gives 
x(xu' + u) = xu t+ x" secu. 
xu drops out on both sides. Dividing by x”, we get 

u’ = secu, cos u du = dx, sinu=xte. 


Answer: y = xu = xarc sin (x + c). 
24. The equation is not exact. Theorem 1 in Sec. 1.5 gives an integrating factor F = e* 
Multiplying the equation by this factor, we see that it can be written 


d(e*’ tan y) = 0. Answer: e” tany = c. 
26. By separating variables, integrating, and simplifying we get 
. dy 
wo 


the general solution. From this and the initial condition we obtain the answer 
y = sin (x + 42). 


= dx, arc siny=x+c, y = sin(@e + c), 


28. The general solution of this linear differential equation is obtained as explained in 
Sec. 1.6, 


y= (f 20" 92x? dy + :| =(«+ cen 2, 


From this and the initial condition y(0) = —4 we have c = —4. Answer: 


—2a;2 


y=(x— Ae 


30. 


32. 


34. 


36. 


38. 
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The exactness test gives e” = e¥, so that the differential equation is exact. We have 
u, = xe” from the equation. By integration, 


u = xe" + k(x) 


By differentiation with respect to x and comparing with the coefficient function of dx 
in the equation, we get 


Wp= eX tk’ =e%+2x; thus ko =2x, k= x?. 
This gives the general solution 
u=xe4t+ x2 =. 
The initial condition y(2) = 0 gives 2-1 + 4 = 6. Answer: 
xed + x7 = 6. . 


Theorem 1 in Sec. 1.5 gives the integrating factor F = 1/x”. We thus obtain the ex- 
act equation 


1 1 
— sinh y dy — ~5 cosh y dx = 0. 
x x 
By inspection or systematically by integration (as explained in Sec. 1.5), we obtain 
1 1 
d{—coshy] = 0; thus, —coshy =c. 
x x 


From this and the initial condition we get $- 1 = c. Answer: 

cosh y = 3x. 
To solve this Bernoulli equation we set u = y~*. Then y = u~*?, y’ = —3y73/4y’, 
Substitution into the given differential equation gives 


= ’ = = ‘ 
dy By! 4 AyHM2 = y- 82. 


We now multiply by —2u*, obtaining 


u’ —u=—2. General solution: u = ce*™ + 2. 
Hence 
y= oS a “ 
: Vce* +2 
From this and the initial condition y(0) = 1 we get c = —1. Answer: 
y= d 
V2 — e” 


The student should gain confidence in the method by working simple equations that 
permit a comparison with exact solutions. This includes the choice of a suitable 


region to be plotted, using trial and error. Solution: y = ce~™” (bell-shaped curves). 


y = Ic — 2x). See the figure, which shows the tangent directions of these hyper- 
bolas. 
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40. 


42. 


46. 
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Chapter 1 Review. Problem 38 


The given curves can be written x*y = c. By differentiation and simplification we 
get the differential equation of the given curves, 


x?y’ + 3x2y = 0, y’ = —3y/x. 
Hence the differential equation of the orthogonal trajectories is 
y’ = x/3y. 


By separating variables we get as the general solution the family of orthogonal tra- 
jectories 


y = Vx7/3 + c*. 
We square the given representation and differentiate the result, 
y? =2In|x| +c, Qyy’ = 2/x. 


Hence the differential equation of the orthogonal trajectories is y’ = —xy. We sepa- 
rate variables, integrate, and then take exponentials, 

d x 
B= x dx, In |y| = c — x?/2, y = c*e 
y. 


—27/2 


’ These are the orthogonal trajectories. This agrees with Prob. 41, where we went in 


the opposite direction. 


. Exact: y = 1 + e~®. Iterates: 


2, 2-x, 2—x+3’, 2-x+h/7- bh, etc. 


By Newton’s law of cooling, since the surrounding temperature is 100°C and the ini- 
tial temperature of the metal is T(0) = 20, we first obtain 


T(t) = 100 — 80e**. 
k can be determined from the condition that T(1) = 51.5; that is, 
T(1) = 100 — 80e* = 51.5, 


ee ee ee et ac nee edna a 
1 
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so that k = In (48.5/80) = —0.500. With this value of k we can now find the time at 
which the metal has the temperature 99.9°C, 
_ In 800 


99.9 = 100 — 80e~%**, 0.1 = 80e-°**, t= 705 > 13.4. 


~ Answer: The temperature of the metal has practically reached that of the boiling wa- 


48. 


50. 


52. 


54. 


ter after 13.4 min. 


We get 10 amperes from the 48-volt battery by choosing R = 48/10 = 4.8 [ohms]. 
Then L = 0.007 henry follows from the condition 


I= 1001 — e 8) = 9,99, 
Here we have used the initial condition 1(0) = 0. 


We proceed as in Sec. 1.4. The time rate of change y’ = dy/dt equals the inflow of 
salt minus the outflow per minute, 


The initial condition is y(0) = 80. This gives the particular solution 
y = 500 — 420e—9**, 
The limiting value is 500 lb; 95% are 475 Ib, so that we get the condition 
500 — 420e—°-4* = 475, 


from which we can determine 
420 ; 
t = 25 In5 = 70.5 [min]; 
so it will take a little over an hour. 
This is Example 1 in Sec. 1.8 with the given curves and the trajectories interchanged. 


It also shows how these kinds of curves and orthogonal trajectories may occur in. 


physics. From x” + 2y? = c we obtain the differential equation y’ = —x/2y. Hence 
the differential equation of the orthogonal trajectories is 


2 
y = Sgn Solution: y = c*x?. 


The equation is separable, 
ers.) ee 
(y — ay — 5) 
We now use partial fractions, 


= kdt. 


1 ahaa ( 1 1 
(y-aly—-b) b-a\y-b- y-a}’ 
By integration and multiplication by b — a, 
In(y — b) — n(y — a) = (kt + DW — a). 
Taking exponentials now gives 
—b 
y = ce -Oket. 
y-a 
We can solve this algebraically for y. Denoting the. function on the right by f, we 


obtain 
b — af 


ae Se 


CHAPTER 2: Linear Differential Equations 


26 


of Second and Higher Order 
Major Changes 


The old Chap. 3 on higher order linear differential equations has been absorbed into 
Chap. 2 (Secs. 2.13—2.15). The main emphasis is on second-order differential equations. 
By combining these two chapters, trivial duplication is avoided, so that the entire pre- 
sentation has become more streamlined. 


SECTION 2.1. Homogeneous Linear Equations of Second Order, 

page 64 
Purpose. To extend the basic concepts from first-order to second-order equations and to 
present the basic properties of linear equations. 


Comment on the Standard Form (1) 
The form (1), with 1 as the coefficient of y”, is practical, because if one starts from 


f@y" + g@dy’ + A@y = 70d), 


one usually considers the equation in an interval J in which f(x) is nowhere zero, so that 
in I one can divide by f(x) and obtain an equation of the form (1). Points at which 
f(@) = 0 require a special study, which we present in Chap. 4. 


Main Content, Important Concepts 
Linear and nonlinear equations 
Homogeneous linear equations (Secs. 2.1—2.7) 
Nonhomogeneous linear equations (follow in Secs. 2.8—2.12, 2.15) 
Superposition principle for homogeneous equations 
General solution, basis, linear independence 
Particular solution, initial value problem (2), (5) 
Reduction to first order (Probs. 1—16) 


Comment on the Four Equations Near the Beginning 

These are for illustration, not for solution, but should a student ask, answers are that the 
first will be solved by methods in Secs. 2.9 and 2.10, the second is a Legendre equation 
(Sec. 4.3), the third has y = x? as a solution, and the fourth is solved in Prob. 16. 


Comment on Footnote 4 

In 1760, Lagrange gave the first methodical treatment of the calculus of variations. The 
book mentioned in the footnote includes all major contributions of others in the field and 
made him the founder of analytical mechanics. 


SOLUTIONS TO PROBLEM SET 2.1, page 71 
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4. z= y', 2xz’ = 3z. Separation of variables and integration gives 
az 3 


3 Pe 
; = 5, & Ink] = >In fl + @, z= cx 


3/2 
Integrating once more, we have 
y= [eax = e,x5!2 + Co. 


' 6. p = 2/x (divide the equation by x to get it in standard form, with 1 as the coefficient 
of y”). Hence in (9), 


ep dz — pfaledx — = 
This gives from (9) - 
i aoe are 
~ sintx x2 sin?’ x 
The integral of this is —cot x, and thus 
cos x sin x COs x 
22 MS a ee 
sinx <x x 
; dz dx . ; ae c . 
8. xz) + z=0, — = ——, In|] = -In a] +z = 57 80 that we obtain the answer 
z x 
y= [ea = cn |x| + cg. 
dy dz 1 — ; ; 
10. z= = : ra zt ( + “| 2” = 0, divide by z, separate variables, and integrate: 
dz 1 fe 
— =-(1+—}] ay, In |z| = —y — Inly| + @ 
z y 


Take exponentials, separate again, and integrate: 
=z=-—e%, ye" dy = c dx, [ve¥ dy = cx + cp, 


Evaluation of the integral gives the answer (y — l)e¥ = cyx + co. 
12. The standard form is 


“ 2x i 2 0 
y 1- x? y T- x2 y 
Hence in (9) we have 
—fpde= [a = -ma - 24 = in 
1 — x? 1-— x?" 
This gives, in terms of partial fractions, 
ee a. boty a 1/2 1/2 
es oe ee ee ee en 
By integration we get the answer 
+1 


sty 
Ya = yaw = yy [ Ude = -1 + en 
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The equation is Legendre’s equation with parameter n = 1 (which, of course, need 
not be mentioned to the student), and the solution is essentially a Legendre function. 
Similarly, the equation in Prob. 11 is Bessel’s equation with parameter 3 (a case in 
which Bessel functions of the first kind reduce to sine and cosine (divided by Vx). 
14, y" = y', yO) = 2, yO) = 2, y = 2e*, y(6) = y'(6) = 807 
16. 2’ = (1 + 2247, (1 + 2%)" '2 de = dx, sinh-tz = x + c,. From this, 
z = sinh + cy), y = cosh(x + cy) + cy. From the boundary conditions 
y(1) = 0, y(—-1) = 0 we get 
cosh (1 + cy) + cg = 0 = cosh (—1 + cy) + Co. 


Hence c,; = O and then cg = -—cosh1. The answer is (see the figure) 
y = coshx — cosh 1. 


-0.54 
Section 2.1. Problem 16 


18. Double root (A + 1)? = 0, y = (cg + cix)e~*, y(0) = cg = 1, y'(0) = —eg + 1, = 
0, cy = Co = 1. Answer: y = (1 + x)e~*. 


Doing more such problems before the discussion of the (rather simple) solution 
method in the next section may scare students rather than really help them. 


SECTION 2.2. Second-Order Homogeneous Equations with Constant 
Coefficients, page 72 


Purpose. To show that constant-coefficient equations can be solved by algebra, namely, 
by solving the quadratic characteristic equation (3), which may have: 


(Case I) Real distinct roots 
(Case ID A real double root (“critical case’”’) 
(Case HT) Complex conjugate roots (see Sec. 2.3 for details) 


SOLUTIONS TO PROBLEM SET 2.2, page 75 


2. (cy + cox)e7 4, ceV8# + coe V8 6. cye™™* + coe 74 
8. cye7* + cge?* 10. 6e?* + 4e—% 12. 3e7* 
14, e782 = or? 16. [(k + le** + (k — DeW**)/2k 


18. Linearly independent 20. Linearly independent 22. Linearly independent 

24. Linearly dependent because x|x| = x” for nonnegative x 

26. Linearly dependent because sin 2x = 2 sin x cos x 

28. Proportionality on J implies proportionality on J. No, proportionality on J does not 
imply proportionality on J. Probs. 24 and 25 illustrate this. 

30. TEAM PROJECT. (a) (A — ACA — Ag) = A? — (Ay + Ag) + Ayan = 
d2+ ad + b. Comparing coefficients gives a = —(Ay + Ag), Bb = Ayr. 
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(b) y” + ay’ = 0. (i) cye™™ + coe = cye* + Cy. (ii) z’ + az = 0, where 
z= y, z = ce" and the second term comes in by _ integration, 
y=Szdx =cye™™ + cp. 


(d) e**"™* and e* satisfy y” — (2k + my’ + k(k + m)y = 0, by the coefficient 


formulas in part (a). By the superposition principle, another solution is 
ektmax = eht 
m 
We now let m—> 0. This becomes 0/0, and by I’H6pital’s rule (differentiation of 
numerator and denominator separately with respect to m, not x!) we obtain 


xe""/1 = xe, 


The differential equation becomes y” — 2ky’ + k®y = 0. The characteristic equa- 
tion is 
M2 — 2A + 2 = (A— WP? = 0 


and has a double root. Since a = —2k, we get k = —a/2, as expected. 


SECTION 2.3. Case of Complex Roots. Complex Exponential Function, 
page 76 


Purpose. To discuss the remaining complex Case III, which gives undamped (harmonic) 
oscillations (if c = 0) or damped oscillations, first obtained in complex form, but con- 
vertible to the real form (9) by the superposition principle. 


Main Content, Important Concepts 
Real general solution (10) in Case II (a damped oscillation) 
Euler formula (5) [resulting from the definition (7) of e*] 


Comment on How to Avoid Working in Complex 


The average engineering student will profit from working a little with complex numbers. 
But if one has reasons for avoiding complex numbers here, one may apply the method of 
eliminating the first derivative from the equation, that is, substitute y = uv and determine 
v so that the equation for u does not contain u’. For v this gives 


2v'+av=0. _ A solution is v= eal? 
With this v, the equation for u takes the form 


u’ + (b — 4a”)u = 0 


and can be solved by remembering from calculus that cos ®x and sin @x reproduce un- 


der two differentiations, multiplied by —6*. This gives (10), where 
@ = Vb — 4a”. 


Of course, the present approach can be used to handle all three cases. In particular, 
u" = 0 in Case II gives u = c, + cox at once. 
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Comment on Boundary Value Problems and Initial Value Problems 

In usual courses on differential equations, initial value problems are generally given more 
space and weight than boundary value problems. Some reasons are that initial value prob- 
lems have the following advantages: 


1. They do not have the somewhat awkward nonuniqueness explained in Example 4. 


2. Initial conditions are more suitable when a higher order equation is converted to a 


first-order system, as is usually done in existence and uniqueness theory. 


For a first-order equation the two concepts formally coincide, but it seems a bit illog- 
ical to speak of a boundary value problem because a single point (at which the condition 
is given) does not bound any interval; it is not the “boundary” of anything, so the situa- 
tion that suggested the name “boundary value problem” is not given in this case. 


SOLUTIONS TO PROBLEM SET 2.3, page 80 


2. 
6. 


10. 


14, 


18. 
20. 


22. 


24. 


Acos 27x + B sin 27x 4. e—**(A cos 2x + B sin 2x) 
I, cye®* + cge~** 8. Ill, e~2(A cos wx + B sin wx) 
10, oils cos *_ + Bsin *_ 12. I, om(4 cos — + B sin *) 
V2 V2 k k 
x x x 
—0.5e~2* cos 5 16. e~°?* (co 5 2 sin =) 


e*(—2 cos 2arx + 3 sin 27x) 
y = cosh 5x by inspection. Systematically, we first get 


y = cye* + coe™. 
From the boundary conditions, 


y(—2) = cye!© + cge~!° = cosh 10 
y(2) = cye~?° + coe? = cosh 10. 


By elimination or by Cramer’s rule, c; = c. = 3, in agreement with the result by in- 
spection. 


= c,e~/3 + cye3*. From the boundary conditions, 
y 1 2 ary 


@) W(—3) = eye + ce? = 


(b) y(3) = cye7? + cge® = e7?. 


(a) minus e? times (b) gives cp. = 0. Then c, = I/e from (a). Answer: y = e~*/-1 


PROJECT. The purpose is twofold: (i) Students should learn to look at results care- 
fully before rushing on to the next project or problem, and (ii) graphs may show var- 
ious interesting facts not obvious from formulas. They may also give quantitative im- 
pressions (e.g., in this case, how rapidly the exponential function decreases). Since 
the tangent at the extrema is horizontal, whereas at the points of contact the tangent 
has a negative slope (for positive y) or a positive slope (for negative y), it is clear 
without calculation that these points cannot coincide with extrema, but must come af- 
ter them (at larger x’s). For the harmonic motion the inflection points lie on the axis, 
for reasons of symmetry. For a damped oscillation, one might guess that they are al- 
ternatingly .at positive and negative y-values, shifted from the intersection points 
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‘slightly to smaller x-values. Some calculations are as follows. 
y = e ° sin 2x 
y’ = e °-1*(—0.1 sin 2x + 2 cos 2x) = 0, tan 2x = 20, 


thus x = 0.760 419, etc., 
0.4 


y” = e~°4=(—0.4 cos 2x — 3.99 sin 2x) = 0, tan 2x = ~ 3 99 ° 


thus x = —0.049 958 + 7/2, etc. 
26. CAS PROJECT. (a) w* = b — 4a” by the definition of w. Thus b = } + w* be- 
cause a = 1. 


(b) The approach is rapid. The figure shows the solutions for w = 5, 0.5, 0.1, 
0.01, - + - , 0.000001. 


3 
(c) y=e%? (co ox ~ > sin ex] . Applying l’H6pital’s rule to the second term 
(differentiating numerator and denominator separately with respect to w, not x), 
we get the limit 
e*2(cos wx — 3(cos wx)x)|,-9 = (1 — Bx)e7*?, 


as it should be. 
(d) Change y’(0) to 0 or toa positive value. 


0.5 
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SECTION 2.4. Differential Operators. Optional, page 81 


Purpose. To take a short look at the operational calculus of second-order differential op- 
erators with constant coefficients, which parallels and confirms our discussion of differ- 
ential equations with constant coefficients. 


SOLUTIONS TO PROBLEM SET 2.4, page 83 


(2. —12x? — 10x + 4, 0, 2 sin 2x — 6 cos 2x 

4, 25(2 + 5x + 2 cos 5x), 20(1 + Sx)e*”, 0 

6. (cy + Coxe? BL cye2* + cge~9™ = 10. cye™™ + Cge”® 
12. cye~*? + cp 


sabi Ne a ha ce 
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SECTION 2.5. Modeling: Free Oscillations (Mass—Spring System), 
page 83 


Purpose. To present a main application of second-order constant-coefficient equations 
my" + cy’ + ky =0 


resulting as models of motions of a mass m on an elastic spring of modulus k (> 0) un- 
der linear damping c (2 0) by applying Newton’s second law. and Hooke’s law. These 
are free motions (no driving force). Forced motions follow in Sec. 2.11. 


Main Content, Important Concepts 


Restoring force ky, damping force cy’, force of inertia my” 

No damping, harmonic oscillations (4), natural frequency w9/27 
Overdamping, critical damping, nonoscillatory motions (7), (8) 
Underdamping, damped oscillations (10) . 


SOLUTIONS TO PROBLEM SET 2.5, page 90 
2. W = 20 and so = 2 gives k = W/sy = 10 by Hooke’s law. Thus 


@ VI V ki(W/g) V —_— 


pe EE 5 et 


From this we get the period 1/f = 0.284 [sec]. 

4. No, because the frequency is independent of initial conditions; it only depends on 
kim. 

6. By Hooke’s law, F, = k, = 8 stretches spring S, by 8, and F, = k, = 12 stretches 
spring Sy by 12. Hence the unknown k of the combination of the springs stretches S, 
by k/k, = k/8 and Sg by k/kyg = k/12. And k is such that the sum of these stretches 
equals 1, because k is the force that corresponds to the stretch 1 of the combination. 
Thus 


ess See Answer: k = 4.8 
ee ee nswer: k = 4.8. 
8. my” = —1- 0.3"yy, where 7 - 0.37y is the volume of water displaced when the buoy 


is depressed y meters from its paniibyate position, and y = 9800 nt is the weight of 


water per cubic meter. Thus y” + wo”y = 0, where wo" = q+ 0.37-y/m and the pe- 


riod is 277/wpy = 2; hence 
m = 1+ 0.37 y/w2 = 0.37y/a7 = 281, 
W = mg = 281 - 9.80 = 2754 [nt] (about 620 Ib). 


10. TEAM PROJECT. (a) mL6" = —mg sin 0 ~ ue (the tangential component of 
w = mg), 0” + w26 = 0, wo” = g/L. Answer: V g/Li2a 


(b) By (a), the frequency is 
emt 80 
ln a ln mee 


12. 


14, 


16 


18. 


20. 
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80 it takes about 2 sec to complete 1 cycle. Answer: It ticks about 30 times per 
minute. 


(c) W = kso = 8. Now 59 = 1 because the system has its equilibrium position 1 cm 
below the horizontal line. Also, m = W/g, so that 


, k. Wso 
w= ff ag = Vg = V980 = 31.3, 


and we get the general solution 
y = Acos 31.3t + B sin 31.3¢. 


The initial conditions give y(0) = A = 0 and y’(0) = 31.3B = 10. Hence 
B = 0.319 and the answer is 
y = 0.319 sin 31.3 [cm]. 


(d) 6(4) = 0.5235 cos 3.7t + 0.0943 sin 3.7¢ [rad] 

y = 0 gives cy = —cye~7**, which has at most one solution because the exponential 
function is monotone. 

Equating the derivative of (8) to zero, we get 


y! = (acy — acet + cg)e“* = 0 
and from this the solution 
Cg — acy - J Cy 
aCe Qa Co 


which is positive if 1/a > c,/cy. This is the condition. 

From (10) and y’ = 0 we obtain tan (w*t — 5) = —a/w* = const and consecutive 
solutions of this equation have the constant distance 77/w*. 

If a maximum is at fg, the next is at t; = tg + 27/w*. Since the sine and cosine in 
(10) have period 27/w*, the ratio is 


exp (—ato)/exp (—at,) = exp (27ra/w*). 


A = 27; tant = —1 gives 37/4 (min), 77/4 (max), etc. 

CAS PROJECT. (a) Cases I, Il, II appear, along with their typical solution curves, 

no matter what k/m is or y(0), etc. 

(b) The first step is to see that Case II corresponds to c = 2. Then one can choose 
other values by experimentation. In Fig. 51 the values of c (omitted on purpose; 
the student should choose!) are 0 and 0.1 for the oscillating curves and 1, 1.5, 2, 
3 for the others (from below to above). 

(c) This addresses a general issue that also arises in problems involving heating and 
cooling, mixing, electrical vibrations, etc. One is generally surprised how quickly 
certain states are reached practically when the theoretical time is infinite. 

(d) y() = e- (4 cos w*t + Bsin w*t), w* =4V4 — c2. From the initial condi- 
tions, A = 1, B = c/V 4 — c?. In y'(#) the cosine terms drop out, and sin w*t = 
0 gives as the smallest positive solution t = t, = 2a/V4 — c? = w/w*. There 
(2) has a horizontal tangent and touches y = —0.01 when y(t.) = —0.01 and 
Stays within the limits in (11) because it oscillates between +e~“2/2, Thus we 
get c from y(t2) = —e~ “2/2 = —0.01 as c = 1.65, approximately. 

(e) The main difference is that Case II gives y(t) = (1 — He~*, which is negative for 
t > 1. The experiments with the curves are as before. 
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SECTION 2.6. Euler-Cauchy Equation, page 93 


Purpose. Algebraic solution of the Euler—Cauchy equation, which appears in certain ap- 
plications (see our Example 4) and which we shall need again in Sec. 4.4 as the simplest 
equation to which the Frobenius method applies. We have three cases; this is similar to 
the situation for constant-coefficient equations, to which the Euler—Cauchy equation can 
be transformed (Prob. 20); however, this fact is of theoretical rather than of practical in- 
terest. 


Comment on Footnote 9 


Euler worked in St. Petersburg 1727-1741 and 1766-1783 and in Berlin 1741-1766. He 
investigated Euler’s constant (Sec. 4.6) first in 1734, used Euler’s formula (Secs. 2.3, 12.6, 
12.7) since 1740, introduced integrating factors (Sec. 1.5) in 1764, and studied conformal 


‘mappings (Sec. 12.5) since 1770. His main influence on the development of mathemat- 


ics and mathematical physics resulted from his textbooks, in particular from his famous 
Introductio in analysin infinitorum (1748), in which he also introduced many of the mod- 
ern notations (for trigonometric functions, etc.). Euler was the central figure of the math- 
ematical activity of the 18th century. His collected works are still incomplete, although 
some seventy volumes have already been published. 

Cauchy worked in Paris, except during 1830-1838 when he was in Turin and Prague. 
In his two fundamental works, Cours d’Analyse (1821) and Résumé des lecons données 
& l’Ecole royale polytechnique (vol. 1, 1823), he introduced more rigorous methods in 
calculus, based on an exactly defined limit concept; this also includes his convergence 
principle (Sec. 14.1). He also was the first to give existence proofs in differential equa- 
tions. He initiated complex analysis; we discuss his main contributions to this field in 
Secs. 12.4, 13.2—13.4, and 14.2. His famous integral theorem (Sec. 13.2) was published 
in 1825, his paper on complex power series and their radius of convergence (Sec. 14.2) 
in 1831. 


SOLUTIONS TO'PROBLEM SET 2.6, page 96 


2. 1, yx? + cox? 
4. I, cy/x + cy. This can also be solved by reduction to first order and separation of vari- 
ables. 
6. I, x[A cos (In x) + B sin (in x)] 
8. II, cy + cy nx. Also solvable by reduction and separation. 
10. I, cyx~? + 9x95 
12. I, (c; + cy In x)x°® 
14. General solution: cx + cox”. Answer: 2x — 4x? 
16. General solution: A cos (3 Inx) + B sin G In x). Answer: 2 cos (3 In x) 
18. General solution: (cy + Cs In x)/x. Answer: 3 — In x)/x 
20. x = e*, t = Inx. The chain rule gives 


y' = yt’ = ylx, y” = yx? — yh, 


where the dots denote derivatives with respect to ¢. By substitution into (1) we 
obtain 


29" + any! + by =28(2 = 2) ae + by =F 4 Ge DH y= 
es x 
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a 


The characteristic equation of the new equation is 
2+ (a-1)A+b=0. 
It is of the form (3). Its roots are in Case I 
, emt = (ey = x, emat = x2 
etc., so that we can obtain the solution of the Euler~Cauchy equation from those of 


the new equation. Also, in Case III the transformation into real form in Sec. 2.3 car- 
ries over into that in this section. 


SECTION 2.7. Existence and Uniqueness Theory. Wronskian, page 97 . 


Purpose. To explain the theory of existence of solutions of equations with variable co- 
efficients in standard form (that is, with y” as the first term, not, say, f(x)y”) 


y" + p@y’ + q@y = 0 
and of their uniqueness if initial conditions 
(Xo) = Ko, y (Xo) = Ky 


are imposed. Of course, no such theory was needed in the last sections on equations for 
which we were able to write down all solutions explicitly. 


Main Content 


Continuity of coefficients suffices for existence and uniqueness. 
Linear independence if and only if the Wronskian is not zero. 
General solution exists and includes all solutions. 


Comment on Wronskian 


For n = 2, where linear independence and dependence can be seen immediately, the Wron- 
skian serves primarily as a tool in our proofs; the practical value of the independence cri- 
terion will appear for higher n in Sec. 2.13. 


SOLUTIONS TO PROBLEM SET 2.7, page 100 
1 e* 


a 
0 e* 


4. W = (my — m)x™t™1 


Ax Ax 


xe 1 x 


A 1+ Ax 


6. W= 


r= (1 + Axe} 
8. We use the abbreviations c = cos wx, s = sin wx. Then 
e*c e~*s ata 
=e 
e~*(—c — ws) e-*(—s + we) 


10. xy” + xy’ — 25y = 0, W = -10/x 
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12. y" — 4y =0,W= = 2, where c = cosh 2x, s = sinh 2x 


s 2c 


14, y" + 2y' = 0, W = —2e77* 


c AY 


16. x*y" + xy’ +y=0,W= 
: —s/x clx 


where c = cos (In x), s = sin (In x). 


18. TEAM PROJECT. (a) Suppose that y, and y. are zero at some point Xp in I. Then 
the first row of their Wronskian is zero at x9. This implies linear dependence of y, 
and ys by Theorem 2. 

(b) At a maximum or minimum the first derivative is zero; if this happens for two 
solutions y, and ys at the same point, the second row of the Wronskian is zero, 
so W = 0 at that point. This implies linear dependence by Theorem 2. 


(ce) By direct calculation, . 
44191 1-429 Ag1¥1 + Ageye 


T + tA t f. f 
43191 T A292 42191 T Agoo 


Pal z2, 
; = 
21 


W231, 22) = zs = 


= (4311 + 12Y2)(Aaiy1 + Goaya) — (ai1yi + A12¥9)(Ge1y1 + ag2¥0). 


Multiplying out, we see that four of the eight terms cancel in pairs (the terms in 
y1y1 and yy). The remaining terms can be written 


, ieee 12 
(411422 — Q42421)(Y1¥2 — yeyi) = 
421 422 


| Wy, Yo). 


From this the conclusion follows. Note that in this calculation we need not refer to 
the familiar rule for multiplying determinants (which some students may not know). 


(d) det [aj] = 


NF NIE 


(e) cye” + coe * = €, cosh x + Cy sinh x = 3¢,(e* + e~*) + 3,(e7 — e~*) gives 


Vr _i~ 
Cy = 3(C1 + Co), Co = 3(Cy — Cp). 


SECTION 2.8. Nonhomogeneous Equations, page 101 


Purpose. We show that for getting a general solution y of a nonhomogeneous linear equa- 
tion we must find a general solution y, of the corresponding homogeneous equation and 
then—this is our new task—any particular solution y, of the nonhomogeneous equation, 


y= Yn + Yp- 


Main Content, Important Concepts 


General solution, particular solution 
Continuity of p, g, r suffices for existence and uniqueness. 


General solution exists and includes all solutions. 


(Solution methods follow in Secs. 2.9, 2.10.) 
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SOLUTIONS TO PROBLEM SET 2.8, page 103 


2. 


10. 


12. 


‘14. 


16. 


The general solution of the homogeneous equation is c,e~* + cge*. Hence as the so- 
lution of the nonhomogeneous equation we first obtain 


y = Yn + Yp =ce” + Coe” + e73e — 3e%, 


We see that the last term is a solution of the homogeneous equation, and we can ab- 
sorb it into the general solution of the latter, so that we simply have 


y = cye* + Cye* + e737, 


the same answer as in Prob. 1, except for the notation. Of course, the point of the 
problem is that two particular solutions of the nonhomogeneous equation can differ 
at most by a solution of the homogeneous equation; in the present case, this is —3e”. 

= e*(A cos 2x. + B sin 2x) + x®. Whereas in Prob. 3 we have just one term on the 
right side of the equation but many terms in Yp, here we have the opposite situation 
where the right side of the equation has many terms but Yp is simple. 


- Y = (cy + coxde?® — de” sin x 
- y = ce™* + coe” + de” + 67, Perhaps the student should express Yp in terms of 


cosh x and sinh x, to see the analogy to the expression A cos x + B sin x in other equa- 
tions. 

y = 0.4e* + 0.6e~* — cos x. From this form of the answer we recognize the form 
of the general solution y,, = ce” + cge~* (which may not always be the case). It is 
important for the student to understand that y, will satisfy the initial conditions only 
in very rare cases—practically never—and that further work is necessary for solving 
the initial value problem. 

y = 1.8 cos 2x + sin 2x + 3x cos 2x. The right side of the equation is a solution of 
the homogeneous equation and produces the form of Yp involving the factor x. This 
will be discussed systematically in the next section. 

y = 4x — 2x” + 3e”. The first two terms result from the general solution of the ho- 
mogeneous equation c,x + cox”. 

TEAM PROJECT. (a) 1. Find a general solution of the homogeneous equation. 


2. Find any particular solution y, of (1). (It is quite unlikely that Yp automati- 
cally satisfies the initial conditions.) 


3. Determine values of the arbitrary constants in (3) from the initial conditions. 


(b) The difference of the two solutions must be a solution of the homogeneous equa- 
tion. 

(c) As in (b). 

(d) Of course, because Yp does not depend on the choice of that general solution y, 
OF Yp. 

(e) The usual method for the Euler-Cauchy equation gives the general solution 
Cx + cox? of the homogeneous equation, hence y = cyx + cox” + 3e* for the 
nonhomogeneous equation. From this, y(0) = 3 (note that any other y(0) would 
result in no solution!). Now y’ = cy + 2cax + 3e”, y'(0) = cy + 3 = 7, hence 
c, = 4, whereas cy remains arbitrary. The reason is that the coefficients of the 
equation in standard form 


2 2 
Weed Bi hs iia) 
y es wm 


become infinite as x — 0. 
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SECTION 2.9. Solution by Undetermined Coefficients, page 104 


Purpose. To discuss a special method for particular solutions of constant-coefficient equa- 
tions with special right side r(x). This method is simpler than that in Sec. 2.10 and should 
be used whenever it applies. Rules (A), (B), and (C) tell us what to do in practice. 


Comment on Table 2.1 

It is clear that the table could be extended by the inclusion of products of polynomials 
times cosine or sine and other cases of limited practical value. Also, a = 0 in the last pair 
of lines gives the previous two lines, which we have listed separately because of their 
practical importance. 


SOLUTIONS TO PROBLEM SET 2.9, page 107 


The request to show each step should prevent students from simply letting the CAS pro- 

duce the final answer. 

2. y = cye~* + coe” + xe + 2e”. An important point is that the Modification Rule 
applies only to one of the two exponential terms. The Sum Rule is also used. 

4. y= ce" + coe2” + xe?*; an application of the Modification Rule for a simple root 
A = 2. 

6. y = cye73” + coe~/> + 3x — 10 + 4 sin x; an application of the Sum Rule. Note 
that 9x causes an x-term and a constant term in the solution. The cosine term would 
usually cause a cosine and a sine term, so here we get less than expected. 

8. y = (cy + cox)e3* + e~*(6 cos x + 8 sin x). In this problem we go slightly beyond 
the lines in Table 2.1, which does not contain products of trigonometric times expo- 
nential functions. However, the method is the same in principle and should encour- 
age students to attempt more independent work. On the other hand, we did not in- 
clude other such problems, whose practical value is not very great. 

10. y = cye~*? + coe®/? — 2e-2* + Be?*, Students should perhaps be asked to ex- 
press the solutions (the last two terms) in terms of cosh 2x and sinh 2x, to see the 

_ analogy to expressions a cos x + b sin x in other differential equations. 

12. y = cye?* + cge~®* + te~* + dye**; Modification Rule. Here e*” is “hidden” in 
sinh 3x on the right, whereas the other term in sinh 3x does not call for the Modifi- 
cation Rule but produces 4e~3* without an extra factor x. 

14. y = e?"(A cos 4x + Bsin 4x) + 4cosx + 19 sinx 

16. y = e**(cos 2x — sin 2x) + e**, Be sure students do not get confused: the Modifi- 
cation Rule is not needed. 

18. y = cos 3x + x sin 3x. The first term results from the general solution c, cos 3x + 
Co sin 3x of the homogeneous equation. Initial conditions y(0) = 1, y’ (0) = 0 (or con- 
versely) appear in various theoretical considerations. 

20. y = x%e14", This is an application of the Modification Rule in the case of the dou- 
ble root 1.4. A general solution of the nonhomogeneous equation is y = 
‘(cy + cgx + x”)el4*. One should emphasize that the initial conditions y(0) = 0, 
y’(0) = 0 would imply y = 0 only in the homogeneous case. Also, cy = 0, cp = 0 
is an exception, caused by y,(0) = 0, y,(0) = 0, where y, = x7e4”, 

22. 2e~°5* cos 3x + e~* + 4. The general solution e~°*"(A cos 3x + B sin 3x) of the 
homogeneous equation contributes the first term of the solution. 
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24, TEAM PROJECT. Begin with simple cases. Find the form of Yp (with undeter- 
mined coefficients) by repeated differentiation. For example, xe* will require y, = 
(a + bx)e*, etc. Applications may occur occasionally. For instance, e~** cos wx (with 
x = t = time) could represent a time-decreasing driving force. 


SECTION 2.10. Solution by Variation of Parameters, page 108 


Purpose. To discuss the general method for particular solutions, which applies in any 
case, but may often lead to difficulties in integration (which we by and large have avoided 
in our problems, as the subsequent answers show). 

Comments 


The equation must be in standard form, with 1 as the coefficient of y”—students tend to 
forget that. 

Here we do need atte Wronskian, in contrast to Sec. 2.7 where we could get away with- 
out it. ; 


SOLUTIONS TO PROBLEM SET 2.10, page 111 
2. yy = cos 3x, ye = sin3x, W= 3. Hence in (2), 


fax = [ee a = —> In feos 3x 
J a ee J ‘cos 3x sec 3x ac= J 
3 3 
Answer: 
y = Acos 3x + B sin 3x + §(cos 3x) In |cos 3x| + 4x sin 3x. 
4. y, = cos 3x, y. = sin3x, W=3,r=csc3x. Hencein (2), 


Yor i sin 3x _ x 
Pre-3laa 3 

WT cos 3x 4 : 
[Pe ax = = ={[ dx = > In|sin 3x1. 


Answer: - 1 
Acos 3x + Bsin 3x — 3 098 3x + 9 «sin 3x) In |sin 3x| 


6. y, = e?* cosx, yo =e sinx, W-=e**. Hence in (2), 


pz Malo yo sin ae sin i 
pe yr aay fea) cos hi are aad 


y = [Acosx + Bsinx — xcosx + (sin x) In |sin x{Je2*. 


8. y, =e", yo = xe", W=e7*. Hence in (2), 


Sn a aE Tee ee 
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Yor (xe~3*) 1627 87/(x? + 1) _ ¢ 16x a 3 
[Sa- | ae | dx = 8in(x* + 1) 


er xe +1 
seme Ca 1 aie (0 0 vy ae |: 
pea =f — dx = [ys de = 16 arc tan x. 


Answer: 
y = (cy + cgx)e3* + 8[—In (x? + 1) + 2x arc tan xJe~**. 


10. y, = e~*cosx, yo =e *sinx, W-=e~?*. Hence in (2), 


i ey Cai as Dc ey 
fe-l- a 


e72% cos? x 


—2a dx = 4tanx. 


il 3 Es Conse Ice x 
rae eer 


This gives the particular solution 


+(2 + sesh) 
oo| 22 es 


2 
=| ~(oo x) —37— + Asin x) tan | 
cos” x cos x 


e~*[—2(cos 2x)/cos x]. 
Answer: 
y=e *fAcosx + Bsinx — 2(cos 2x)/cos x]. 


12. y, = 1, yo = x”, W = 2x. Divide the given equation by x to get it in standard. 
form and from it, 
r= (3 + x)x2e7/x = (3 + x)xe”. 
Hence in (2), 


2, xe 
Yor x"(3 + x)xe 1 - A 1 
pa =) | =705 + x ee, SE Oe 
[ae [RS w= 5 Jet + ae ae = 52% 
yr , — f1°@G + x)xe* aul ee z 
22/3 dx = > [xt de he = Ux + 2)e*. 
Substitution into (2) shows that the terms in x? drop out and the answer is 
y = cy + cox® + xe". 
14. y, = x®, y. =x®, W = —x*. From the standard form we get 


r = (7x* sin x/x? = 7x" sin x. 
Hence in (2), 


2, Dies. 
yor , _ px(7x*sinx) | _ 
[PE ae = [AP ae = 7008 x 


3/72 o: 
yur x°(7x* sin x) 
Peas [a 


=X 
= -—7 |xsinx dx = 7xcosx — 7 sinx. 


This gives the particular solution 
—7x3 cos x + x2(7x cos x — 7 sinx) = —7x" sin x. 


Answer: 
y = cx? + cox? — 7x” sin x. 
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16. y, =x, yo = 1x, W= —2/x. From (2), 


x Ji 1 
Vp = —x -35 wets l-graena. 
Answer: 
1 


= -1 
y= Cx + Cox” + 3x2 
18. TEAM PROJECT. (a) y, = e7**, yo = e%, W = 2e-*, r = 650s 2x. 


From (2), 
ese (ee cos 2x ee (= cos 2x 


yp S Je 4% 2e—4* 
65 
a i Sa Ne Be 3a —x x 
ig ( e fe cos 2x dx + e fe cos 2d 
65 a . 1 . 
at -—e7 “73 & (3 cos 2x + 2 sin 2x) + e* & e*(cos 2x + 2 sin 2x 
= —cos 2x + 8 sin 2x. 
Answer: 


= cye 3" + cge~* — cos 2x + 8 sin 2x. 


This was much more work than that for undetermined coefficients. 

(b) We can treat x? on the right by undetermined coefficients, obtaining the contri- 
bution x” + 4x + 6 to the solution. We could treat it by the other method, but 
we would have to evaluate additional integrals of an exponential function times 
a power of x. We treat the other part, 35x°e*, by the method of this section, 
calling the resulting function y,,;. We need y, = e*, yp = xe", W = e?”. From 
this and (2), 


Ypl 


n 


er xz 
—e* [75 3510" dr + xe* [ <a 35x76 de 


35(-e fer dx + xe* fer a| = 4e* x72, 
Complete answer: 
y = (cy + Coxe” + 4e*x72 + x? + dy + 6, 


(c) If the right side is a power of x, say, r = rox", then substitution of Vp = Cx 
gives ; 


xy" + axy' + by = (kk — 1) + ak + b)Cx® = rox". 


This can be solved for C. To explore further possibilities, one may work “back- 
wards”; that is, assume a solution, substitute it on the left, and see what form one 
gets as a right side. 


SECTION 2.11. Modeling: Forced Oscillations. Resonance, page 111 


Purpose. To extend Sec. 2.5 from free to forced vibrations by adding an input (a driving 
force, here assumed to be sinusoidal). Mathematically, we go from a homogeneous to a 
nonhomogeneous equation, which we solve by undetermined coefficients. 


iB eh I i he ok yp. S 
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New Features 


Resonance (11) y = Af sin wot in the undamped case 
Beats (12) y = B(cos wt — cos wof) if input frequency close to natural 
Large amplitude if (15') w? = wp” — c?/2m” (Fig. 60) 


Phase lag between input and output 


SOLUTIONS TO PROBLEM SET 2.11, page 117 


2. Yp = 1.5 cos 3t + sin 3t 

4. yp = 7 Cost — go cos 3t + Zsint + Zs sin 3t 

6. yp = a(cost + sin 2) 

8. y = Acos V3t + B sin V3t + 4 cos 0.5t. We have no sine term in Yp because of the 


10. 
12. 


14. 


16. 


absence of y’ in the equation. This is typical. 

y = (cy + cathe ** + 2sint — 2cost 

y = cye-* + cg + t—4cost + 3 sint. Note that the harmless term 1 on the right of 
the equation causes the unbounded term ¢ in the solution. 

y =e "cost + 2sin#) + 0.2 cost + 0.4 sint, For t = 5 the exponential term has 
decreased to less than 1% of its original value; this practically marks the end of the 
transition. 

y = e~* cost + 26.8 sin 0.5t — 6.4 cos 0.5t. At t = 1.2 the exponential term has de- 
creased to less than 1% of its original value. This marks the end of the transition from 
a practical point of view. t = 1.8 is the time when that term has become less than 
1/10 of a percent in absolute value. 


18. WRITING PROJECT. Brevity should force the student to recognize what is im- 


20. 


portant and what is marginal. It is useful to learn this in connection with short re- 
ports, articles, talks, etc. 

CAS PROJECT. The choice of w needs experimentation, inspecting the curves ob- 
tained and then making changes on a trial-and-error basis. It is interesting to see how 
in the case of beats the period gets longer and longer and the maximum amplitudes 
get larger and larger as w approaches the resonance frequency. 


SECTION 2.12. Modeling of Electric Circuits, page 118 


Purpose. To discuss the current in the RLC-circuit with sinusoidal input Ep sin wt. 
ATTENTION! The right side in (1) is Egw cos wt, because of differentiation. 


Main Content 


Modeling by a simple extension of Sec. 1.7 
Electrical-mechanical strictly quantitative analogy (Table 2.2) 


Transient tending to harmonic steady-state current 


SOLUTIONS TO PROBLEM SET 2.12, page 122 
2. a = R/2L > 0. If B is real, B S R/2L since R® — 4L/C S R*; hence Ay = 


—-a+ B<0 (and A, = —a — B <0, of course). If B is imaginary, J,(t) represents 
a damped oscillation. 
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4. 


8. 
10. 


12. 


14, 


16. 


10 cost + 20 sin t because the general solution of the homogeneous equation ap- 
proaches zero as t > ©, 


. O 


E' = 1700 cos 4t, J = e~?*(A cos 4t + B sin 41) + 5 cos 4¢ + 20 sin 4 
The equation is 
107” + 801' + 2501 = 2405 cos 10¢. 


Using undetermined coefficients, we obtain the general solution 
I = eA cos 3t + B sin 34) — 3cos 10t + 2 sin 107. 


Hence y(0) = A — 3 = 0, A = 3. From Eq. (1”) for the charge we see that Q(0) 
0 in the present case implies /'(0) = 0. By differentiating J and substituting A = 
we obtain from I'(0) = 0 the value B = —12, Answer: 


3 
2 


T= e-*@ cos 3t — 42 sin 32) — 3cos 10t + 8 sin 104. 


The equation is 
0.51” + 31’ + 12.51 = —60 sin 5t. 


It has the general solution 
y = e (4 cos 4t + B sin 42) + 4 cos 5t. 


From (1") for Q we obtain (similar to Example 1) I'(0) = Q"(0) = 24. From this and 
1(0) = 0 we obtain the answer 


I = e~*(3 sin 4t — 4 cos 42) + 4 cos 5t. 
The equation is 
2” + 2-107 = 0, thus r+ 104 = 0. 


A general solution is 
I= Acos 100r + B sin 1004. 


K(0) = 0 gives A = 0. Equation (1") for the charge is 


2Q” + 2-10*@ = 110. 
It implies that 
I'(0) = Q"(0) = 55 


because Q(0) = 0. From J = B sin 100t we thus obtain 
I' = 100 Bcos 1001, I'(0) = 100B = 55, B= 0.55. 


Answer: 
ZI = 0.55 sin 100+. 


(a) By integration, 
Q =c — 0.0055 cos 100t with c = 0.0055 from Q(0) = 0. 
(b) 2Q” + 2- 10*Q = 110; a general solution is 
Q = Acos 100t + B sin 100t + 110/(2 - 104). 


From this and the first initial condition, Q(0) = A + 0.0055 = 0. Hence A = —0.0055. 
The second initial condition 1(0) = Q’(0) = 0 gives B = 0 because 


I = Q’ = —100A sin 100t + 100B cos 100t = 0. 
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Together we have 
Q = 0.0055 — 0.0055 cos 1001, 
as in (a). 
18. TEAM PROJECT. (a) The complex division trick is performed to make the de- 

nominator real, _ 

cea 

b bP 
Before we multiply out and take the real part, the expression for [, is 


lp = Ke = Fa (S + iR)(cos wt + isin ar). 


(c) Substitution of (11) and its derivatives into the present equation gives 
(-1 +i + 3)Ke* = Se*. 
Solving for K, we obtain K = 2 — i. Hence the complex solution is 
I, = (2 — de* = 2 — (cost + isin 2). 


The real part is 
I, = 2 cost + sint. 


The student should verify that it satisfies the given real differential equation. 


SECTION 2.13. Higher Order Linear Equations, page 124 


Purpose. Extension of the basic concepts and theory in Secs. 2.1 and 2.7 to homogeneous 
linear differential equations of any order n. This shows that all the essential facts carry 
over practically without change. Linear independence, now more involved than for 
n = 2, causes the Wronskian to become indispensable (whereas for n = 2 it played a mar- 
ginal role). 


Main Content, Important Concepts 
Superposition principle for the homogeneous equation (2) 
General solution, basis, particular solution 
General solution of (2) with continuous coefficients exists. 
Existence and uniqueness of solution of initial value problem (2), (5) 
Linear independence of solutions, Wronskian — 


General solution includes all solutions of (2). 


SOLUTIONS TO PROBLEM SET 2.13, page 131 


2. W = —6e?%, y = e* — 3e* 
4,.W=1,y=12+3cosx 
6. W = 4, y = e”. Note that another basis is e”, e~*, cos x, sin x. 
8. W = 18, y = cosx + $ sin 2x 
10. Linearly independent. Point out that sin 2x = 2 sin x cos x is not a linear combina- 
tion of cos x and sin x. 
12. Linearly dependent. This is an example where the use of a functional relation helps 
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to decide: In (x*) = 3 In x. 

14. Linearly dependent. The essential point is that the exponential functions have the right 
exponent occurring in the definition of sinh 3x. 

16. Linearly independent 


18. Linearly dependent. This serves as a reminder that any set containing the zero func- 
tion as an element is linearly dependent. 


20. TEAM PROJECT. (a) (1) If y; = 0, then (4) holds with any k, # 0 and the other 
k; all zero. 


(2) If S were linearly dependent on J, then (4) would hold with a kj #Oonl, 
hence also on J, contradicting the assumption. This also shows that linear de- 
pendence on J implies linear dependence on J. Linear independence on J im- 
plies no conclusion for J. Example: x|x| and x? are linearly independent on 
-1<x< 1 but ns: oma oO0<x< 1, 

(3) By assumption, kyyy + +++ + kpyp = 0 with ky, - - , Kp not all zero. This 
implies (4) with ky, - i as before and k,,14 =--- as = 0. In the other 
case T may be finearly dependent (or not). Example: Take any linearly in- 
dependent S and let T be S and the zero function. 


(b) If your functions are solutions of a homogeneous linear differential equation with 
continuous coefficients, then you can use the Wronskian. For other means, see 
the problems (for instance, the use of functional relations, evaluating (4) at sey- 
eral x’s in the interval, etc.). 


SECTION 2.14. Higher Order Homogeneous Equations, page 132 


Purpose. Extension of the algebraic solution method for constant-coefficient equations 
from n = 2 (Secs. 2.2, 2.3) to any n, and discussion of the increased number of possible 
cases: 


Real different roots 

Complex simple roots 

Real multiple roots 

Complex multiple roots 

Combinations of the preceding four basic cases 
Explanation of these cases in terms of typical examples. 


Comment on Numerical Work 


In practical cases, one may have to use Newton’s method or another method for com- 
puting (approximate values of) roots in Sec. 17.2. 


SOLUTIONS TO PROBLEM SET 2.14, page 137 


2. (cy + Cox + cgx7)e—3* 4. (cy, + cyx) cosx + (cg + c4x) sin x 
6. A, cosx + Ag cos 2x + B, sinx + By sin 2x 
8. cye?* + (co + cgx)e™ 10. cye"* + cge2* + cge3” 


12. A? — 3A? + 3A — 1 = (A — 1)°. Hence a general solution is 
y = (cy + cox + Cgx”)e”, and y(0) = cy = 2. 
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With this, 
y’ = (2 + Cox + Cgx? + Co + 2cgx)e” 
and 
y'(0) =2+ c =2, Co = 0. 
With c. = 0, another differentiation gives 
= (2 + cgx” + 2cgx + 2cgx + 2cs)e* 
and 
y"(0) = 2 + 2cs = 10, Cz = 4. 
Answer: 
y= (2+ 4x%e*. 
14. The characteristic equation has the roots +1 and +i. Hence a general solution, its de- 
rivatives, and their values at x = 0, equated to the corresponding initial conditions, 
are as follows. 


(a) y= ce" of ae =+ Acosx+ Bsinx, cy +¢g tA=—l 
(b) y" = ce” — cge-* — Asinx + Boosx, cy—tg +B=7 

(c) y” Rags + coe” — Acosx — Bsinx, cy +¢ecg-A=-1 
(d) y” = cye* — cge* + Asinx — Bcosx, cy — co - B=7. 


We obtain A = 0 from (a), (c); then B = 0 from (b), (d); then cy = 3 fen (a), (b); 
and finally cp = —4 from (a). Answer: 
y = 3e” — 4e*. 

16. The characteristic equation has the roots +i and +3i. Hence a general solution, its 
derivatives, and their values at x = 0, equated to the corresponding initial conditions, 
are as follows. 

(a) y = A, cosx + B, sinx + A, cos 3x + Bysin3x, A, + Ag =0 
(b) y’ = —A, sinx + B, cos x — 3A, sin 3x + 3B, cos 3x, B, + 3B, =0 
(c) y” = —A, cos x — B, sinx — 9A, cos 3x — 9By sin3x, —A, — 9Ag = 32 
(d) y” = A, sinx — B,cosx + 27Ag sin 3x — 27Bz, cos 3x, —B, — 27B, = 0. 
From (a) and (c) we obtain Ag = —4, A, = 4. From (b) and (d) we obtain B, = 0, 
B, = 0. Answer: 

y = 4cosx — 4cos 3x. 


18. The characteristic equation has a triple root —2. Hence a general solution, its deriv- 
atives, and their values at x = 0, equated to the corresponding initial conditions, are 
as follows. 

(a) y = (cy + cox + cgx*%Je72", y(0) = cy = 1 
(b) y’ = (-2 + cy — 2cgx + 2gx — Wyx*Je~**, y'O) = —2+c,=—-2, c2=0 
(c) y” = 22 + cg — 4c3x + 2c3x%)e~**, y"(0) =4 + 2cg = 6, cg = 1. 
Answer: : 

y=(1 + xe". 

20. PROJECT. (a) Divide the characteristic equation by A — A, ify, = e*” is known. 
(b) The idea is the same as in Sec. 2.1. 

(c) Here, as always, the first step is to produce the standard form, as the form under 
which the equation for z was derived. Division by x? gives 


3 6 6 1 
moo on ee DE carr es ay, et a 
y ee om (5 ily (5 =) 0. 


a Ne eee 


Instructor’s Manual 47 


With y, = x, yi = 1, y{ = 0, and the coefficients p, and p. from the standard 
equation, we obtain 


" 3 td 3 6 
a+) 3+ (-—Jx jz + | 2[-—]-14+ [--1]x |z=0. 
x x x 
Sumplification gives 
" 6 6 u 
xz + [-—~+—— x}z= x2" —-2d=0. 
x x 
Hence 
Z = ce” + Coe”. 

By integration we get the answer 


yg = x fedx = (cye” + cge™* + 3)x. 


SECTION 2.15. Higher Order Nonhomogeneous Equations, page 138 


Purpose. To show that the transition from n.= 2 (Sec. 2.8) to general n introduces no 
new ideas, but generalizes all results and practical aspects in a straightforward fashion; 
this refers to existence, uniqueness, and the need for a particular solution Yp to get a gen- 
eral solution in the form 


Y= Yn + Vp. 


SOLUTIONS TO PROBLEM SET 2.15, page 141 


2. yy = x71, yo = x, Ys = x7, W = 6x7}, W, = x2, W. = —3, W; = 2x71. Further- 
more, r = In x because we have to divide the equation by x? to get it in standard 
form. From (7) we now obtain 

—1 


x x x? 
Xp = x? In x dx — 5 fxtnxax + j finde 


pee tag ae xt x | x2 x? 2 , 
er 7 px i 213 4 3 inx x] 


Answer: 
y= yx? + cox + cgx? + bP Inx — Dy. 
4. y, is conveniently obtained by undetermined coefficients. Answer: 
y = cye2* + coe* + cge™ + 2x3 — 3x2 + 15x — 8. 
6. A? — 6A + 12A — 8 = (A — 2)3. Hence a basis is 


oS. Oe 22 22% 
Se oe 4 > 4 


y1 Yo = xe yg = xe 


The derivatives are 
yy = 22, yy = (2x + Le?*, yg = (2x? + 2xJe?*, 


silane ib ee ata ae dase LS, 
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The second derivatives are 
yi = 4e?*, yg = (4x + 4)e?”, yg = (4x* + 8x + 2)e?”. 


From the Wronskian we can factor out e”* from each of the three columns. Then 


1 x x2 
W = e® |2 2x +1 2x? + 2x 
4 4%+4 4x74 8x+2 
1 x x \ > 
x 
= e® 10 1 2x ee = De 
4 8x + 2 
0 4 8x + 2 
In (7) we further need 
0 x x? 
x. i 
W,=e*7|0 1 2x | =e = et%?, 
1 2x 


1 4 8 +2 


where we have e*” instead of e®” because in the replacement of one column of W as 
explained in the text, we lose a factor e2”. Furthermore, 


1 0 x? - es 
W.=e* 10 0 oy. | =e = —2e4*x 
1 2x +2 
0 i 8x + 2 
and 
1 x 0 : 0 
W,=e%7|0 1 0| = e** =e, 
4 1 
. 0 4 1 
With these values and 
r= 1/2 2% 
the integrals in (7) become 
4x2, 1/2, ae 


(Eo = mee 
=5 fe == 112, 
W. 2, 4x. x26 2x 
sen (a 


2 
i = [x9 dx =-< 35/2, 


Wa ae - (ee eect ae 


= 5 fv ax = ae 
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10. 


12. 
14, 


= — 2. _ 3/2 yw 4 = _ _1.3/2 = 1/2. _ 5/2 
V1 =X, ¥2 =x"? yg = 8, W = —h, W, = x, We = —dx3?, Wy = —4x?2 7 = 9h 


From this and (7), 


1 8 j 
= g2tyt2 ___ = — 2207/2 din Bes 
enr7~x 105 (15 — 42 + 35) 105 enex*, 


Answer: 
_ 2 8.7/2] 22 
y= [cy 1 Cox + C3x" + Z9Ex le - 


(divide by 4x3). From (7) we thus obtain 


xf (—4x)x9? de + xil2 {9ya/2s02 dx + 8l2 [71,52 dx 


Vp 


— —8,11/2 4 2,11/2 , 1,11/2 i 
= 5x + §x + 5x 


= Ao. 
Answer: 
Y= yx + Cyr? + cgx3? + 312/90, 
¥1 =X, Yq = xInx, yg = x (In x), W = 2, W, = x (nx), W. = —2xIn x, W, = x”, 
r = I/x. Answer: y = x7 + xInx r 
y = sinx + sin 3x + 2 sinhx 
CAS PROJECT. The first equation has as a general solution 


y = (Cy + cgx + cgx*Je* + GBse%x"?, 


so in cases such as this, one could try 
y= Faas (7 + ayx + px” + a3x?)e*, 


However, the equation alone does not show much, so another idea is needed. One 
could modify the right side systematically and see how the solution changes. The so- 
lution of the second suggested equation shows that the equation is not accessible by 
undetermined coefficients; its solution is (see Prob. 2) 


a5 1 24 1,3 ge a) 
Y = yx” + gx + Cgx® + gx" In x — a5x”. 


And one could perhaps modify this equation, too, in an attempt to obtain a form of 
solution that might be suitable for undetermined coefficients. 


SOLUTIONS TO CHAPTER 2 REVIEW, page 142 


16. 
18. 
20. 


22. 


y = e *(A cos dx + B sindx) 
y = cx? + cox? 


Yp is obtained by the method of undetermined coefficients. Answer: 
y = cye* + coe * + cge™ — 5e?*, 


The particular solution y, = xe™* is obtained by the method of undetermined coef- 
ficients. Answer: 
y = (cy + coxle™ + x%e7. 


50 


24. 


26. 


28. 


30. 


32. 


34. 
36. 


38. 
40. 


42. 
. I(t) = 0.0833e7 18 — 0.3333e~*% + 0.2500 if 0 < t < 0.01, 


46. 
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The particular solution y, = —In x e~?* 


rameters. Answer: 


is obtained by the method of variation of pa- 


y = (cy + cox — Inxe~. 


The particular solution y, = 2x sinh x — 3 cosh x is obtained by the method of un- 
determined coefficients. Answer: 


y = cy + cge* + cge~* + 3x sinh x — 2 coshx. 
Applying the method of undetermined coefficients, we obtain as a general solution 
y = e “(4 cos 1V3 x + Bsin 1V3 x) + sinx — 3 cos 2x + 2 sin 2x. 
By variation of parameters we obtain the answer 
y = (cy + cox)e?® + (xInx — xe?” 


The particular solution y, = 3 cosx + sin x is obtained by the method of undeter- 
mined coefficients. Answer: 


y = 3e* — 5e?* + 3cosx + sinx. 


y =e **(cos wx + sin wx) 
The initial conditions are such that the general solution of the homogeneous equation 
does not contribute to the answer 


y =Yp = 2c08Sx + sinx. 
y = (2 — xe” 
AP + 3A2 + 3A + 1 = (A + 1)%; hence a general solution of the homogeneous equa- 
tion is 
Yn = (Cy + Cox + cgx*)e~*. 

By the method of undetermined coefficients and from the initial conditions we get 
the answer 

y =(1 + xe” — 2cosx — 2sinx. 


I) = e 1899. B7t + Co e7% |. L25008¢ 


I(t) = —0.3294e7 18 + 0.1639e~*™ if t > 0.01. 

Note that since E(f) is continuous at t = 0.01, and Q is always continuous (cannot 
change abruptly), J and J' are continuous at t = 0.01, whereas 7” has a jump —1600 
since 10Z’ has this jump at t = 0.01. 

The complex equation is 
41" + 207’ + 21 = 10+ 102%, 


10%t 


Substituting J = Ke? and its derivatives and dropping the factor e!°*, we obtain 
[4(—100) + 20- 10i + 2]K = 100. 

Solving algebraically for K, we get 
100(—398 — 2002) 7 —39800 — 20000: 


. (~398 + 200i)(—398 — 200i) 198404 
= —0.2006 — 0.1008i. 


Answer: 
Re Ke? = —0.2006 cos 10f + 0.1008 sin 101. 


48. 
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The equation is 
0.125y” + 1.125y = cost — 4sint; 


thus, 
y”" + Gy = 8 cost — 32sint. 


- The solution satisfying the initial conditions is 


50. 


y = ~—cos 3t + $sin 3t + cost — 4sint, 


as obtained by the method of undetermined coefficients. 

The last two terms result from the driving force. In the first two terms, w) = 
Vkim = 3. This shows that resonance would occur if the driving force had the fre- 
quency w/2a = 3/27. 

C*(@) is given by (14), Sec. 2.11. The maximum is obtained by equating the deriv- 
ative to zero; this gives (15) in Sec. 2.11, which for our numerical values becomes 


16 = 2(24 — ow), 
so that w = 4. Eq. (16) in Sec. 2.11 then gives the maximum amplitude 
2-1-10 
COO 5a) = = 0.5590, 


4V 4-12-24 — 16 


To check this result, we determine the general solution, using the method of un- 
determined coefficients, finding 


y(t) = e~7*(A cos 2V5t + Bsin2V52) + 0.25 cos 4t + 0.5 sin 4t, 
and confirm the result by calculating the amplitude 


V 0.25? + 0.5? = 0.5590. 


Sila ta oa. te oats Pott a teks Blaia ga 


CHAPTER 3 Systems of Differential Equations. 
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Phase Plane, Qualitative Methods 
Major Changes 


This chapter has been completely rewritten, on the basis of suggestions by instructors who 
have taught from it and of my own recent experience of (once more!) teaching systems 
of differential equations. The main reason is that due to the increasing emphasis on lin- 
ear algebra in our standard curricula, we can now expect that when students take a course 
on differential equations that includes material from Chap. 3, almost all of them have at 
least some working knowledge of 2 < 2 matrices. 

Accordingly, Chap. 3 makes modest use of 2 x 2 matrices. n X n matrices are men- 
tioned only in passing and are immediately followed by illustrative examples of systems 
of two differential equations in two unknowns, involving 2 X 2 matrices only. Section 
3.2 and the beginning of Sec. 3.3 are intended to give the student the impression that for 
first-order systems, one can develop a theory that is conceptually and structurally similar 
to that in Chap. 2 for a single differential equation. Hence if the instructor feels that the 
class might be disturbed by n X n matrices, omission of the latter and explanation of the 
material in terms of two differential equations in two unknowns will entail no disadvan- 
tage and will leave no gaps of understanding or skill. 

To be completely on the safe side, Sec. 3.0 is included for reference, so that the stu- 
dent will have no need to search through Chap. 6 or 7 for a concept or fact needed in 
Chap. 3. ; 

Basic throughout Chap. 3 is the eigenvalue problem (for 2 < 2 matrices), consisting 
first of the determination of the eigenvalues A,, Ay (not necessarily numerically distinct) 
as solutions of the characteristic equation, that is, the quadratic equation 


= (Qi — A)G@e2 — A) — ayea01 
421 _ Ag, — Xr 
= NW? — (ayy + agg)A + 441499 — A424) = 0, 
and then an eigenvector corresponding to A, with components x1, x2 from 
(ay, — Ay)x1 + ayox%. = 0 
and an eigenvector corresponding to A» from 
(ay, — Ag)x, + ayoxq = 0. 
It may be useful to emphasize early that eigenvectors are determined only up to a nonzero 
factor and that in the present context, normalization (in order to obtain unit vectors) is 


hardly of any advantage. 
If there are students in the class who have not seen eigenvalues before (although the 


elementary theory of these problems does occur in every up-to-date introductory text on . 


linear algebra), they should not have difficulties in readily grasping the meaning of these 
problems and their role in this chapter, simply because of the numerous examples and ap- 
plications in Sec. 3.3 and in later sections. 
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Section 3.5 includes three famous applications, namely, the pendulum and van der Pol 
equations and the Lotka—Volterra predator-prey population model. 


SECTION 3.0. Introduction: Vectors, Matrices, Eigenvalues, page 146 


Purpose. This section is for reference and review only, the material being restricted to 
what is actually needed in this chapter, to make it self-contained. 


Main Content 


Matrices, vectors 

Algebraic matrix operations 

Differentiation of vectors 

Eigenvalue problems for 2 X 2 matrices 
Important Concepts and Facts 

Matrix, column and row vector, multiplication 
. Linear independence 

Eigenvalue, eigenvector, characteristic equation 
Some Details on Content 
Most of the material is explained in terms of 2 X 2 matrices, which play the major role 
in Chap. 3; indeed, n X n matrices for general n occur only briefly in Sec. 3.2 and at the 
beginning in Sec. 3.3. Hence the demand on the student in Chap. 3 will be very modest, 
and Sec. 3.0 is written accordingly. 

In particular, eigenvalue problems presently lead to quadratic equations only, so that 
nothing needs to be said about difficulties encountered with 3 x 3 or larger matrices. 

Example 1. Although the later sections include many eigenvalue problems, the com- 


plete solution of such a problem (the determination of the eigenvalues and corresponding 
eigenvectors) is given here. 


SECTION 3.1. Introductory Examples, page 152 


Purpose. In this section the student is supposed to gain a first impression of the impor- 
tance of systems of differential equations in physics and engineering and why they occur, 
and why they lead to eigenvalue problems. 


Main Content 
Mixing problem 
Electrical network 
Conversion of single equations to systems [see (8)—(10)] 
Background Material. Secs. 2.5, 2.11. 
Short Courses. Take a quick look at Sec. 3.1, skip Sec. 3.2 and the beginning of Sec. 
3.3, proceeding directly to solution methods in terms of the examples in Sec. 3.3. 
Some Details on Content 
Example 1 extends the physical system in Sec. 1.4, consisting of a single tank, to a sys- 
tem of two tanks. The principle of modeling remains the same. The problem leads to a 


typical eigenvalue problem, and the solutions show typical exponential increases and de- 
creases. 


Be ace eS ee ed Re OP 


| 
| 


eae ee ne 
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Example 2 leads to a nonhomogeneous first-order system (a kind of system to be con- 
sidered in Sec. 3.6). The vector g on the right in (5) causes a term + 3 in J,, but has no 
effect on Iz, which is interesting to observe. If time permits, one could add a little dis- 
cussion of particular solutions corresponding to different initial conditions. 

Reduction of single equations to systems [formula (10)] is of great importance and 
should be emphasized. Example 3 illustrates it, and further applications follow in Sec. 
3.5. It helps to create a “uniform” theory centered around first-order systems, along with 
the possibility of reducing higher order systems to first order. 


SOLUTIONS TO PROBLEM SET 3.1, page 158 


2. The system is 


= 0.02y. — 0.01y; 
yo = 0.0ly, — 0.02y. 


where 0.01 appears because we divide by the content of the tank T,, which is twice 
the old value. In proper order, the system becomes 


i= —0.01ly, + 0.02y. 
yg = 0.01y, — 0.02yp. 


As a single vector equation, 


, —0.01 0.02 
y = Ay, where A= : 
0.01 -0.02 
A has the eigenvalues A, = 0 and A, = —0.03 and corresponding eigenvectors 


0.5 —\ 


respectively. The corresponding general solution is 


Y= C4xP + cox Me 0.03t, 


' From the initial values, ' 


m= alos] La] Lso| 
Be Algg | Sal beso. 


In components this is cy + co = 0, 0.5¢, — Cy = 150. Hence c, = 100, cg = —100. 
This gives the solution 


1 1 
y= oi[! J — sof "Jem 
0.5 —1 


y= 100(1 os ern 
yo = 100($ + e794), 


In components, 


4. In (6) we have 


= h; & 2] 2 k Jew Bl 
I(t) "| ale + Co 08 é a5 0 . 
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From this and the initial conditions in vector form we get 
x0) H : B ./3 28 
=C¢ = . 
Ma) 0a) bo) tal? 


(a) 2e, + cg = 25 


in components, 


(b) Cy + 0.8c, = 14. 
Subtract 3(a) from (b) to get 
0.3cg = 1.5, Cg = 5. 
Then from (a), 
Cy = 3$(25 — cy) = 10. 
Thus 


in components, 
I, = 20e72* + 5e—0-8t + 3, In = 10e~2* + 4e—08*, 


. The first differential equation remains as before. The second equation is obviously 
changed to 


Ig = 0.41, — 0.54]y. 
Substitution of the first equation into the new second one, as in the text, gives — 
In = —1.61, + 1.06In + 4.8. 


Hence the matrix of the new system is 


A= : 
—1.6 1.06 


Its eigenvalues are —1.5 and —1.44. Corresponding eigenvectors are x 
[1 0.625]' and x = [1 0.64]", respectively. The corresponding general solution 
is 


a — 


y= Cx Ven} 5t + cy Dele, 


. The system is 


The matrix has the eigenvalues — 1 and —2 and corresponding eigenvectors [1 —1]" 
and [1 —2]', respectively. From this 


= = —t —2t 
y= y1 = cye + Coe 


and the second equation gives the derivative yp. = y’. 


10. The system is 


y= Ye 
ya yy + 15y/4. 


| 


wb nn tenet tenet anne te een 


| 


| 
{ 
1 
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12. 


14. 


The matrix has the eigenvalues 4 and —1/4 and eigenvectors [1 4]" and[1 —3]", 
respectively. The corresponding general solution is 


y=eq{l 4]"e** + cof1 —4]Te““4, 


The system is 


a 
J1.> yo 
Yo = y3 
y3 = 2y, + yo — 2ys 


The eigenvalues of its matrix are 1, —1, —2. Eigenvectors are [1 1 1)’, 
[1 -1 1]",[1 ~—2 4)", respectively. The corresponding general solution is 


y=e {1 1 Ite +cgfl -1 Te + csf1 —-2 4]"e72. 


TEAM PROJECT. (a) From Sec. 2.5 we know that the undamped motions of a 
mass on an elastic spring are governed by my” + ky = 0 or 


where y = y(t) is the displacement of the mass. By the same arguments, for the 
two masses on the two springs in Fig. 77 we obtain the linear homogeneous system 


(11) my1 = —kyy + ko(ye — yi) 
Myo = —ko(ye — yx) 

for the unknown displacements y, = y,(¢) of the first mass m, and y2 = yo(t) of the 
second mass mg. The forces acting on the first mass give the first equation, and the 
forces acting on the second mass give the second equation. Now m, = mz = 1, 
k, = 3, and ka = 2 in Fig. 77 so that by ordering (11) we obtain 

yi = ~Sy, + 2yp 

y2 = 2y; — 2ye 


or, written as a single vector equation, 


Ll-[3 all 
e ye 2 -2I Lye] 


(b) As for a single equation, we try an exponential function of 1, 
y = xe”. Then y” = w*xe™ = Axe”, 
Then, writing w* = A and dividing by e“*, we get 


Ax = Xx. 
Eigenvalues and eigenvectors are 


Ay = —I, x) — H and Ag = —6, x® = | ‘| < 
2 —1 
Since w = VA and V—-1 = +i and V—-6 = +iV6, we get 
y= xP(c, 6 + Cp et) am x (cg eiVbt + C4 etV6ty 
or, by (7) in Sec. 2.3, 


Y = ax cost + bx® sin t + agx™ cos V6t + box” sin V6t 
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where ay = cy + Co, by = i(cy — Cg), dg = Cg + C4, be = i(Cg — C4). These four 
arbitrary constants can be specified by four initial conditions. In components, this 
solution is 

yy = aycost+ b,sint + 2a, cos V6t + 2bz sin Vt 


Yo = 2a, cost + 2b, sint — dg cos V6t — by sin Vor. 


(c) The conversion is done by the formulas 


=. Py a | ay ees 

4 = Vp 2 = V1 = ly, = Za = Vy = 52, + 273 
— PR Se ey aa 

2g = Yo 2g =o L4=Yg= 2% — 2zZz. 


This gives the matrix 


0 1 0 0 
—5 0 2 0 
A = 
0 0 0 1 
2 0 -2 0 
Eigenvalues and eigenvectors are 
i =i —2iV6 2iV6 
1 1 —12 —-12 
TS i, ’ i ’ ° ms iV6, ? iV6, 
2i -2i iV6 ~iV6 
2 2 6 6 


(1) (4 


Denoting these complex vectors by z"’,- ++, Zz 


z= cy2Pe~# + Coz eit + Cg2e-iV6 t ss cgzPetV8 t 


> we have as a general solution 


The first and third components are 

Zy = y = icye* — icge* — 2iVEcge*¥5* + 2iV6cqe*Y5 * 

23 = Yo = Qicye* — Licget + iV6cge—*Y5* — iV 6 cge*V® *, 
Converting this to real form by means of the Euler formula (Sec. 2.3) we obtain 
the same result as in (b), except for notations. 


SECTION 3.2. Basic Concepts and Theory, page 159 


Purpose. This survey of some basic concepts and facts on nonlinear and linear systems 
is intended to give the student an impression of the conceptual and structural similarity 
of the theory of systems to that of single differential equations. 


Content, Important Concepts 
Standard form of first-order systems 
Form of corresponding initial value problems 
Existence of solutions 


Basis, general solution, Wronskian 
Background Material. Sec. 2.7 contains the analogous theory for single equations. See 
also Sec. 1.9. 
Short Courses. This section may be skipped, as mentioned before. 
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SECTION 3.3. Homogeneous Linear Systems with Constant Coefficients. 
Phase Plane, Critical Points, page 162 


Purpose. Typical examples are intended to show the student the rich variety of pattern 
of solution curves (trajectories) near critical points in the phase plane, along with the 
process of actually solving homogeneous linear systems. This will also prepare the stu- 
dent for a good understanding of the systematic discussion of critical points in the phase 
plane in Sec. 3.4. 


Main Content 


Solution method for homogeneous linear systems 

Examples illustrating types of critical points 

Solution when no basis of eigenvectors is available 
Important Concepts and Facts 


Trajectories as solution curves in the phase plane 


Phase plane as a means for the simultaneous (qualitative) discussion of a large number 
of solutions 


Basis of solutions obtained from basis of eigenvectors 


Background Material. Short review of eigenvalue problems from Sec. 3.0, if needed. 
Short Courses. Omit Example 6. 


Some Details on Content 


In addition to developing skill in solving homogeneous linear systems, the student is sup- 
posed to become aware that it is the kind of eigenvalues that determine the type of criti- 
cal point. The examples show important cases. (A systematic discussion of all cases fol- 
lows in the next section.) 

Example 1. Two negative eigenvalues give a node. 

Example 2. A real double eigenvalue gives a node. 

Example 3. Real eigenvalues of opposite sign give a saddle point. 

Example 4. Pure imaginary eigenvalues give a center, and working in complex is 
avoided by a standard trick, which can also be useful in other contexts. 

Example 5. Genuinely complex eigenvalues give a spiral point. Some work in com- 
plex can be avoided, if desired, by differentiation and elimination. The first equation is 


(a) Ye=Yit yn 
By differentiation and from the second equation as well as (a), 


" / 


Yi = yi + yn = —¥i ~ a — C1 + yy) = —2yy — 2yy. 


(-120t 


Complex solutions e give the real solution 


y, =e "(Acost + Bsint). 


From this and (a) follows the expression for ys given in the text. - 

Example 6 shows that the present method can be extended to include cases when A 
does not provide a basis of eigenvectors, but then becomes substantially more involved. 
In this way the student will recognize the importance of bases of eigenvectors, which also 
play a role in many other contexts. 
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SOLUTIONS TO PROBLEM SET 3.3, page 169 


2. The eigenvalues are —3 and 4. Eigenvectors are [2 —5]' and[1 1)", respectively. 


The corresponding general solution is 
Yi = 2cye™3* + coe** 
Yo = —Scye3* + coe**. 
4. The eigenvalues are 3 and 9. Eigenvectors are [3 —1]' and [3 1)", respectively. 
The corresponding general solution is 
yy = 3cye%* + 3cge% 
Yo = —cye7® + cge™. 


6. The matrix has the double eigenvalue —6. An eigenvector is [1 —1]'. Hence the 
vector u needed is obtained from 


asome= [2 ole L a] 
( cae (ee | fused es 


We can take u = [0, —4]. With this we obtain as a general solution 
¥y= — cye ®* + cote ** 
Yo = — cye* — co(t + He™. 


8. The eigenvalue —3 has two linearly independent eigenvectors, which we can choose 
as{1 0 OJ’ and[O0 2 1)". The second eigenvalue is —6. A corresponding eigen- 
vector is [1 1 —1]". This gives the solution 


yy = cye** + cze—* 
yo = 2coe3* + cge~® 
y3 = cae" — cge—®, 


10. y, = 2e7* — 2e*, = yp = —Se73* — Qe 
12. y, = 3e%* +e7*, = _yvn = Ge** — Qe 
14, y, = —3e6 + 3e%%, yp =e + e** 


16. The restriction of the inflow from outside to pure water is necessary to obtain a ho- 
mogeneous system. The principle involved in setting up the model is 


Time rate of change = Inflow — Outflow. 
For Tank T, this is (see Fig. 84) 


yy = {12-0+ oe es 
I> 200 y2 200 y1- 
For Tank Ty, it is 
; 16 4+ 12 
ya: 


Oy a 200 y= 200 _ 

Performing the divisions and ordering terms, we have 
yy = —0.08y, +0.02y. 

yg = 0.08y, —0.08yp. 


The eigenvalues of the matrix of this system are —0.04 and —0.12. Eigenvectors are 
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18. 


20. 
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[1 2]" and [1 —2]", respectively. The corresponding general solution is 


1 1 
y= ai] [ert + co] Jeo 


The initial condition is y,(0) = 100, yo(0) = 200. This gives c, = 100, cp = 0. In 
components the answer is 

y= 100e—°-94# 

yo = 200e~°-**, 


Both functions approach zero as t > ~, a reasonable result because pure water flows 
in and mixture flows out. 


Differentiate the first given equation, 
L/C + RUy — Ig) = 0. 


Solve algebraically for 11, substituting Jj from the second given equation. Solve the 
second given equation algebraically for Jz. Then we have the system in the usual form 


Thus the matrix is 
RIL — URC —RIL 


RIL | RIL 
This gives the characteristic equation 
w+ ee A+—= 
RC EG 
and the eigenvalues 
y= ai eee 1 1 


2RC V4R°C2 LC" 
Hence the eigenvalues are real if and only if 
ee thus L = 4R°C. 
4R?C? ~ LC’ i 


TEAM PROJECT. From the complex solution in Example 4 we can obtain a real 
basis and a real general solution by the Euler formula (Sec. 2.3), which we need in 


the form 
Qt _ ao —2it _ ag: , 
e* = cos 2t + isin 2t, e = cos 2t — isin 2t. 


Collecting the real and imaginary parts, we thus obtain in the complex solution (12*) 


ee 1 oe cos 2t sin 2t 
(A) je =| | (cos 2t + isin 24 = : +i 
2i 2i ; —2 sin 2t 2 cos 2t 


and similarly 
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1 : 1 cos 2t sin 2t |° 
Je = | | (cos 2t — isin 24) = | : | — i | ‘ 
—2i —2i —2 sin 2t 2 cos 2t 


Substitution into (12) shows that the real part and the imaginary part in (A), 


| | cos 2t | a sin 2t 
u= = . and v= = ; 
Us, —2 sin 2t Vo 2 cos 2t 


are solutions. These real solutions form a basis because their Wronskian is not zero, 


cos 2t sin 2t 
—2 sin 2t 2 cos 2t 


Wu, v) = = 2 cos” 2t + 2 sin? 2r = 2. 


Hence a real general solution of (12) is 


yr cos 2t sin 2t 
y= =Au+Bv=A ; + B ! 
ya —2 sin 2t 2 cos 2t 


This represents the same ellipses as before because by calculation and simplification 
we find 


Pee + dy" mo (A2 + B?)(cos” 2t+ sin” 2t) = A2 + B2 = const. 


We turn to Example (5). The complex solution is 


1 ; 1 
(B) y=c, I; Jeo + ty ie [eo 


We derive from this a real general solution. In (B) we have 


—t oe —t ape 
1 Scltot = e ‘(cost + isin’) =, \'2 cos ¢ i e*sint 
i ie~*(cos t + isin f) —e~*sint e~* cost 


and 


i —t eu aia —t —t . 
1 Pies e~ “(cos t — isin ft) _| € cost | : e-* sint ; 
-i —ie~'(cos t — isin?) —e~‘sint e* cost 


The real and imaginary parts on the right are real solutions of (13)—call them u 
and v—as can be seen by substitution. They form a basis because their Wronskian is 
not zero. 


+t -—t: 
e-tcost  e ‘sint 
| = e **(cos? t + sin? 1) = e7?*, 


Wu, v) = | 


—e* sint e~* cost 


The corresponding real general solution is 


y1 e-*cost | e 'sint 
y= =Au+Bv=A aes +B : 
yo —e-‘sint e~* cost 
in components, 


(C) y, =e “(Acost + Bsind, yo = e (Boost — Asin?). 


It represents spirals (see Fig. 82). To see this, we introduce the usual polar coordi- 
nates r, @ in the y,yo-plane defined by 


r? = yy? + yo”, tan 6 = yo/yy. 
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Then by straightforward calculation and simplification of the result we obtain 
from (C) 


7? = (A? + B77, thus r= ce’, 


where cp = VA* + B? and 6 = —t. For each cg this represents a spiral, as claimed. 
The origin is a spiral point of the system (13). 


SECTION 3.4. Criteria for Critical Points. Stability, page 170 
Purpose. Systematic discussion of critical points in the phase plane from the standpoints 
of both the geometrical shapes of trajectories and stability. 
Main Content 

Formula (9) for the types of critical points 

Formula (10) for the stability behavior 

Stability chart, giving (9) and (10) graphically 
Important Concepts 

Node, saddle point, center, spiral point 

Stable and attractive, stable, unstable 
Background Material. Sec. 2.5 (needed in Example 2). 


Short Courses. Since all those types of critical points already occurred in the previous 
section, one may perhaps present just a short discussion of stability. 


Some Details on Content 

The types of critical points in Sec. 3.3 now recur, and the discussion shows that they ex- 
haust all possibilities. With the examples of Sec. 3.3 fresh in mind, the student will ac- 
quire a deeper understanding by discussing the stability chart and by reconsidering those 
examples from the viewpoint of stability. This gives the instructor an opportunity to em- 
phasize that the general importance of stability in engineering can hardly be overesti- 
mated. 

Example 2, relating to the familiar free vibrations in Sec. 2.5, gives a good illustration 
of stability behavior, namely, depending on c, attractive stability, stability (and instabil- 
ity if one includes “negative damping,” with c < 0, as it will recur in the next section in 
connection with the famous van der Pol equation). 


SOLUTIONS TO PROBLEM SET 3.4, page 174 
2. p = 0, g = —9, saddle point, always unstable. A general solution is 


y=  cye3* + cge** 
yo = —Scye—** + cge*. 
4. p = —12, g = 27, A = 144 — 108 > 0, stable and attractive node. A general solu- 
tion is 
y= ce 3*+ coe 


yo = —3cye~3* + 3cge7%. 
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6. p = 0, gq = 9, A = —36, center, always stable. A complex general solution, as ob- 
tained directly from the characteristic equation, is 


j= 3 ; 1+ 3i] , 
yaa) 5 Jet + ef p Je 


The conversion to real form takes patience: 


1. Take the simpler of the two components and multiply everything out. Then col- 
lect the cosine and the sine terms and choose a notation for their coefficients, 
say, A and B. 


2. Express c, and cy in terms of A and B. 
3. Substitute the result just obtained into the first component and simplify. 
In the present case the second component, yo, is simpler: 
ye = 5c,(cos 3t — isin 31) + Sco(cos 3t + isin 3) 
= (5c, + 5cg) cos 3t + (—Sic, + Sics) sin 3t 


= 10A cos 3t + 10B sin 3¢ 
where 
5c, + 5¢, = 10A 


Sey — 5c = 10iB. 

In the second step we solve this for c, and co, obtaining 
cy =A+ iB 
Cg =A — iB. 
In the third step we turn to the first component, 

yy = Cx — 3i)(cos 3t — isin 32) + co(1 + 3i)(cos 3t + isin 3) 
= [1 — 3i)ey + (1 + 3i)cQ| cos 3¢ 
+ [(-i1 — 3i)ey + iL + 3icq] sin 32. 


Expressing c, and cs in terms of A and B and simplifying (in this operation, imagi- 
nary terms must drop out by cancellation) we obtain 


y, = QA + 6B) cos 3t + (2B — 6A) sin 31. 
8. p = —3, q = —10, saddle point, always unstable. A general solution is 


Ves ce Fag 
Yo = —cye* + 3ege7". 


10. We could solve the first equation, y, = c,e~* and insert this into the second equa- 
tion, and solve it. Or we can follow the rule. An eigenvalue is —1 and has only a sin- 
gle independent eigenvector, say, [0 1]', so that we have no eigenbasis and have to 


determine u from : 
0 0 0 
(A + Du = u= : 
—5 0 1 
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This gives —Su, = 1, uy = —1/5, wu, = 0. A general solution is 
v= — $c2e* 
yo = cye* + cote’. 
The critical point is a degenerate node, which is stable and attractive. 
12. y = Acos 3t + B sin 4. The trajectories are the ellipses 
dy? + yo? = const. 
This is obtained as in Example 4 in Sec. 3.3. 

14. y = e*(Acost + Bsin 2). The trajectories are stable and attractive spirals. 

16. y; = —dy,J/dr, yz = —dy/dr, reversal of the direction of motion; to get the usual 
form, we have to multiply the transformed system by —1, which amounts to multi- 
plying the matrix by —1, changing p into —p, but leaving g and A unchanged. In the 
example, we get an unstable node. 

18. At a center, p = a1; + dog = 0, g = det A > O, hence A < 0. Under the change, 
p changes into ay, + k + dgg + k = 2k # 0; q remains positive because 

(441 + (Ge + k) — 41249, = q + k? >0. 
Finally, A remains unchanged because 
(p + 2k)? — 4(g + k?) = (2k)? - 4g + k?) = —4q <0. 


Hence we obtain a spiral point, which is unstable if k > 0 and stable and attractive 
ifk<0. 

We can reason more simply as follows. For a center the eigenvalues are pure imag- 
inary (to have closed trajectories). An eigenvalue A of A gives an eigenvalue A + k 
of A, causing a damped oscillation (when k < 0) or an increasing one (when k > 0), 
thus a spiral. 


SECTION 3.5. Qualitative Methods for Nonlinear Systems, page 175 


Purpose. As a most important step, in this section we extend phase plane methods to non- 
linear systems and nonlinear equations. 
Main Content 
Critical points of nonlinear systems 
. Their discussion by linearization 
Transformation of single autonomous equations 
Applications of linearization and transformation techniques 
Important Concepts and Facts 
Linearized system (3), condition for applicability 
Linearization of pendulum equations 
Self-sustained oscillations, van der Pol equation 


Short Courses. Linearization at different critical points seems the main issue that the stu- 
dent is supposed to understand and handle practically. Examples 1 and 2 may help stu- 
dents gain skill in that technique. The other material could be skipped without loss of con- 
tinuity. 
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Some Details on Content 
This section is very important, because from it the student should learn not only tech- 


niques (linearization, etc.) but also the fact that phase plane methods are particularly pow- | 


erful and important in application to systems or single equations that cannot be solved ex- 
plicitly. The student should also recognize that it is quite surprising how much information 
these methods can give. This is demonstrated by the pendulum equation (Examples 1 
and 2) for a relatively simple system, and by the famous van der Pol equation for a sin- 
gle equation, which has become a prototype for self-sustained oscillations of electrical 
systems of various kinds. 

We also discuss the famous Lotka—Volterra predator-prey model. 

For the Rayleigh and Duffing equations, see the problem set. 


SOLUTIONS TO PROBLEM SET 3.5, page 183 
2. y = Acost + Bsint, radius V A? + B? 


4. (n7, 0) saddle points for even n and centers for odd n 
6. At (0, 0), yi = Ye, Yo = —Y1, Pp = 0, g = 1, A = —4, center. The other critical point 
is at (—1, 0). We set yy = —1 + 3, yo = Yo. Then —y, — y,7 ~ Jy. Hence J} = Jo, 
Jo = Jy. This gives a saddle point. 
8. y” + y — y® = 0 written as a system is 
V4 = yo 
y2=—y + yi? 
Now —y, + y1° = yi(—1 + y,”) = 0 shows that there are three critical points, at 


(Y1, Ye) = (0, 0), (1, 0), and (1, 0). 
The linearized system at (0, 0) is 


V4 
= 0 1 
= ie Matrix: , 
ya ~Y1- = 0 
From the matrix we see that p = a4, + daz = 0, q = 1. Hence (0, 0) is a center (see 


Sec. 3.4). 
For the next critical point we have to linearize at (—1, 0) by setting 


y= -1t+yy, yo = Yo. 
Then . 
yi(-1 + y,2) = (-1 + Fy[-1 + (-1 + FI 
= (-1 + ¥)[-29, + 3.7] ~ 25. 


Hence the linearized system is 


i= 3 . ae 
a ae. Matrix: | : 
ye = 2y4. 2 0 


Hence gq = det A = —2 < 0, that is, the critical point at (—1, 0) is a saddle point. 

Similarly, to linearize at (1, 0), set 
yw=1l+h, Yo = Yo. 
Then ; 
—y1 + yy? ~ 25, 


and we obtain another saddle point, as just before. 


re RE EE OE RR a eae 


aa 
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10. The equation gives the system 


Yi=Je 
yo = —4y, + Sy,3 — y,5. 
Now 
fod = —4y1 + Sy? — y° = —y1(4 — Sy,? + y,4 = 0 


involves a quadratic equation in y,? with solutions y,? = 1, 4. Hence the zeros 
of f(y1) are +2, +1, 0 and give the five critical points (y,, 0) with y, = —2, —1, 
0, 1, 2. 

Linearization leads to the result that (0, 0), (—2, 0), and (2, 0) are centers and 
(—1, 0), (1, 0) are saddle points. 

For instance, at (0, 0), linearize to 


Yr =Ye ye=—4y, togett p=0, ¢g=4>0, acenter. 
At the other points some work may be saved by setting 
FOD = —M101 + DO1 — DOr + 2)01 — 2) 
and substituting y, = —2 + y, at (—2, 0) (etc. for the others) and finding 
- fv) = —-r — 2091 - 11 = 391 id) ee —24y,, 
giving the linearized system 


1 = Jo. Vo = —245, p=0, g=24, acenter. 
More savings follow by noting that every linearized system is of the form 
aS 0 1|_ oy 
y= |, y, thus p=90, ¢ = —ag). 
ao1 0 


Now 
q = —Gz, = —f'(y1) = 4 — 15y,? + 5y,4 
is positive at 0 and +2, thus giving centers, and negative at +1, giving saddle points, 
as asserted. 
12. yi = ¥, yo = 491 — y1°, Yon = 4yuyi — vb 
yo = 4y,” — 3yi* + c* or (see the figure on the next page) 


ya = Hc + 4 — ye — 4 + yy”). 
14. Critical points at (0, 0), (2, 0), (—2, 0). Linearization leads to the following: 


ga 
At(0,0); 72 q=—4, saddle point. 


, 


yo = 4y, — Y2> 


i 
At (+2,0); 72 p=-1,q=8A=1-—32<0, 
y2 = —8y1 — Yas 
which gives stable and attractive spiral points (instead of centers). 
Note the similarity to the situation in the case of the undamped and damped pen- 
dulum equations. 

16. TEAM PROJECT. (a) Unstable node if ~ 2 2, unstable spiral point if 
2 > p> 0, center if ~ = 0, stable and attractive spiral point if 0 > 4 > —2, stable 
and attractive node if 4 = —2. 

(©) ¥1 = Ya, ¥2 = —(@o°y1 + Bys°), hence 


Yaya = —(wo"y1 + Byy*)y7. 


pan Wa etd aft dae pce an ae 
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Section 3.5. Problem 12 


By integration on both sides, 


Ya" + wy,” + 3By1* = const. 


SECTION 3.6. Nonhomogeneous Linear Systems, page 184 


Purpose. We now turn from homogeneous linear systems considered so far to solution 
methods for nonhomogeneous systems. 


Main Content 


Method of undetermined coefficients 
Modification for special right sides 
Method of variation of parameters 


Method of diagonalization 
Short Courses. Select just one or two of the preceding methods. 
Some Details on Content 


In addition to understanding the solution methods as such, the student should observe the 
conceptual and technical similarities to the handling of nonhomogeneous linear differen- 
tial equations in Secs. 2.8—2.12 and 2.15 and understand the reason for this, namely, that 
systems can be converted to single equations and conversely. For instance, in connection 
with Example 2 in this section, one may point to the Modification Rule in Sec. 2.9, or, if 
time permits, establish an even more definite relation by differentiation and elimination 


of Yo, 

yi = —3y, + yg + 12077 
= ~3y1 + (v1 — 3y2 + 2e7*4) + 1207 
= —3y, + yy — 3091 + 3yy + 6€74) + 140% 
= —6y1 — 8y, — 4e~™, 

solving this for y,; and then getting y. from the solution. 
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SOLUTIONS TO PROBLEM SET 3.6, page 189 


2. The eigenvalues are —2 and 2. Eigenvectors are[1 —1]' and[1 1], respectively. 
A particular solution can be obtained by the method of undetermined coefficients. 


Answer: 
¥y = cye7** + cye** — 2, Yo = —cye~** + coe™* ~ de. 
. The eigenvalues are ~—1 and 2, with eigenvectors [1 1]' and fi ay, respectively. 
By the method of undetermined coefficients we have to assume, say, 
y; = A, cost + By, sin t; similarly for yo. Answer: 
yy = cye* + cge”* — 7Tcost + sint 
Yo = cye* +4c,e"* — 3 cost — sint. 
. The eigenvalues are 2 and 5, with eigenvectors [1 —2]' and [1  1]", respectively. 


Answer: 
y= = cye** + coe® — 0.18 — 0.4t 


Yo = —2cye"* + coe + 0.32 + 0.61. 


. From the characteristic equation we obtain 


1 1 


By the method of undetermined coefficients, we set 


y? =u + vt + we. 
By substitution, 


. 0 4 » fo 071, 
y”’ =v + 2wt= (u + vt + wer?) + + i 
4 0 2 —16 


We now compare componentwise the constant terms, linear terms, and quadratic 
terms: : 


0, = Aus } 
constant terms 
Vg = 4u, +2 
2w, = 4v 
: 2 linear terms 
QWs = 4v, 
0 = 4. : 
quadratic terms. 
0 = 4, — 16 


We then obtain, in this order, 
w,=4, wo=0, vy =0, vg=2, uw =}¥2—-—2)=0, ug = 0. 
The corresponding general solution is 
y = cyxPet* + coxPe—* + vt + wr; 
in components, 


yy = cye* + cge@** + 407, yg = cye** — coe ** + 21. 


From this and the initial conditions y,(0) = 3, yo(0) = 1 we obtain.c; = 2, cp = 1. 


10. 


12. 
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Answer: 


yy = 2e** + e484 477, yo = 2e4* — e 4# + 24 
From the characteristic equation, 
4 
A; = 2, xP = | i: Ag 


-4 x= [7], 
1 1 


») can be obtained by the method of undetermined coefficients, starting from 
y” = acosht + bsinht. 


ql 


y‘ 


Substitution gives 
y°?’ = asinht + bcosht 


4 -8 : 2 oO; . 
= (acosht + b sinh Z) + cosh t + sinh ¢. 
2 —-6 1 2 


Comparing sinh terms and cosh terms (componentwise), we get from this 


ay 4b, = 8be 7 

sinh terms 
az = 2b, — 6b, + 2 
by = 4a, — 8a, + 2 

cosh terms. 
by = 2a, — 6a, + 1 


To solve this, one can substitute the first two equations into the last two, solve for 
b, = 2, bz = 1, and then get from the first two equations a, = az = 0. This gives 
the general solution 

yr = Acye™* + coe ** + 2sinht, yo = cye?* + cge~** + sinh t. 


From the initial conditions we see that c, = 0, co = 0, so that the general solution 
does not contribute to the answer. This is not automatically the case when we have 
y1(0) = 0, ye(0) = 0, but is a consequence of the fact that y‘” at t = 0 is the zero 
vector. Answer: y; = 2 sinh t, ye = sinht. 


1 
1 


lution of the homogeneous system. Hence, to find y‘”’, we have to proceed as in Ex- 
ample 2, setting 


4 
Y= cx Pe’ + coxMe?*, xD = | | ae | 5 |" Now e* on the right is a so- 


y = ute’ +'vet. 


Substitution gives 
—-3 -4 5 
y?” = ult + le’ + veb = | P ‘| (ute’ + ve’) + | | é. 


Equating the terms in e’ (componentwise) gives 
uy + vy = —3v0, — 4un + 5 
Ug + Ug = Sv, + 62 — 6 
and the terms in te’ give 
Uy = —3uy — 4uy 
Su, + 6ug. 


¥ 
I 
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Hence u, = 1, ug = —1, v; = 1, ve = 0. This gives the general solution 
yy = cyet + 4cge"* + te? t+ e*, yg = —cye* — Scge?* — te’. 
From the initial conditions we obtain cy = —2, cg = 5. Answer: 


yy = —2e* + 20e7* + te’ + e*, yo = De® — 25e7* — te’, 


14. A general solution of the homogeneous system is 
(h) (1) ,3t y(2),—t rod) 2 (2) 2 
yoo = cyx-e™ + cox’e *” x= i}? re = il: 


Answer: 
y=2e t+, yo =e tt. 


16. The formula for v shows that these various choices differ by multiples of the eigen- 


vector for A = —2, which can be absorbed into, or taken out of, c, in the general so- 
lution y™. 
18. The equations are 
(a) Ii = —21, + 2Ig + 440 sint 
and 


8p + 2 [lg dt + 20, — h) = 0. 


Thus 
Ip = -0.25 [Iz dt + 0.25, — 1), 


which, upon differentiation and insertion of J; from (a) and simplification, gives 
(b) I, = —0.41, + 0.2/5 + 88 sin t. 


The general solution of the homogeneous system is as in Prob. 17, and the method 
of undetermined coefficients gives as a particular solution 


1 | 352 1] 616| . 
=~ cost + — sin ft. 
3 | 44 3 | 132 


ya 25.1], -ome 125 5], , 500 [1 
3 12 21 | -2 7 1 


SOLUTIONS TO CHAPTER 3 REVIEW, page 190 


16. Eigenvalues —1, 6. Eigenvectors [1 —1]', [4 3]'. The corresponding general so- 
lution is 
yy = cye* + 4cne®*, ya = —cye7* + 3cne™. 


The critical point at (0, 0) is a saddle point, which is always unstable. 
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18. 


Eigenvalues +2i. Hence y; = A cos 2t + B sin 2t. From this and the first equation, 
yo = —391 = —Bcos 2t + Asin 2t. 
The critical point at (0, 0) is a center, which is always stable. 


20. y, = cye* + cge**, yp = —2cye~* — 3cye7*, stable and attractive node 
22. yy = cye** + cge™*, yo = 4cye** — dcge-*; saddle point 
24. yy = 2cye6 + coe ** + te’ + ef 
Yo = —cye’ — 2cge~** — te? 
26. y1 = 2cye™* + 2cge** + cost — sint, yp = —cye~* + cge3* 
28. q = AjAzq < 0 for a saddle pomtt, so that A, and Az must be real. A” has the eigen- 


30. 


32. 


34. 


values #4, = A,” and tg = Ap”, which are real, and [Ly f42 > 0, as well as 


(H1 + oe)” — 4pabe = (Hy — He)” 20, 
so that we get a node, which is unstable because 4, + My > 0. 


Pe. aa 


where A = R/L and B = 1/RC. A general solution is 


1 4 
y= of a fe + ao] tle 


and the initial conditions give cy = —1/3 and cy = 1/3. 

I, — Ip + 101, = 100, L +15 - iy 0 (after differentiation). Solve the first equa- 
tion algebraically for Ij. Replace Jj in the second equation by using the first equa- 
tion. This gives the system 


The matrix of the system is 


I, = —0.11, + 0.1 + 10 
I, = —0.11, — 0.9Iy + 10. 
Eigenvalues A = —0.5 + V0.15 = —0.1127, —0.8873; corresponding eigenvectors: 


1 PA 
®M = Q) 
- ee " Lae 


100 
J = cyxPe O27 4 6 ye 0.8873¢ 4 | ‘ | 


Answer: 


with cy = —101.6 and cy = 1.64 from the initial conditions. 
A general solution is 


yy =Acost+ Bsint + 1 
yo = Bcost — Asint — t. 


(1) Undetermined coefficients. This is much simpler than the other two methods. 
yy = At + B, yg = Ct + D. By substitution, A = Ct + D +1, Ce —At — B; thus 
C=-1A=0,B=1,D= 0. 
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(Il) Variation of parameters. We write c = cos t, s = sin t. Then 


y? =Yu=Y ‘eee lle Ataoaan ede di 
oLs tsint 
-| c ee lel = 
7 —s c: -te+s 7 —tt+s 
1 cos t 
: a : fae: 


where the last term is a solution of the homogeneous system. 
(I) Diagonalization can be done in complex. A, = i, Ag = —i, and 


eemmet[ IL I JE 


as expected. Also, 


Thus 


Particular solutions are 
a =e feMhedr = Mir + 1) 
w@Qaet fewar = 4(-it + 1) 


fi 1p #2+12 1 
yon mee [ lain] La: 
i -i}L-#2+ 12 -1 


36. (nz, 0) centers (n integer) 
38. Critical points at (0, 0) and (0, —1). The linearized systems are 


and thus 


= 2ye V1 = —2e 
: and = i 

= —8y, Yo = —8y1 

where y, = y, and yp = —1 + Jo. At (0, 0) the system has a center and at (0, —1) 

a saddle point. 


CHAPTER 4 Series Solutions of Differential Equations 


Special Functions 
Changes 


This chapter has been streamlined and shortened by presenting the material on Bessel 
functions in a more condensed form and several minor changes to make it more teachable, 
without losing the opportunity to familiarize the student with an overview of some of the 
techniques used in connection with higher special functions. 


SECTION 4.1. Power Series Method, page 194 


Purpose. A simple introduction to the technique of the power series method in terms of 
simple examples whose solution the student knows very well. 


SECTION 4.2. Theory of the Power Series Method, page 198 
Purpose. Review of power series and a statement of the basic existence theorem for power 
series solutions (without proof, which would exceed the level of our presentation). 


Main Content, Important Concepts 


Radius of convergence (7) 

Differentiation, multiplication of power series 

Technique of index shift 

Real analytic function (needed again in Sec. 4.4) 
Comment Xe 


Depending on the preparation of the class, skip the section or discuss just a few less known 
facts. 


SOLUTIONS TO PROBLEM SET 4.2, page 204 
2. y = ag(4 — x? — x8 + dxP + AxP t+) 
~y=al tx27+x*4+--- De 


4 
6. y = (dg + 44x) (+2 +e sz 4. .)= (ag + ayxe*” 
8 


; She eres ca x® —..-), [This is a particular case of 
y 1 3 5 Pp 


Legendre’s equation (n = 1), which we connidee in Sec. 4.3.] 
e f 

10. y = a ( + mT) +e] + ay (: + 3 +] = Acoshx + Bsinhx, 
where A = ag cosh 1 — a, sinh 1, B = a, cosh 1 — ap sinh 1. 

12. The answer to Prob. 11 shows that the equation does not have a solution in powers 
of x, because of In x. The reason is that the coefficient 1/x of the equation is not an- 
alytic at x = 0. If we substitute a power series in powers of x into xy’ = y + x, we 
get dg = 0, ay = a, + 1, a contradiction. 

14. R=1 16. R= 1 18. R= 20. R = 0 
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22. 


24. 


26. 
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TEAM PROJECT. The student should see that power series reveal many basic prop- 
erties of the functions that they represent. The familiarity with the functions consid- 
ered should help students understand the basic idea without being irritated by unfa- 
miliar notions or notations and more involved formulas. Some of the tasks in (d) 
illustrate that not all properties become immediately visible, although all of them are 
determined by the sequence of the coefficients. 


Dd (n+ 2m + 1I)x™, 1 

m=0 

CAS PROJECT. (a) It is instructive to see how polynomials of increasing degree 
follow more and more the cosine curve and then at a distinctly noticeable point be- 
gin to go their own way (see the figure). Some calculus books also show this, but 
students may have forgotten, so this reminder serves a good purpose. Those “quali- 
tative” break-away points are very roughly at 1, 2, 3,---. Of course, for quantita- 
tive information, one would need more exact analytical estimates of remainders. 


Section 4.2. CAS Project 26(a) 


(b) The plot in the figure suggests that all the partial sums are even functions and 
that convergence seems to take place for —1 < x < 1; of course, this does not 
prove that the convergence radius is 1. Divide the equation by the coefficient of 
y” to see that we cannot expect convergence in a larger interval because 1 — x? 
is zero at x = +1. The series solution is 


oo 2m 
: x 
ee eae 


Section 4.2. CAS Project 26(b) 


ly a or enh aetna ita 
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SECTION 4.3. Legendre’s Equation. Legendre Polynomials P,,(x), 
page 205 


Purpose. This section on Legendre’s equation, one of the most important equations, and 
its solutions is more than just an exercise on the power series method. It should give the 
student a feeling for the usefulness of power series in exploring properties of special func- 
tions and for the wealth of relations between functions of a one-parameter family (with 
parameter n). 

Legendre’s equation occurs again in Secs. 4.7, 4.8, and-11.11. 
Comment on Literature and History 


For literature on Legendre’s equation and its solutions, see Refs. [1], [6], [11]. 
Legendre’s work on the subject appeared in 1785 and Rodrigues’s contribution (see 
Prob. 6) in 1816. 


SOLUTIONS TO PROBLEM SET 4.3, page 209 
6. We have 
Me n 
@- y= ( Gin 
m=0 m 


Differentiating n times, we can express the product of occurring factors 
(2n — 2m)(2n — 2m — 1) - - - as the quotient of factorials and get 


n!} (2n — 2m)! 
mi(n — m)! (n — 2m)! 


da” = 

aa iS Cy ae 
m=0 

with M as in (11). Divide by n!2”. Then the left side equals the right side in 

Rodrigues’s formula and the right side equals the right side of (11). 


10. TEAM PROJECT. (a) Following the hint, we obtain 


1 
(A) (1 - 2xu t+ uv?) V2 = 14 3 (xu — vu’) 
spe ane SOE Gg ote ea 
2+4+++ (2n) 


and for the general term on the right 


(B) = (2xu — u?)™ = (2x)™u™ — m2x)"-1ymt1 
mim — 1) 
2! 


Now u”™ occurs in the first term of the expansion (B) of (2xu — u?)", in the sec- 
ond term of the expansion (B) of (2xu — u?)"—1, and so on. From (A) and (B) 
we see that the coefficients of u” in those terms are 


1-3-++(Qn-1) 


+ (2x m— 2 m+2 spe, 


2:4++- (Qn) (2x)” = a,x” [see (9)], 
RO SI a sp 
Ly aaa (n — 1)(2x) 
> me 1 : : it Saag [see Oo”): 


and so on. This proves the assertion. 
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(b) Set u = r,/rg and x = cos 0. 
(c) Use the formula for the sum of the geometric series and set x = 1 and x = —1. 
Then set x = 0 and use 


(i + u?)-V2 = > ee ye, 
m 


(d) Abbreviate 1 — 2xu + u® = U. Differentiation of (13) gives 


1 oo 
ars U~3/2(—2x + 2u) = > nP,, (x)u"—}. 


n=0 


Multiply this equation by U and represent U~¥ by (13): 


(x - wu) > P,Q@ou” = (1 — 2xu + u?) > nP,(x)u"—}. 


n=0 n=0 
In this equation, u” has the coefficients 
XPy(x) — Pye) = (2 + M)PraiQ) ~ 2nxP,(x) + (2 — 1)P,-10). 


Simplifying gives the asserted Bonnet recursion. 


12. P(x) = V1 — x?, Pol(x) = 3xV 1 — x”, Pox) = 3(1 — x”), 


P,2(x) = (1 — x”)(105x” — 15)/2 


SECTION 4.4. Frobenius Method, page 211 


Purpose. To introduce the student to the Frobenius method (an extension of the power 
series method), which is important for equations with coefficients that have singularities, 
notably Bessel’s equation, so that the power series method can no longer handle them. 
This extended method requires more patience and care. 


Main Content, Important Concepts 


Regular and singular points 
Indicial equation, three cases of roots (one unexpected) 
Frobenius theorem, forms of bases in those cases 


Short Courses. Take a quick look at those bases in Frobenius’s theorem, say how it fits 
with the Euler-Cauchy equation, and omit everything else. 


Comment on “Regular Singular” and “Irregular Singular” 

These terms are used in some books and papers, but there is hardly any need for confus- 
ing the student by using them, simply because we cannot do (and don’t do) anything about 
“rregular singular points.” A simple use of “regular” and “singular” (as in complex analy- 
sis, where holomorphic functions are also known as “regular analytic functions”) may 
thus be the best terminology. 


Comment on Footnote 11 

Gauss was born in Braunschweig (Brunswick) in 1777. At the age of 16, in 1793 he dis- 
covered the method of least squares (Secs. 18.5, 23.9). From 1795 to 1798 he studied at 
Gottingen. In 1799 he obtained his doctor’s degree at Helmstedt. In 1801 he published 
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his first masterpiece, Disquisitiones arithmeticae (Arithmetical Investigations, begun in 
1795), thereby initiating modern number theory. In 1801 he became generally known when 
his calculations enabled astronomers (Zach, Olbers) to rediscover the planet Ceres, which 
had been discovered in 1801 but had been visible only very briefly. He became the di- 
rector of the Géttingen observatory in 1807 and remained there until his death. In 1809 
he published his famous Theoria motus corporum coelestium in sectionibus conicis solem 
ambientium (Theory of the Heavenly Bodies Moving About the Sun in Conic Sections; 
Dover Publications, 1963), resulting from his further work in astronomy. In 1814 he de- 
veloped his method of numerical integration (Sec. 17.5). His Disquisitiones generales 
circa superficies curvas (General Investigations Regarding Curved Surfaces, 1828) rep- 
resents the foundation of the differential geometry of surfaces and contributes to confor- 
mal mapping (Sec. 12.5). His clear conception of the complex plane dates back to his the- 
sis, whereas his first publication on this topic was not before 1831. This is typical: Gauss 
left many of his most outstanding results (non-Euclidean geometry, elliptic functions, etc.) 
unpublished. His paper on the hypergeometric series published in 1812 is the first sys- 
tematic investigation into the convergence of a series; it allows a study of many special 
functions from a single point of view. 


SOLUTIONS TO PROBLEM SET 4.4, page 216 


2. yy =x + 1, yo = 1x + 1). Check: Set x + 1 = z to get an Euler—Cauchy 
equation. 


4. Substitution of (2) and the derivatives (2*) gives 
(A) 40 m+ Nmt+r— Daye 142 D (m+ Nagx™*t-} 
m=0 m=0 


eo 
+>) amx™** = 0. 


m=0 
Writing this out, we have 
4r(r — 1)agx"~* + 40 + Drayx” + 407 + 2)(r + Dagx™t1 +--- 
+ 2ragx"1 + 2r + 1) ayx™ + (r+ 2agx™* +--- 
+ gx" + axtl+---=0, 


By equating the sum of the coefficients of x"~1 to zero we obtain the indicial equa- 
tion 
4r(r — 1) + 2r = 0, thus r2>—dr = 0. 
The roots are r; = 4 and ra = 0. This is Case 1. 

By equating the sum of the coefficients of x’** in (A) to zero we obtain (take 


m+r—1=r+s, thus m =s + 1 in the first two series and m = s in the last se- 
ries) : ; 


As tert Is + Nagy, + 29 + 7+ lay, + a, = 0. 
By simplification we find that this can be written 


As +rt+ i(s+r + da... +a, =0. 


eth 
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We solve this for a,,, in terms of a,: 


ene (2s + 2r + 2\(2s + 2r + 1) 


First solution. We determine a first solution y,(x) corresponding to r, = 3. For 


r = r;, formula (B) becomes 
as 


Gs+1 (Os + 3)(2s + 2) CS 
From this we get successively 
ao ay ag t 
ar ’ ag = — > SS > . 
LT ee a Ba i aa EY ae 


In many practical situations an explicit formula for a,, will be rather complicated. 
Here it is simple: by successive substitution we get 


= Ces a0. ee 
oR aps Feat ee Sie 
and in general, taking dy = 1, 
ie (m = 0, 1,-**). 


m™m 


(2m + 1)! 


Hence the first solution is 


2-1)" 1 1 
yy(x) = x3? gi ane 1—-sx+—x2-—+4+---] = sin Vx. 
= Om +0)! 


Second solution. If you recognize y, as a familiar function, apply reduction of order 
(see Sec. 2.1). If not, start from (6) with rp = 0. For r = rg = 0, formula (B) [with 
A,+1 and A, instead of a,..; and a,] becomes 


As 


Asia = 5 + 225 + 1) (= 0, 1,7") 
From this we get successively 
a ma saad a a aE 
and by successive substitution we have . 
A= -5, 2 2, Ag = - 2, 
and in general, taking Ap = 1, . 
_ (1 
(2m)! 
Hence the second solution, of the form (6) with rz = 0, is 
woes aa 1 — 4x + dp? — +--+ = cos Vx. 


(2m)! 


m=0 


(s = 0,1,+°°). 


pit cc a a ese a de oe hea 
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6. y, =x lcos2x, yg = x7! sin 2x 
8. yy = e”, Yo = e* lx 
10. y, = (x — 1)”, yo = (x — 1)?. Check: z = x — 1 gives an Euler-Cauchy equation. 
Bs ee x 
PRET AS ga eae Gare es 
eS 11x® 
ala catia” as Vic Vag 7 7 
fdsgi ee OS hg, Ge 
"713 2-5 2217-23319 Py ee 


16. TEAM PROJECT. (b) In (7b), Sec. 4.2, 


Qnri _ (at nbtn) 


FA 1, 
Qn (n+ 1)(c + n) 
hence R = 1. 
(c) In the second line, 
are tanx = x — 3x3 + 4x5 — 2x74 —..-. (Ix] < 1) 
dich Beh, Se ee Ans th “Weed 
are sinx = x ares er er ha 2-46-97" ba . 


(d) The roots can be read from (15), brought to the form (1') by multiplying it by x 
and dividing by 1 — x; then bo = c in (4) and cy = 0. 
18. y = AF(2, 2, 3; x) + Bx7? 
20. y = A(1 + 4x) + BVx F(-4, —3, 3; x) 


SECTION 4.5. Bessel’s Equation. Bessel Functions J,(x), page 218 


Purpose. To derive the Bessel functions of the first kind J, and J_, by the Frobenius 
method. (This is a major application of that method.) To show that these functions con- 
stitute a basis if v is not an integer, but are linearly dependent for integer v = n (so that 
we must look later, in Sec. 4.6, for a second linearly independent solution). To show that 
various differential equations can be reduced to Bessel’s equation (see Problem Set 4.5). 


Main Content, Important Concepts 


Derivation just mentioned 

Linear independence of J, and J_, if v is not an integer 

Linear dependence of J, and J_, if v= n = 1,2,--- 

Gamma function as a tool 
Short Courses. No derivation of any of the series. Discussion of Jg and J, (which are 
similar to cosine and sine). Mention Theorem 2. 


Comment on Special Functions 


Since various institutions no longer find time to offer a course in special functions, Bessel 
functions may give another opportunity (together with Sec. 4.3) for getting at least some 
feeling for the flavor of the theory of special functions, which will continue to be of some 
significance to the engineer and physicist. For this reason we have added some material 
on basic relations for Bessel functions in this section. 
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SOLUTIONS TO PROBLEM SET 4.5, page 226 
2. y = AJ,(Ax) + BI_,(Ax) 


From a practical point of view, this is probably the most frequently occurring case. 

Problems 1—10 are for gaining skill and making the student aware of the fact that 
Bessel’s equation, just as the hypergeometric equation in Problem Set 4.4, is a mem- 
ber of a large family of equations that can be solved in terms of Bessel functions, a 
fact that adds to the great importance of these functions. 


4, Adye(Vx) + BI_1j6(V=) 


6. Jo(Wx) 
8. Vx [AJqjo(Vx) + BJ_1o(Vx)] = xV4]A sin Vx + B cos Vx] 


10. x°J3(x), and we do not get a general solution, by Theorem 2. 


ges ee 2 Ee ee 
We 2?(m!)? ma 22™-In'(m — 1)! = 25*1(5 + Tis! 


where m = s + 1. 


2mt2 x2m 
14, Use (7b), Sec. 4.2, and 22mr2420m + 1)in + m+ 1)! / 2mmni(n +m)! —0 


as m — © (x fixed). 


16. We obtain the following values. Note that the relative error of this very crude ap- 


proximation is rather small. 


x Approximation Exact (4D) Relative Error (%) 
0 1.0000 1.0000 0 
0.1 0.9975 0.9975 0 
0.2 0.9900 0.9900 0 
0.3 0.9775 0.9776 0.01 

' 0.4 0.9600 0.9604 0.04 
0.5 0.9375 0.9385 0.1 
0.6 0.9100 0.9120 0.2 

0.7 0.8775 0.8812 0.4 
0.8 0.8400 0.8463 0.7 
0.9 0.7975 0.8075 1.2 
1.0 0.7500 0.7652 2.0 


18. Let x > 0. We have Jo(x) = so(x) + Ro(x) = sa(x) + Raa), Sox) < Joi) < sa), 


So(X9) < 0 < s4(xo); hence x1 < Xg < X2, where x, = 2 and x2 = V8 are defined 
by So(X1) = 0, Sa(Xo) = 0. 


20. Jo = 0 at least once between two consecutive zeros of Jo, by Rolle’s theorem. Now 


(25) with v = 0 is 
J6 = Ji. 


Together, J, has at least one zero between two consecutive zeros of Jo. 
Furthermore, (xJ;)’ = 0 at least once between two consecutive zeros of xJ,, hence 
of J, (also at x = 0 since J,(0) = 0), by Rolle’s theorem. Now (24) with v = 1 is 


(xJ,)' = xJo. 


Together, Jp has at least one zero between two consecutive zeros of J}. 
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A 
22. Integrate (24). 
24. Integrate (27). 
26. Integrate (24) with v = 2 to get 


(a) [x21 ae = 27h + 6. 
Integrate (24) with v = 1 to get 
(b) fx dx =xJ, +c. 
Integrating by parts, using (b), and again, using (a), we get 
Jx9Jqax = [%¢Jp) ax 
= x(aJ4) —2 fev, dx 
= x3J, — 2x7Jn tc. 


28. TEAM PROJECT. Assuming small angles a in the displacement, we can regard 
W(x) to be approximately equal to the tension acting tangentially in the moving ca- 
ble. The restoring force is the horizontal component of the tension. For the difference 
in force we use the mean value theorem of differential calculus. By Newton’s sec- 
ond Jaw this equals the mass pAx times the acceleration u,, of this portion of the ca- 
ble. The substitution of u first gives 


—w’y cos (wt + 8) = g[(L — x)y’]' cos (wt + 8). 


Now drop the cosine factor, perform the differentiation, and order the terms. 
(b) dx = —dz and by the chain rule, 


72 dy 
sors Sat oe + dy = 0. 
In the next transformation the chain rule gives 
dy dy d’y _ d’y 1 dy 
—_—=—}. ela. ater d2 —~1 — 4. —3/2 
de ds’* de® ds?"* 9 ag 
Substitution gives 
d*y 1 dy 
Wet [— DA 2 + Az M2) —= 4+ 2y = 0. 
ds? ( Pas . ds 4 


Now divide by A” and remember that s = 2Az!/?. This gives Bessel’s equation. 
(c) This follows from the fact that the upper end (x = 0) is fixed. The second nor- 
mal mode looks similar to the portion of Jo between the second positive zero and 
the origin. Similarly for the third normal mode. The first positive zero is about 
2.405. For the cable of 2 meters this gives the frequency 
= = _ 0.424 [sec-4] = 25.4 [oycles/min] 
a tt sec” *} = 25.4 [cycles/min]. 
247 2:+:2rVL/g 42°V2.00/9.80 4 
Similarly, we obtain 11.4 cycles/min for the long cable. 
30. CAS PROJECT. (b) x) = 1, x, = 2.5, x, = 20, approximately. It increases 
with n. 
(c) (14) is exact. 


eS NS a a ae le 
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(d) It oscillates. 
(e) Formula (25) with v = 0. 


SECTION 4.6. Bessel Functions of the Second Kind, page 228 


Purpose. Derivation of a second independent solution, which is still missing in the case 
of v=n=0,1,---. 
Main Content 

Detailed derivation of Yo(x) 

Cursory derivation of Y,,(x) for any n 

General solution (9) valid for all v, integer or not 


Short Courses. Omit this section. 
Comment on Hankel Functions and Modified Bessel Functions 
These are included for completeness, but will not be needed in our further work. 


SOLUTIONS TO PROBLEM SET 4.6, page 232 


2. AJs(x) + BY5(x) 
4. Substitute y = ux’/? and its derivatives into the given equation and multiply the re- 
sulting equation by x*/? to get 
x7u" + xu’ + (x3 — du = 0. 
Now introduce z as given in the problem statement to get the answer 
5 is Vx [AJys(3x sy + BI_ v/3(3x ia) 


6. Vx [AJy/3(2kx?!?) + BY,)3(3kx*””)]. For k = i = V~1, this equation is called Airy’s 
equation. Its solutions (“Airy functions”) have been extensively investigated; for 
some formulas and graphs, see M. Abramowitz and I. A. Stegun [1], pp. 446-52, 
listed in Appendix 1. 

8. Vx [AJyje(Skx*) + BYie($°)] 

10. x’[AJ,(x”) + BI_(x’”)] 

12. Approximate values 7/4 = 0.79, 5a/4 = 3.93, 97/4 = 7.07 

14. Use (20) in Sec. 4.5. 

16. Since I, is a solution of (12), so is J_, because (12) involves v* and is linear and ho- 
mogeneous. Hence K,, is a solution of (12). 

The problem illustrates that for different purposes different special functions were 

introduced and investigated. It would lead us too far to show applications where those 
K,, are of practical advantage. See Watson’s standard treatise [A7] in Appendix 1. 


SECTION 4.7. Sturm—Liouville Problems. Orthogonal Functions, 
page 233 


Purpose. Discussion of eigenvalue problems for ordinary second-order differential equa- 
tions (1) under boundary conditions (2). 
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Main Content, Important Concepts 


Sturm-Liouville equations, Sturm—Liouville problem 

Reality of eigenvalues 

Orthogonality of eigenfunctions 

Orthogonality of Legendre polynomials and Bessel functions 


Short Courses. Omit this section. 


Comment on Importance 


This theory owes its significance to two factors. On the one hand, boundary value prob- 
lems involving practically important equations (Legendre’s, Bessel’s, etc.) can be cast into 
Sturm—Liouville form, so that here we have a general theory with several important par- 
ticular cases. On the other hand, the theory gives important general results on the spec- 
tral theory of those problems. 

Comment on Existence of Eigenvalues 

This theory is difficult. Quite generally, in problems where we can have infinitely many 
eigenvalues, the existence problem becomes nontrivial, in contrast to matrix eigenvalue 
problems (Chap. 7), where existence is trivial, a consequence of the fact that a polyno- 
mial equation f(x) = 0 (f not constant) has at least one solution and at most n numeri- 
cally different ones (n the degree of the polynomial). 


SOLUTIONS TO PROBLEM SET 4.7, page 238 


2. If ym is a solution of (1), so is z,, because (1) is linear and homogeneous; here, 
A = Xm, the eigenvalue corresponding to y,,. Also, multiplying (2) with y = y,, by 
c, we see that z,, also satisfies the boundary conditions. This proves the assertion. 

4. A = (nq/L)?, n = 1,2,°-+3  yp_(x) = sin (nx/L) 

6. A= n?,n=0,1,2,--*3 yo(x) = 1, y_(x) = cos nx, sin nx (n = 1) 

8 


~A=n?,n=1,2,--+3 yx) = e* sinnx 
10. y’ + Ay=0, y(0)=0, y(m =0 
12. The k,, are obtained as intersections of z = tank and z = —k; see the figure. 


ky © 2.029, ky ~ 4.913, approximately. 


Section 4.7. Problem 12 
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144.a=-7,b=7,c=7,k=0 
16. TEAM PROJECT. (a) We integrate over x from —1 to 1, hence over 6 defined by 
x = cos 6 from 7 to 0. Using (1 — x?)~"? dx = —d@, we thus obtain 


1 
J cos (m are cos x) cos (n arc cos x)(1 ~ x”)~"/? dx 


-1 
T 1 Tr 

= J cos m@ cos n6 dé = ral (cos (m + n)@ + cos (m — n)6) dé, 
0 0 


which is zero for integer mF#n, 
(b) Following the hint, we calculate f e~*x*L,, dx = 0 for k <n: 


) & 1 co d”™ _ k i) _ oe 
i} e~*x*L_ (x) dx = a x® meee *) dx = a aa Beni re") be 
2 n—k 


ki ¢°d a 
se oer ere (x"e7*) dx = 0. 


SECTION 4.8. Orthogonal Eigenfunction Expansions, page 240 


Purpose. To show how families (sequences) of orthogonal functions, as they arise in 
eigenvalue problems and elsewhere, are used in series for representing other functions, 
and to show how orthogonality becomes crucial in simplifying the determination of the 
coefficients of such a series by integration. 


Main Content, Important Concepts 


Standard notation (yy, Yn) 

Orthogonal expansion (3), eigenfunction expansion 
Fourier constants (4) 

Fourier series (5), Euler formulas (6) 


Short Courses. Omit this section. 


Comment on Flexibility on Fourier Series 

Since Sec. 4.8, with the definition of orthogonality taken from Sec. 4.7 and Examples 2 
and 3 omitted, is independent of other sections in this chapter, it could also be used after 
Chap. 10 on Fourier series. We did not put it there for reasons of time and because Chap. 
10 is intimately related to the main applications of Fourier series (to partial differential 


equations) in Chap. 11. 

Comment on Notation 

(Ym Yn) iS not a must, but has become standard; perhaps if it is written out a few times, 
‘it will stop irritating poorer students. 


SOLUTIONS TO PROBLEM SET 4.8, page 246 


2. By (7), where f(x) is the given polynomial, or by undetermined coefficients, starting 


from 
f(x) = agPo + a,Py(x) + agPo(x) + a3P3(x) 
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and equating coefficients of like powers on both sides, we get 


fw= —4Py + 2P, — 4P, + 8P3. 


4, x? 3Py + 2Po, x° = BP, + 2P,, x*=4P), + 4P, + SP, 
6. e* = dg + a,P;(x) + apP2(x) + +++, where, by (7), and by (11) in Sec. 4.3, 


1 1 
ag = ral ray = sinh 1 = 1.1752 


1 
= 3e71 = 1.1036 
-1 


1 
—6] xe*dx 
-1 ie | 
4 
~1 


= S5sinh 1 — 15e—! = 0.3578, etc. 


3 : x 3 x 
Pics dx = & — De 


= -3f 3 = Gx" — Ne* dx = = ; | oe ~ et 


5 
ry E er) Ge = Me" 


Answer: 
e” = 1.1752Py + 1.1036P, + 0.3578P, + 0.0705P3 + 


8. From (7) we obtain 


f(x) = 0.5Py — 0.9375P2 + 0.5273P4 + 0.1333P — 0.4910P, + 


o 


10. TEAM PROJECT. (b) A Maclaurin series f(t) = >) a,t” has the coefficients 
ay, = f™(0)/n!. We thus obtain n=0 


FO) = a (e*— #12) 


ay a” 2 
= et 12. — (e-@-% 12) 
t=0 dt t=0 


If we set x — t = z, this becomes 


f™(0) — e* 12(—1)” 2s (e7!2) 
dz 


da” 
Se ge Oo = He 


2==£ 
(©) G, = Sanne” = >) Heit"! = 1G = Dd He, _0t"ln — VI, etc. 
(d) We write e~*"? = v, vw = d”u/dx, etc., and use (21). By integrations by parts, 
forn > m, 


J vHe,,He,, dx = ei) He,,v™ dx = (yr f He! v®-» dx 
= (-1)"" mf Hem, 0°» dx = + 


=(-1r-"m! [ego ™-™ dx = 0. 
(e) nHe, = nxHey_, — nHe},_, from (22) with n — 1 instead of n. In this equation, 
the first term on the right equals xHe/, by (21). The last term equals —He;,, as 
follows by differentiation of (21). 
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We write y = Ew, where E = e*”*. Then 
y’ = dxEw + Ew’ 
y” = 4Ew + 1°Ew + xEw’ + Ew". 
Substitute this into the differential equation (23) and divide by E to get the re- 


sult. The point is that the new equation does not contain a first derivative; hence 
our transformation is precisely that for eliminating the first derivative from (23). 


SOLUTIONS TO CHAPTER 4 REVIEW, page 247 

16. (x — 2)", (« — 2)73. This is an Euler—-Cauchy equation with independent variable 
t=x-2. 

18. e-*", xe7™" 

20. x~? cos (x”), x~? sin (x) 

22. e*, e* Inx 

24. x,xInx + x? 

26. 1/V a, V2/m cos nx, n = 1, 2,--- 


28 ae [eot-1 [Lox -3 
" Va 7 g ), g OF x) 


30. A = n?, y, = sinnx,n = 1,2,-°- 

32. A = ay = the nth positive zero of Jj), n = 1, 2,°°+, Yn = A(@n x) 
34. 3P, + $P3 + &Ps, 7Po + oP. + Ps + a3iPo 

36. —16P, (x) 

38. AJ,(2x) + BY,(2x). 

40. AJija(x) + BJs) 


a 


CHAPTER 5 Laplace Transforms 


Major Changes 


_ The first shifting theorem has been moved ahead to Sec. 5.1, where it fits much better 
and helps to simplify the presentation. Further streamlining has been achieved by placing 
the unit step function and Dirac’s delta in the same section (Sec. 5.3). The impractical 
theoretical formulas for the Laplace transforms of partial fractions have been replaced by 
a more practical approach in terms of key examples related to differential equations 


(Sec. 5.6). The application of the Laplace transform to systems of differential equations . 


is discussed in the new Sec. 5.7. 


SECTION 5.1. Laplace Transform. Inverse Transform. Linearity. 
Shifting, page 251 


Purpose. To explain the basic concepts, to present a short list of basic transforms, and to 
show how these are derived from the definition. 


Main Content, Important Concepts 
Transform, inverse, linearity 
First shifting theorem 
Table 5.1 
Existence and its practical significance 


Comment on Table 5.1 


After working for a while in this chapter, the student should be able to memorize these 
transforms. Further transforms in Sec. 5.9 are derived as we go along, many of them from 
Table ‘5.1. : 


SOLUTIONS TO PROBLEM SET 5.1, page 257 


2. als + bls? + 2cls? 
4. cos” wt = 5 + 3.cos 2ot; transform 1/2s + s/(2s? + 8w2) 
6. e* cosh 3t = 4(e** + e~?*); transform 


1 1 1 s-—1. 
2\s—4 s5+2 s*—25-—8 


8. sin 2t cos 2t = 2 sin 41; transform 2/(s? + 16) 


k 
10. — (eS — e~**) 
5 


(1 — eS)? 
12, ——;— 
52 
14 1-e 1 
ns se28 
16. —z (1 — e™™) -—e * 
as 
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18. 
20. 
22. 
24. 
26. 


28. 


30. 


32. 


34, 


36. 
38. 
40. 
42. 
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5 cosh 5t 

cosh 2¢ — 2 sinh 2t 
1,2 4 6 
31? + det + Be 
et + et = 2e3* 


? + e%* 
257. s s 
ae eG, ce rE i . Answer: cos t + cosh t 
sta 
i “stl 
stl s?+25+2 
2 2 1 
C1 6 Si ea 
21363t 
2e* sinh 2t = e®* — et 


4e—"2 sin dt 
Let f = £-(F), g = £-1(G). Since the transform is linear, we obtain 
aF + bG = aZ£(f) + b£&(g) = Laf + bg). 
Now apply £~1 on both sides to get the desired result, 
LaF + bG) = £L1L(af + bg) = af + bg = aL“ (F) + b£-X(G). 


Note that we have proved much more than just the claim, namely, the theorem: Jf a 
linear transformation has an inverse, the inverse is linear. 


. We first use the definition (1). Then we set ct = v, so that 


v du SU Ss 
t=—, at=—., —st=—-—=-[—-]v. 
c c 


Thus, 


co 20 


LCF(ct)) = f e-**f(ct) dt = l e~ Ge” F(y) “ = *r(£). 


The application is straightforward, with c = w. 


SECTION 5.2. Transforms of Derivatives and Integrals. Differential 


Equations, page 258 


Purpose. To get a first impression of how the Laplace transform solves ordinary differ- 
ential equations and initial value problems, the task for which it is designed. 


Main Content, Important Concepts 


(1) LCF’) = s£L(f) — FO) 

Extension of (1) to higher derivatives [(2)—(4)] 
Solution of a differential equation, subsidiary equation 
Transfer function 

Transform of the integral of a function 


Shifted data problems 


po | 
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Comment on Differential Equations 


The last of the three steps of solution is the hardest, but we shall derive many general 
properties of the Laplace transform (collected in Sec. 5.8) that will help, along with for- 
mulas in Table 5.1 and those in Sec. 5.9, so that we can proceed to equations for which 
the present method is superior to the classical one. , 


SOLUTIONS TO PROBLEM SET 5.2, page 264 


2. y = de" — 1e-4# 4. y = 3e7* + 5e7* 
6. y= 3cost+.(44+ Asint 8 y = —25 + 0.52? 
10. PROJECT. (b) Theorems 1 and 2 are more important because they are crucial in 


solving differential equations, whereas Theorem 3 serves as a tool for obtaining new 
transforms. 


(c) In the integration by parts shown in the proof of Theorem 1 we now have to in- 
tegrate from 0 to a and then from a to ©, thus obtaining f(a — 0)e~* from the 
upper limit of integration of the first integral and — f(a + 0)e~® from the lower 
limit of integration of the second integral. 


(d) For the given function, f(2 + 0) — f(2 — 0) = —1, f(0) = 0, so that (1*) and 
L(f') = (1 — e~*)/s give 


Lf) = (1 — e7$ — se~?5)/s?. 
12, PROJECT. We derive (a). We have f(0) = 0 and 


f'@ = cos wt — of sin at, f'(0) = 1. 
f"() = —2o sin wt — wf(2). 


By (2), 
ih @ 
Lf") = —20 a rn PL(F) = s?L(f) — 1. 
Collecting £(f)-terms, we obtain | 
—2w? 52 — @ 
2 en = ——— 
BANG + w*) age t! he 


Division by s* + w on both sides gives (a). 
In (b) on the right we get from (a) 
2_ 2 
: s 7) 
L(sin wt — wt cos ot) = Pea = C+ wt? ‘ 


Taking the common denominator and simplifying the numerator, 
o(s? + w@) — w(s? — w) = 202 
gives (b). 
(c) is shown in Example 4. 
(d) is derived the same way as (b), with + instead of —, so that the numerator is 
w(s + 7) + w(s? — w”) = 2ws”, 
which gives (d). 
(e) is similar to (a). We have f(0) = 0 and obtain 
f'(t) = cosh at + at sinh at, f'0) =1 
f"@ = 2a sinh at + a(t). 
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By (2) we obtain 


2 
Lf") = ee + aL(f) = s?£(f) — 1. 
Hence 
2a? s2 + a? 
Daw SON eh ea ee 
LN = a) == a HI = 4S - 


Division by s2 — a? gives (e). 
. (f) follows similarly. We have f(0) = 0 and, furthermore, 


f'(@) = sinh at + at cosh at, f'0) =0 
f"@ = 2acosh at + a”f(t) 


LF") = 2a—y—z + WEF) = PLA) 
2as 
L(f)(s? — a2) = 
G(s" — a") = a 
Division by s2 — a* gives formula (f). 
14, e** — 25-1 16. cost + 31? — 1 
18. 2 -—¢ — 2e* 20. sin wt + 4ar7t? — ot 


SECTION 5.3. Unit Step Function. Second Shifting Theorem. Dirac’s Delta 
Function, page 265 
Purpose 


1. To introduce the unit step function u(t ~ a), which together with Dirac’s delta greatly 
increases the usefulness of the Laplace transform. 


2. To find the transform of 
0 (<a), ft-—a (>a 


if that of f(¢) is known (“t-shifting”). (“s-shifting” was considered in Sec. 5.1.) 
3. To model short impulses by Dirac’s delta 5(¢ — a). 
Main Content, Important Concepts 
Unit step function (1), its transform (4) 
Second shifting theorem (Theorem 1) 
Dirac’s delta, its transform (8) 


Comment on the Unit Step Function 
Problem Set 5.3 shows that u(t — a) is the basic function for representing discontinuous 
functions. 


SOLUTIONS TO PROBLEM SET 5.3, page 273 
2. The representation needed for applying the second shifting theorem is 
tut —- 1) = (@- Duct -— 1) + u@ —- 1) 


10. 


12. 


14. 
16. 


18. 


20. 
22. 
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and gives the transform 


2e~*/s3 
e~ "y(t — 3) = e 2 -De-Sy(¢ — 3). Answer: e~35—*(5 + 2) 


. 1 — u(t — 1) = t? — [@¢ — 19% + Ae —- 1) + Iu — Dd. 


Answer: 2s~? — e~8(2s~? + 2s~2 + s74) 
(_ — ef -— u@ — 2)) = 1 -— et - (1 — e Oe )uct — 2). 
1 1 on? 1 e* 
st+1 Ss stl 
The given function is 


{u(t — 2a) — u(t — 4m] sint = u(t — 27) sin (¢ — 277) — u(t — 4m) sin (t — 4m), 


so that we get the answer. 


(e7 278 a e478). 


set 
Au(t — 2) — 8u(t — 5) 
s—* has the inverse t?/2, hence (s — 1)~? has the inverse e‘t?/2 (first shifting), and 
e~35/(s — 1)® has the inverse $e*~3(¢ — 3)u(t — 3) (second shifting). 
s? + 2s + 2 = (s + 1)? + 1. Hence the reciprocal of this has the inverse e~ sin t, 
and the second shifting theorem gives the answer e~“~2” (sin t)u(t — 277). 
y = 3e/2(cos 3t + sin 32) 
In terms of unit step functions the function on the right is 
rit) = 4¢[1 — u(t — 1] + 8uct — 1) = 4 — [40 — 2) — 4Juct — 1). 


Answer: 


4e—t — e728 + 24 - 3 if O<t<1 
a a See + Ger—DewM+4 #121 
r(t) = 4e[1 — u(t — 2)] = 4e* — 4e7e*-” u(t — 2). Hence 
sous page 
sul s—l 
Take —s + 7 to the right, divide by s? — 5s + 6 = (s — 2)(s — 3) to get | 
eae | 4 4e7e-2s 


Y= Se EE 
(s—2)s-3) S-D)E- 26-3) Gr 1s — 2 — 3) 
The sum of the first two terms on the right has the partial fraction expansion 


2 1 2 
+ rs ; 
s—1 s—-2 s-3 


hence the inverse 2e* + e7¢ — 2¢3*. 


this is the solution if 0 < t < 2. For t > 2 the solution equals the solution just given 
plus the inverse of 
4e7e*5 2 4 2 
oe Fa as B . “i ms 
(s — 1)(s — 2)(6 — 3) s—1 gS 2, ee 


this inverse is 


e*[—-2et-? + 4e2¢-® _ 268¢-Dy(¢ — 2), 
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26. 


28. 
30. 


32. 


34. 


36. 


38. 
40. 


The sum of this and the previous solution is 
(1 + 4e~*)e?* + (-2 — 2e*)e3*; 
this is the solution if t > 2. 
y = 2 cos 4t + ut — m) sin 4(t — m 
= 2 cos 4tifO <t< a, and 2cos4t + sin 4tift > 7 

y = 3e** sint (0<t< 1), y = e7?*[3 sint + e? sin(t — 1] (t > 1) 
(s + 2)(s + 3)¥ = e-S/s + e725 + 1. Use 

1 _ 16 1/2 % 1/3 
s(s+2)s+3) 5s gst+2 °° st+3° 


Answer: . 
y=e**-—e Xt 8 8if0<t<1, 
y =e — eS A 1p -2E-D 4 1-BE—D 
=$+(1—de%e"* —- (1 —de®%)e*— — if 1 <1 <2, 
y=b+ (1 — de2)e-2t — (1 — Le )e-Bt 4 o-2E-B _ 9 8-™ 
=$+ (1 — ge? + ete ** — (1 — de3 + eS)e“*—— if t > 2. 
(-Lcost + Rsint + e ®")/(L? + R*) if0 <t< 27, 


Le Pe Py? + R*) ifs > 20 


v = 1 — u(t — a). Subsidiary equation: 
. sI + I/s = 1/s — e~*s. 
Answer: . 
_ fsint if 0<t<a 
pa sin (t — a) if t>a. 
T= 100(e~§ — e*5)/5 + 0.1), i=O0 ift<1, 


i= 100e°*-” if 1 <t< 1.01, 

i = 100[e~°2¢-Y — e-O-1¢-1.0] = -9.1106e-9" if t > 1.01 

i=0 ift<3, i= 5 — 5eO1E-® = 5(1 — 1,3499e- 1) ifr > 3 

CAS PROJECT. Students should become aware of the fact that careful observation 
of plots may lead to discoveries or to more information about conjectures that they 
may want to prove or disprove. The curves branch from the solution of the homoge- 
neous equation at the instant at which the impulse is applied, which by choosing, say, 
a = 1,2, 3,---, gives an interesting joint plot. 


SECTION 5.4. Differentiation and Integration of Transforms, page 275 


Purpose. To show that, roughly, differentiation and integration of transforms (not of func- 
tions, as before!) corresponds to multiplication and division, respectively, of functions by 


t, with application to the derivation of further transforms and to the solution of Laguerre’s 


differential equation. 


Comment on Application to Variable-Coefficient Equations 


This possibility is rather limited; our Example 4 is perhaps the best elementary example 
of practical interest. 


Very Short Courses. This section and the two subsequent sections can be omitted. 
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SOLUTIONS TO PROBLEM SET 5.4, page 278 


os 12 \ 24s 
"  \s?-— 16] (5? — 16)? 


a -( stl )= PAB Bes DOD s? + 2s 
“ \o+?+1 (s? + 25 + 2)? (s? + 25 + 2/2 
F ad 2 _d( 4s \ _ —4(s? + 4)? + 165%(s? + 4) 
* ds? \(s? + 4) ds \(s2 + 4)? (s2 + 4)4 
_ 12s? — 16 
(5? +498 
ee s )-£343 -43 
* ds? \ 52 + w? ds (s2 + w?)* (s? + w?)> 


! 
3 6s ae 
10. ho (2 — 9 . Answer: ru sinh 3t 


12. By (6), 
a Senne ee od 
|. G2 +6F+102 s?+6st+10 ~\t)° 


The inverse transform of the integral is e~** sin t. Answer: 
—3t 


te~°* sin f. 
14. [In(s + a) —In(s + b)]’ = a has the inverse transform e~°* — e~°*, 
sta stb 
so that (1) gives the answer 
et = et 
t 
16. We have 
T 
arc cot — = ‘ ds. 
Ss 3? + aT 


The inverse transform of the integrand is sin wt. From (6) we thus obtain the answer 
t* sin at. 
18. ni/(s — a)?*1 
20. CAS PROJECT. Students should become aware of the fact that usually there are 
various possibilities for calculations, and they should not rush into numerical work 
before making a careful selection of formulas. 
(b) The formula follows by the usual rule of differentiating a product n times. Some 
of the polynomials are 
lo =1—2t +30? 
lg = 1 — 3t + Be? — 24° 
lg = 1—- 4¢ + 322 — 23 + 324 


a 2 _ 5,3 574 _ 1,5 
ls = 1 — St + St“ — $t° + Sgt" — Felt. 
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SECTION 5.5. Convolution. Integral Equations, page 279 


Purpose. To find the inverse h(t) of a product H(s) = F(s)G(s) of transforms whose in- 
verses are known. 


Main Content, Important Concepts 
Convolution f * g, its properties 
Convolution theorem 
Application to differential and integral equations 


Comment on Occurrence 

In a differential equation, the transform R(s) of the right side r(t) is known from Step 1. 
By solving the subsidiary equation algebraically for Y(s) the transform R(s) gets multi- 
plied by the reciprocal of the factor of Y(s) on the left (the transfer function Q(s); see Sec. 
5.2). This calls for the convolution theorem, unless one sees some other way or shortcut. 


Very Short Courses. This section can be omitted. 


SOLUTIONS TO PROBLEM SET 5.5, page 283 


t 


2. 1 «sin ot = { sin wrdr = — 
0 @ 


coswt |* 1 —cos wt 


0 @ 


4. This is similar to Example 1. We obtain 


t t 

1 

J COS wT COs (wt — wT) dt = al {cos wt + cos (2wT — wf)] dw 

0 0 

sin wt — sin co | 1 Ea% 

—__  ] = =I COS wt + — SiN OF. 
20 20 


1 
= 5 [eos or + 7 


a bt 


t t t 
Ce” — -€é 
6. et * et = Jerre» dr= ett { o-Pr ay = 
0 0 a—b 


1 : 
= ae 1? ift> 1 


t 
1 


t t 
1 
es 2 _ = 4 2 Se a ih 
8. ip (hate ae ip @— Pdr = -3¢~ 7) 
and Ost FS 1 


t 
10. 6 * e3t = i) 6e-3" dr = —2e-3* +2 
0 


t t 

12. e%* *& eV = J attet@—9 dr = ext [ dt = te 
0 0 

14. cos wt * cos wt. Proceed as in Prob. 4. Answer: 


I 1 
—t cos wt + — sin wt 
2 2@ 


t t 
1 
16 uG = ane = [ ee» ize e | edz = 5 (8-1) if t > a and 
a 


a 


Oift<a 
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t t 
18. e73t * e2t = J e 37 e2t—7) dr= er f et dr 
0 ty 
2t 
e 1 
= zu = e5t) = se a gory 
20. Subsidiary equation s?¥ + ¥ = s~?, ¥ = 1/(s? + s*), solution y = t — sint 
22. The subsidiary equation is 


(s? + 38+ 2)¥=1+(1-e7)/s. 


From this, 
ee sae 
~ s(s? + 35 + 2)" 
Answer: 


y= z(1 — et) + 3(2e-¢-D — e 24-D _ 1yy(t — 1). 
24. We use the notation of the text, 


q=e%— ec — L-UI(s + a)y(0) + yO} = ~4e% + Se, 
Then 


r*q= 2e3* — 4e* + 2et if O<t<2 
y = —2e3* + ce? + 2 if O<t<2 
req= 21 — e*)e* + 4(e7-? — 1)e”* if t>2 
y = —(2 + 2e~*)e?* + (1 + 4e7?)e?* if t>2. 


26. We use the notation of the text, 


gzet—e* raqg=4et—e*4+2-3 if O<t<1. 


For t > 1 we have 
1 t 
reqg= | rqt~a)dr+ { 8q¢- nde 
0 1 


= [4e-* — (1 + e?)e7**] + [4 — 8e-E-P + 4e-2¢-Y] 
= (4 — 8e)e + (3e? — Ie? + 4. 


28. Y = 2s-? — 45~*Y, Y = 2s? + 4), y = sin 2t 

30. Y = 2s? + 4) + 2¥/(s? + 4), Y= 2s? +2), y= V2 sin V2t 

32..¥ = 1s? + 1) + Ys? + 1), Y= 1/s*,y =t 

34. TEAM PROJECT. (a) Setting t — 7 = p, we have + = t — p, dr = —dp, and p 
runs from ¢ to 0; thus 


t . 0 
fuga | r@ee — 1)dr= J g(p)F(t — p)(—dp) 


t 
= | ere — p)dp = g* f. 


Se aE Fey 
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i 
(b) Interchanging the order of integration and noting that we integrate over the shaded 
triangle in the figure we obtain 


(f *g)*v =v * (f * g) 


t t-—p 
=| vm] serge -p - narap 
0 0 


t t-r : 
=J re] ee 7 pvp) dp ar 


=f (g*v), 


Section 5.5. Team Project 34(b) 


(c) This is a simple consequence of the additivity of the integral. 
(d) L6* f) = LOL(f) = 1- Lf) = L(f), since £{8(t)} = 1 by (8), Sec. 5.3. 


k 
(e) Lett > k. Then (f;,, * f)(t) = J aiG — 1) dr= f(t — f) for some f between 
0 


O and k. Now let k — 0. Then 7 0 and f;,(t — 7) > A(t), so that the formula 
follows. : 


(f) s?¥ — sy(0) — y'(0) + w?¥ = ¥(7) has the solution 
1 @ Ss 
Y= “(x25 i =) Lr) + 0s Saf a Ear 


etc. 


SECTION 5.6. Partial Fractions. Differential Equations, page 284 


Purpose. This section is mainly for reference. Partial fractions are discussed systemati- 
cally in terms of examples, along with their inverse transforms. 


Very Short Courses. Omit this section. 


SOLUTIONS TO PROBLEM SET 5.6, page 289 


2. t? + sint 4. (1 — pe* 6. e(cost + tsinf) 8. tet — 4176?* 
14. The subsidiary equation is 


Its solution is 
Kp 


9 FF ODT 


(w9” e p”). 


(ave Phan ene eva HEY 
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16. 


Since wo” # p? by assumption, s” + wo? is the product of two unrepeated complex 
factors, and so is s% + p?. Accordingly, the partial fraction representation is 


Ys) = Kp _ Ast+B Ms +N 
(s? + wo?)(s? +p?) 5? + wo? 5? + p? 


Multiplication by the common denominator gives 
Kp = (s? + p?)(As + B) + (s? + wo2)(Ms + N). 


Equating the coefficients of each power of s on both sides gives the four equations 
(a) [s?]: O=A+M, thusM=-—A 

(b) [s?]:) O=B+N, thusN=—B 

(c) [s]: O = p?A + wo"M = (p? — wo2)A_ by (a); henceA = M =0 

(d) [s°]: Kp = p?B + wo2N = (p? — w2)B by (b); hence B = Kpl(p? — 07). 
From this, with N = —B, we have 


1 1 
ee 


The inverse is (see Table 5.1 in Sec. 5.1) 


(0 = yaa ( Fin aot ~ + snp) 
y@) = 5 | — sin wot — — sin pt} . 
ie Wo" \ wo " P 

This is a superposition of two harmonic oscillations, as expected. 

TEAM PROJECT. (a) If f(A) is piecewise continuous on an interval of length p, 
then its Laplace transform exists, and we can write the integral from zero to infinity 
as the series of integrals over successive periods: 


00 Pp 2p 3p 
ge = —st d= —st dt t+ —st dt + —st dt+e--, 
(f) [esting = fespars | etpars f ety 


If we substitute t = 7 + p in the second integral, t = 7 + 2p in the third integral, 
*++,f= 7+ (n — 1)p in the nth integral, - - - , then the new limits in every integral 
are 0 and p. Since 


fit+p)=f@, f(r + 2p) = fin, 
etc., we thus obtain 
Pp 


P P 
Lf) = J eSf(r) dr + J e So*PE(r) dr + J e S*2D) Er) dg +--+, 
0 0 0 


The factors that do not depend on 7 can be taken out-from under the integral signs; 
this gives 
p 
LF) = [1 + e78? + eo *P +. -] if e **f(1) dr. 
0 


The series in brackets [- - -] is a geometric series whose sum is 1/(1 — e ?°). The 
theorem now follows. 


(b) From (10) we obtain 
1 ttle 


SS) —st qa: 
Lf) = a Se! e”** sin wt dt. 
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Using 1 — e279 = (1 + e~7/”)(1 — e~ 75) and integrating by parts or not- 
ing that the integral is the imaginary part of the integral 
we 1 mo -—s — iw 
(—stiw)t dt = ———— (—stiw)t = —p—stle _ 
i - =s + iw © 0 =r ee ” 
we obtain the result. 


(c) From (10) we obtain the following equation by using sin wt from 0 to 7/w and 
—sin wt from a/w to 27/w: 


o 1+ emsle o e7 7S/2a + emsl2w 


sz 4 w2 ems = se + w e7s/2w = e 7 7sl2e 


@ cosh (ars/2@) 
s* + @* sinh (as/2@) © 
This gives the result. 
(d) The saw-tooth wave has the representation 


k . 
ae if0<t<p, ft +p) =f. 
Integration by parts gives 


7 t 
J e-**tdt = ——e"™ 
s 


ip 1 cr? 
+—f edt 
0 Ss 


0 i) 


P 


1 
=e ee), 


and thus from (10) we obtain the result 
k ke7P§ 


£&(f) = => - — > > 0). 
= a Gis (s > 0) 
(e) Since kt/p has the transform k/ps”, from (d) we have the:result 
ke~Ps 
a > Q). 
s(1 — e-P§) ic?) 


SECTION 5.7. Systems of Differential Equations, page 291 


Purpose. This new section explains the application of the Laplace transform to systems 
of differential equations in terms of three typical examples: a mixing problem, an elec- 
trical network, and a system of masses on elastic springs. 


SOLUTIONS TO PROBLEM SET 5.7, page 294 
2. The subsidiary equations 
SY, + 3 = 6Y, + 9Y¥o, S¥g+3=Y¥,+ 6% 


give 
3s +9 6 3 
Ty Se Np. Cay + = —6e% +4 3¢3t 
" (s — 9)(s — 3) fae” Sa? Y1 6e 3e 
3s — 15 D 1 . 
Wy = ee a Yo = —2e% — ¢%t, 
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4. s¥,+3=5Y,+%o, sYo—7=Y¥,+5Y5. Answer: 


yy = 2e8t — Se**, 


6. y, = sint + cos 2z¢, yg = sint — cos 2t 
8. The subsidiary equations are 


Ce ft —3s= —5Y, + 2Yo, 
They have the solutions 
353 + 8s 


CES GES.) 


s? + Ils 


Answer: 
y, = cost + 2cos V6t, 


10. y, = t?, yo = t? + 2t, yg = t? — 2t 
12. The subsidiary equations are 


yo = 2e8t + Set, 


s°Y, = SS 21 aa 2Yp. 


- S a 2s 
st +d 5246 
2s S 


s+ 1 5246" 


yo = 2cost — cos V6t. 


ae 2s —27s 
ee aa ), Y, + sYz = 1. 
Solving algebraically gives 
1 — Qs%e7278 
eae a, 
s deer 
Ya = Seti gt 1° 


Answer: 


y= sint if0 StS 27, 


yy = —-sinh(t— 207) ift>27 


ya = cost fOStS 27, yo = cosh(t— 27) ift>27. 


14. The subsidiary equations are 


e* e§ 
‘ + 2Y, 


4 = 64(S + 


Solving algebraically gives 


—4s— 8 
ae 

—4s + 4 
Y= s(s — 4) ui 


+ 4Y,, 5S¥g +4 = Y, + 2Yp. 


64(2 + s — s*)e~* 


s3(s — 4) 


64(1 + s)e~* 


s3(s — 4) 


Taking the inverse Laplace transform gives the answer 
Yr = —6e* + 2 + u(t — 1)[-18 + 10e4*-4* — 8¢ + 162] 
Yo = —3e** — 1 + u(t — [7 + Se**-4 — 4¢ — 82). 


16. y, = 100 — 62.5e~974t — 37.5¢~0-08¢, 
Yo = 100 + 125e~%4# — 75¢— 0.086, 


Setting 2t = 7 gives the old solution, except for notation. 
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18. y, = cos V3t + 2 sin 3t + sint 
Yo = cos V3t — 2 sin 3¢ — sint — 
20. For 0 = t S 277 the solution is as in Prob. 19, 
i, = 2e78* + 13e72* — 15 cost + 42 sint. 


For t > 27 one has to add to this further terms whose form is determined by this 
solution and the second shifting theorem, 


u(t — 27)[—2e~8-? — 13e72¢-2™ 4 15 cost — 42 sin tz]. 
The cosine and sine terms cancel, so that 


i, = 2(1 — e'8)e—8* + 131 — e47)e* if ¢t> 27. 
Similarly, for ig we obtain 
—e* + 13e7% — 12 cost + 18sint if OStS2a 
a | -c — el8*)e-8 + 1301 — et e-2* ig t> 2a. 


SOLUTIONS TO CHAPTER 5 REVIEW, page 299 


PP 7 a Qa? eT s* + 8s + 32 
“(Ot + 7 ” 4s(s2 + 7?) a8 16s? 
R 2s? 1 
22. —————_———_ 24, ——_—— 26. —(ct* — e-2t 
(s — 2s? + 16) (2 + D2 gr ee) 
28. 3t7 + £3 30. e3* + cos 2¢ 32. sin (wt + 0) 
2.5 cos t if 0<t<2 , 
34. y = 2 
2.5 cost + sin (t — 2) if t>2 


36. e*(cos t — sin t) + e*(15 cos t — 29 sin t) 
38. Oif0 StS 2 and 1 — 2e~*—® 4+ e-2¢- if ¢ > 2 
40. y, = —6e4* +2, yo = —3e## -— 1 
42. y, = 3e7* + e584, ya = 4e?* — e Ft 
44. y, = (1/V10) sin V10t, yo = —(1/V/10) sin V10t 
— de + cost + sina) if O<t<q7 
ar oa fee — 3)cost—(e77+ 1)sint] if t> 1, 
iD =q' 
48. i; = 201 —e*), i, = 2e7* 
50. 5i; + 20(i, — in) = 60, 30%, + 20(i, — ij) + 20ig = 0. Answer: 


i Ber pe akg, ip = —4e77* + de 0-8t 


PART B. LINEAR ALGEBRA, 


VECTOR CALCULUS 


Major Change 


Part B consists of 
Chap. 6 Linear Algebra: Matrices, Vectors, Determinants. Linear Systems of Equations 
Chap. 7 Linear Algebra: Matrix Eigenvalue Problems 
Chap. 8 Vector Differential Calculus. Grad, Div, Curl 
Chap. 9 Vector Integral Calculus. Integral Theorems 


Following several requests, we now present eigenvalue problems in a separate chapter. 
However, this does not change the flow of the material in Part B as a whole. 

Chapter 8 is self-contained and completely independent of Chaps. 6 and 7. Thus, Part 
B consists of two large independent units, namely Linear Algebra (Chaps. 6, 7) and Vec- 
tor Calculus (Chaps. 8, 9). Chapter 9 depends on Chap. 8, mainly because of the occur- 
rence of div and curl (defined in Chap. 8) in the Gauss and Stokes theorems in Chap. 9. 


CHAPTER 6 Linear Algebra: Matrices, Vectors, 


Determinants. Linear Systems of Equations 
Major Changes 


Various local changes have been made in order to increase the usefulness of this chapter 
for applications. By cutting out some passages that were somewhat sluggish and less im- 
portant in practice, the total amount of material has been reduced slightly, resulting in a 
smoother and better motivated flow of ideas and methods and a corresponding valuable 
gain in teaching time. More specifically, there are essentially three major changes, as fol- 
lows. 


1. The beginning, which had been somewhat slow by modern standards, has been 
streamlined, so that the student will see applications to linear systems of equations 
much earlier. 


2. The reference section on second-order and third-order determinants, which had be- 
come somewhat dated, has been omitted and replaced by a shorter portion on that 
material at the beginning of the section on determinants (Sec. 6.6), from which the 
essential information on those lower order determinants can now be obtained more 
easily and quickly. 


3. The two sections on determinants and Cramer’s rule have been combined into a sin- 
gle section (Sec. 6.6), which precedes the discussion of the inverse in Sec. 6.7— 
thus making this portion of the chapter more compact. 
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SECTION 6.1. Basic Concepts. Matrix Addition, Scalar Multiplication, 
page 305 


Purpose. Explanation of the basic concepts and the two basic matrix operations. 
Main Content, Important Concepts 

Matrix, square matrix, main diagonal 

Double subscript notation 

Row vector, column vector, transposition 

Equality of matrices 

Matrix addition 

Scalar multiplication (multiplication of a matrix by a scalar) 


Comment on Notation 


For transposition, T seems preferable over a prime, which is often used in the literature, 
but will be needed to indicate differentiation in Chap. 8. 


Comments on Important Facts 


One should emphasize that vectors are always included as special cases of matrices and 
that those two operations have properties [formulas (4), (5)] similar to those of operations 
for numbers, which is a great practical advantage. 


Comment on Vector Spaces 
Since vector spaces are defined in terms of matrix addition and scalar multiplication, they 


could be mentioned here. We discuss them later, in Sec. 6.4, when the student will be, 


more familiar with the matrix concept. 


SOLUTIONS TO PROBLEM SET 6.1, page 309 


5 iz | ie | ie | 
“L4 -36)°L -4 36]°L -4 36 ci 
26 —3 
4.C,; 0 8 | , undefined (not of the same size) 
1 3 


6. Undefined, undefined, the 2 < 2 zero matrix 0 
108 0 —54 
, & 72 132 
10. [-6 -—5 -—3],[6 5 3]", undefined 
12. [11 —1 3],[-36 120 —48} 
14. Undefined, [6 5 3]', undefined (not of the same size) 
16. 0 by (7), undefined, [7 0 26] 
20. TEAM PROJECT. (b) The nodal incidence matrices are 


, the same matrix because of (5), (6), and (AT)' = A. 
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1 0 0 0-1 “4 
| ae . aid oe OP Re vO 

0 0 O 4a £ Oe 
yes a 0 2b 4 O06 


(c) The networks with these incidence matrices are 


SECTION 6.2. Matrix Multiplication, page 311 


Purpose. Matrix multiplication, the third and last algebraic operation, is defined and dis- 
cussed, with emphasis on its “unusual” properties; this also includes its representation by 
inner products of row and column vectors. a. 


Main Content, Important Facts 


Definition of matrix multiplication (“rows times columns”) 
Properties of matrix multiplication 

Matrix products in terms of inner products of vectors 

Linear transformations motivating the definition of multiplication 
AB # BA in general, so the order of factors is important. 

AB = 0 does not imply A = 0 or B = 0 or BA = 0. 

(AB)' = BTAT 


Short Courses. Products in terms of row and column vectors and the discussion of lin- 
ear transformations could be omitted. 


Comments on Content 
Most important for the next sections on systems of equations will be the multiplication 
of a matrix times a yector. 

“Unusual properties” (i.e., having no counterpart in the multiplication of numbers) are 
exhibited in Examples 4 and 5, and it may be good to invite the student to invent further 
examples. The student should also get used to cases in which products are not defined, 
in order to recognize the limitation of the definition. 

Formula (5) for the transposition of a product should be memorized. 

In motivating matrix multiplication by linear transformations, one may also illustrate 
the geometric significance of noncommutativity by combining a rotation with a stretch in 
x-direction in both orders and show that a circle transforms into an ellipse with main axes 

in the direction of the coordinate axes or rotated, respectively. 
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SOLUTIONS TO PROBLEM SET 6.2, page 319 


10. 


12. 


34 248 2618 
15}, | 237], | 1794 
11 102 1105 


. [34 15 11]', undefined, [34 24 17] 


5 20 15 
20 80 60], 130,[-6 14] 
15 60 45 


8 2 


. —32, —32 [as follows from the first result and (5)], | 12 —15 | , and the trans- 


pose of it [again by (5)] 4 -1 


TEAM PROJECT. (a) 5; is the dot product of the jth row of A and the kth col- 
umn of A', which is the kth row of A because of the transposition. Thus, 


Dim ad Dim Biem = Dt dim re byg- 


To prove the second statement in (a), use (5). If AB = BA, then 
(AB)' = (BA)' = AB" = AB 


because A’ = A, B’ = B, by assumption of symmetry. Conversely, if (AB)' = AB, 
then AB = (AB)' ='B'AT = BA, so that A and B commute. 


1 0 1 1 0a 0 0 
(b) Idempotent are ; , etc.; nilpotent are ; , 
0 0 0 O 0 0 b 0 


etc., and A? = I is true for 


elle laces lel oo 


where a, b, and c # Q are arbitrary. 

(c) Triangular are U, + Uz, U,U2, hence U,? and the corresponding expressions for 
L, and Ly. U," is lower triangular. 

(d) The entry c;,; of (AB)’ is Cj, of AB, which is row j of A times column & of B. 
On the right, c,; is row k of B', hence column k of B, times column j of A’, 
hence row j of A. 

The transition probabilities can be given in a matrix 


ToN ToT 
_ 0.8 0.2 From N 
0.5 0.5 From T 


The first row gives the state after one day if initially there was N, and the second row 
if initially there was T. From this we see that there will be N after 2 days with prob- 
ability 

0.8 - 0.8 + 0.2-0.5 = 0.74 
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because N will remain with P = 0.8 and T will return to N with P = 0.5. Similarly 
for the other possibilities. We see that this is just the law of matrix multiplication. 
Accordingly, A? gives the probabilities after 2 days and A? after 3 days; here, by cal- 


culation, 
be ae bes 0.278 
A2 = , A= . 
0.65 0.35 0.695 0.305 


Answer: 0.26, 0.278. 
14, The matrix of the transition probabilities is 


ie 0.1 | 
A= : 
0.002 0.998 
The starting vector is x» = [1200 98800] and gives (rounded) 
X, = X9A = [1278 98722] 
_ Xo = x,A = [1347 98653] 
X3 = X,A = [1410 98590] 


indicating that a substantial increase is likely. 
16. We then proceed by time intervals of 10 years. 


18. TEAM PROJECT. (b) Use induction on n. True if n = 1. Take the formula in the 
problem as the induction hypothesis, multiply by A, and simplify the entries in the 
product by the addition formulas for the cosine and sine to get A”*), 

(c) Those formulas follow directly from the definition of matrix multiplication. 

(d) A scalar matrix would correspond to a stretch or contraction by the same factor 
in all directions. 

(e) Rotations about the x1-, x9-, x3-axes through 6, ¢, , respectively. 


SECTION 6.3. Linear Systems of Equations. Gauss Elimination, page 321 


. Purpose. This simple section centers around the Gauss elimination for solving linear sys- 
tems of m,equations in n unknowns x,,---, X,, its practical use as well as its mathe- 
matical justification (leaving the—more demanding—general existence theory to the next 
sections). 


Main Content, Important Concepts 


Nonhomogeneous, homogeneous, coefficient matrix, augmented matrix 
Gauss elimination in the case of the existence of 
I. a unique solution (Examples 2, 4) 
Il. infinitely many solutions (Example 3) 
I. no solutions (Example 5). 
Pivoting 
_ Elementary row operations, echelon form 
Background Material. All one needs here is the multiplication of a matrix and a vector. 
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Comments on Content 
The student should become aware of the following facts: 

1. Linear systems of equations provide a major application of matrix algebra and jus- 
tification of the definitions of its concepts. 

2. The Gauss elimination (with pivoting) gives sensible results in each of the Cases 
I-M. 

3. This method is a systematic elimination that does not look for unsystematic “short- 
cuts” (depending on the size of the numbers involved and still advocated in some older 
pre-computer-age books). 

Algorithms for programs of Gauss’s and related methods are discussed in Sec. 18.1, 
which is independent of the rest of Chap. 18, and can thus be taken up along with the 
present section in case of time and interest. 


SOLUTIONS TO PROBLEM SET 6.3, page 329 


2.x=1,y= —-2 4.x=2,y=0,z=~—4 

6. No solution 8 x=2y+1,z7z=4 

10. x = Ty — 9z 12. No solution 
14.w=x-2y,z=3 16. w= 0,x = 3z,y = 2z+1 


18. Currents at the lower node: 
-I,+1,+13 =0 
(minus because J, flows out). Voltage in the left circuit: 
4], + 12, = 12 + 24 
and in the right circuit 
12I, — 813 = 24 


(minus because J; flows against the arrow of E,). Hence the augmented matrix of the 
system is 


0 12 -8 24 
The solution is 
L=S] L=% = # ampere. 
22. P, = 6, Py = 10, D, = $) = 18, Dy = Sy = 26 


24. PROJECT. (a) B and C are different. For instance, it makes a difference whether 
we first multiply a row and then interchange, and then do these operations in reverse 


order. 
ay a2 Qy1 ay2 
a31 a39 ag, ~ 544, 32 — Sao 
B = ‘ Cc = 
@, — Say Gog ~ Sdip a1 ao9 
8a41 8d4p 8a41 8a4o 


(b) Premultiplying A by E makes E operate on rows of A. The assertions then fol- 
low almost immediately from the definition of matrix multiplication. 


elit iced liek Stes 
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_(c) These matrices, applied in the order E,, E>, Kg, are 


1 0 0 1 0 0 1 0 0 
E, i —Mo1 J 0 ; E, = 0 1 0 > : E3 =/0 1 0 
0 0 1 —M3, 0 1 0 —M39 1 
with the multipliers given by 
_ Gai _ 431 _ 4119432 — 412431 
Ma =, m3i-——, M3. = ——————_. 
ay a1 41492 — Ay2494 
The product is 
1 0 0 
E3E,E, = Mo, 1 0 
~M31 M39 1 


SECTION 6.4. Rank of a Matrix. Linear Independence. Vector Space, 
page 331 


Purpose. This section introduces some theory centered around linear independence and 
rank, in preparation for the discussion of the existence and uniqueness problem for linear 
systems of equations (Sec. 6.5). 


Main Content, Important Concepts 
Linear independence 
Real vector space R”, dimension, basis 
Rank defined in terms of row vectors 
Rank in terms of column vectors 
Invariance of rank under elementary row operations 


Short Courses. For the further discussion in the next sections, it suffices to define linear 
independence and rank. 


Comments on Rank and Vector Spaces 

Of the three possible equivalent definitions of rank, 
(i) By row vectors (our definition), 
Gi) By column vectors (our Theorem 1), 


(iii) By submatrices with nonzero determinant (Sec. 6.6), 


the first seems to be most practical in our context. 

Introducing vector spaces here, rather than in Sec. 6.1, we have the advantage that the 
student immediately sees an application (row and column spaces). Vector spaces in full 
generality follow in Sec. 6.8. 


SOLUTIONS TO PROBLEM SET 6.4, page 336 


2. Linearly dependent 
4. Linearly dependent (four vectors in R?!) 


Me ete gh 
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6. Linearly dependent (one is the zero vector!) 
8. Linearly dependent 
10. 2 12. 3 14, 3 16. 3 
18. Yes when k = 0, dimension 2, basis [1 0 0], [0 1 —4]. No for any other value 
of k 
20. No, because of the inequality 
22. Yes, dimension 2, basis e,,_1) and €;,,) (the last two vectors of the standard basis) 
24. Yes, dimension 1, basis [5 -—4 —23], as follows by first considering the second 
equation and then the first 
26. TEAM PROJECT. (b) B'A™ = (AB)' and rank is invariant under transposition. 
The other two statements follow from the definition of rank and Theorem 1. 
Parts (c) and (d) are proved in Ref. [B2] listed in Appendix 1. Equality in (d) oc- 
curs for A = B = I, for instance. 
28. (2 —1],[4 -1 3]' 


SECTION 6.5. Solutions of Linear Systems: Existence, Uniqueness, 
General Form, page 338 


Purpose. The student should see that the totality of solutions (including the existence and 
uniqueness) can be characterized in terms of the ranks of the coefficient matrix and the 


augmented matrix. 
Main Content, Important Concepts 


Augmented matrix 
Necessary and sufficient conditions for the existence of solutions 
Implications for homogeneous systems 
rank A + nullity A =n 
Background Material. Rank (Sec. 6.4) 


Short Courses. Brief discussion of the first two theorems, illustrated by some simple ex- 
amples. 
Comments on Content 


This section should make the student aware of the great importance of rank. It may be 
good to have students memorize the condition 


rank A= rank A 


for the existence of solutions. 
Students familiar with differential equations may be reminded of the analog of Theo- 


rem 4 (see Sec. 2.8). 
This section may also provide a good opportunity to point to the roles of existence and 
uniqueness problems throughout mathematics (and to the distinction between the two). 


SECTION 6.6. Determinants. Cramer’s Rule, page 341 


Purpose. The first part of this section (on second- and third-order determinants) is mainly 


for reference in other chapters. The main body of the section concerns those properties. 


of nth-order determinants that are needed in practical work, and Cramer’s rule. 


esas tat OE Spek aa hee gs Ss Sener A 
pa ot manatee] 
i 
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so that we obtain 


“x2 + y? + 22 x y z 1 
a ee - te. oy Z 1 
Xg7 + yo" + 7z7 xe Yn 22 i = 
xg t+ yg? + 2z—7 xg yg 23 1 
1 


Xa ty +z xe a 
The sphere through the given points is x? + y? + (z — 1)? = 16. 
(e) For a general conic section the equation is 


ax? + bxy + cy? + dx tey+f-1=0, 
so that we get 


x xy y? x y 1 
xy Wi ON a ON 1 
x9, X2Y2 y2 x2 y2 i =, 
x3 X393 3 %3 ¥3 1 
%4 Xaya Ya Xa ya 1 
x5" %5Y5. Ys" X5 ¥5 1 


SECTION 6.7. Inverse of a Matrix. Gauss—Jordan Elimination, page 350 


Purpose. To familiarize the student with the concept of the inverse A~? of a square ma- 
trix A, its conditions for existence, and its computation. 


Main Content, Important Concepts 
AA“'=A7A =I 
Nonsingular and singular matrices 
Existence of A~+ and rank 
Gauss—Jordan elimination 
(AC)? = C147! 
Cancellation law 
det (AB) = det (BA) = det A‘det B 
Short Courses. Theorem 1 without proof, Gauss—Jordan elimination, formulas (4*) 
and: (7). 
Comments on Content 


Although in this chapter we are not concerned with operations count (Chap. 18), it would 
make no sense to first blindfold the student by using Gauss—Jordan for solving Ax = b 
and then later in numerical analysis correct the false impression by explaining why Gauss 


elimination is better because back substitution needs fewer operations than the diagonal- 


ization of a triangular matrix. Thus Gauss—Jordan should be applied only when A-! is 
needed. 
The “unusual” properties of matrix multiplication, briefly mentioned in Sec. 6.2 can 
now be explored systematically by the use of rank and inverse. 
Formula (4*) is worth memorizing. 
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Main Content, Important Concepts 


Second- and third-order determinants 

nth-order determinants 

General properties of determinants 

Rank in terms of determinants (Theorem 3) 

Cramer’s rule for solving linear systems by determinants (Theorem 4) 


General Comments on Determinants 


Our definition of a determinant seems more practical than that in terms of permutations 
(because it immediately gives those general properties), at the expense of the proof that 
our definition is unambiguous (see the proof in Appendix 4). 

General properties are given for order n, from which they can be easily seen for 
n = 3 when needed. 

The importance of determinants has decreased with time, but will remain basic in eigen- 
value problems (characteristic determinants), differential equations (Wronskians!), inte- 
gration and transformations (Jacobians!), and other areas of practical interest. 


SOLUTIONS TO PROBLEM SET 6.6, page 349 


6. 1 8. —42,640 10. 0 
12. —64 14. 1 16. 2 


18. x =2,y = -3,z=8 
20. TEAM PROJECT. (b) For a plane the equation is ax + by + cz + d-1 = 0,80 
that we get the determinantal equation 


i y Z 
mail V1 21 
x2 y2 22 


x3 ¥3 23 


a eo 
ll 
fan) 


The plane is 3x + 4y — 2z=5. 
(c) For a circle the equation is 

a(x? + y2) + bx +cy+.d:1=0, 
so that we get 


x2 + y? x y 1 

xy + yy? cc eee ty 0 

xy + yo? Xn Yan 1 
[x37 + ys? x3 1 


The circle is x? + y? — 4x — 2y = 20. 
(d) For a sphere the equation is 


a(x? + y? + 27) + bx t+cy+dz+e-1=0, 
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SOLUTIONS TO PROBLEM SET 6.7, page 357 


19 2 -9 
ae (A Hl 2D 
—2 0 


4. Note that due to the special form of the given matrix, the 2 X 2 minor in the 
right lower corner of the inverse has the form of the inverse of a2 X 2 matrix; 
the inverse is 


-l/7 (0 0 
0 5 -13 
0 =3 8 


6. The entries of the inverse are the same as for a diagonal matrix, but their position on 
the other diagonal is different. The inverse is 


0 0 5/2 
0 -5 0 
10/3. 0 0 


8. The given matrix is singular. It is interesting that this is not the case for the 2 X 2 
matrix 


10. Multiply I = (A”)~*A? by A? from the right, A~ = (A2)~A, and this result again 
by A“? from the right. 
12. We obtain 
I=f =(AA7?)' = (A7*A)™ 
a (A7*)TAT a Al(A7})", 
This shows that the inverse of A‘ must be (A~*)’, as we wanted to prove. 
_ 14, Use (1), with A replaced by C, and set C = A7}. 


“20 0 3 2 0 0 4 0 a 

16.6; 0 3 O 1i8.| 3 -1 O 2.|;-2 oO ¥¢ 
ae. ih ek 22 3B 1 ae eee 

10 5 8 4 4 8 4 24 


SECTION 6.8. Vector Spaces. Inner Product Spaces. Linear 
Transformations. Optional, page 358 


Purpose. In this optional section we extend our earlier discussion of vector spaces R” 
and C™, define inner product spaces, and explain the role of matrices in linear transfor- 
mations of R” into R™. 


Main Content, Important Concepts 
Real vector space, complex vector space 


Linear independence, dimension, basis 
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Inner product space 
Linear transformation of R” into R™ 


Background Material. Vector spaces R” and C” (Sec. 6.4), inner product (Sec. 6.2). 


Comments on Content 
The student is supposed to see and comprehend how concrete models (R” and C”; the 
inner product for vectors) lead to abstract concepts, defined by axioms resulting from basic 
properties of those models. Because of the level and general objective of this chapter, we 
have to restrict our discussion to the illustration and explanation of the abstract concepts 
in terms of some simple typical examples. 

Most essential from the viewpoint of matrices is our discussion of linear transforma- 
tions, which in a more theoretically oriented course of a higher level would occupy a more 
prominent position. 


Comment on Footnote 12 

Hilbert’s work was fundamental to various areas in mathematics; roughly speaking, he 
worked on number theory 1893-1898, foundations of geometry 1898-1902, integral equa- 
tions 1902-1912, physics 1910-1922, and logic and foundations of mathematics 
1922-1930. Closest to our interests here is the development in integral equations, as fol- 
lows. In 1870 Carl Neumann (Sec. 4.6) had the idea of solving the Dirichlet problem for 
the Laplace equation (Sec. 9.8) by converting it to an integral equation. This created gen- 
eral interest in integral equations. In 1896 Vito Volterra (1860-1940) developed a gen- 
eral theory of these equations, followed by Ivar Fredholm (1866-1927) in 1900-1903, 
whose papers caused great excitement, and Hilbert since 1902. This gave the impetus to 
the development of inner product and Hilbert spaces and operators defined on them. These 
spaces and operators and their spectral theory have found basic applications in quantum 
mechanics since 1927. Hilbert’s great interest in mathematical physics is documented by 
Ref. [4], a classic full of ideas that are of interest to the mathematical work of the engi- 
neer. For more details, see G. Birkhoff and E. Kreyszig. The establishment of functional 
analysis. Historia Mathematica 11 (1984), pp. 258-321. 


SOLUTIONS TO PROBLEM SET 6.8, page 364 


2. No; nonnegativity is not preserved under scalar multiplication. 


4, Dimension 2. Basis [cos x sin x]. Further examples from differential equations can 
easily be presented to students familiar with these equations. We did not mention this 
explicitly, to keep chapters independent. 


6. Dimension 6, basis 


1 0 0 0 1 £0 0 oO 1 

0 oO O;7, 11 O OO}, }0 oO. O], 

0 oO 0 0 oO oO 1 0 O 
0 oO 0 0 oO O 0 0 0 
0 1 O;, [0 O , |O0 oO 0 
0 oO 0 0 1 0 0 O 


ae nd cs a 
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8. 


10. 
12. 


14. 
22. 
24. 
26. 


28. 
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Dimension 4, basis 


oo ile Ge sae ele eee 
0 o of Li o oj’ Lo 1 of lo o 4 


No 

If another such representation with coefficients k; would also hold, subtraction would 
give 2(c; — k;)a; = 0, hence cj — k; = 0, because of the linear independence. This 
shows the uniqueness. 

VII 16. V38 18, V62 
0.8 + 3.9 + 11.0 = 15.7 < 2.58650V/38 = 15.944 
3 477? + | [1 27" |]? = 25.45 = 25 + 10) 


20. +[0.8 0.6]" 


X= 5y1 — Yo 

X2 = 3y1 — Yo 

xX, = 0.25y, — 0.ly3 30. 4 = y, 

X2 = ye — 0.8y3 X_ = yz. cos 6 — ys sin 0 
x3 = 0.2y3 x3 = yo Sin 6 + yg cos 6 


SOLUTIONS TO CHAPTER 6 REVIEW, page 365 


1 18 13 19 1 ~22 ~2 -12 -12 
12. |-6 -8 2 14. 1 21 15 16. | —12 16 —-9 
—1 7 7 —22 15-38 -12 -9 ~—14 
0 4 1 -9 
18. | —4 0 -2 20. | —34 22. —5 
-1 2 O —13 
24. [9 34 13} 26. x =2,y=—-1,z=4 28. No solution 
30.x%=0,y=2,z=-3 32x=1,2=3y+2 34, x= 2 + By — 8 
36. 2, 3 38. 3,3 40. 2,2 
42. A3 X 3 skew-symmetric matrix is always singular. Hence any product involving B 


or B" is singular, by the theorem on the determinants of products of matrices (Sec. 
6.7, Theorem 4). 


25 -1 —45 
3 | ie | 
—-3.55 —3 8.5 


fe ‘Fy = 12, In = 4, Tz = 16 [amps] 
e i = 4, In aed 5, I; = | [amps] 
. By Kirchhoff’s current law, iy = ig + Ug/Z>. From this, Kirchhoff’ s voltage law, and 


Ohm’s law, 
; 1 
uy = Zyiy + ug = 2,(i, + x9) + Ug. 


This gives the indicated matrix.: 


CHAPTER 7 Linear Algebra: Matrix Eigenvalue Problems 


This chapter is new. Prerequisite is some familiarity with the notion of a matrix and with 
the two algebraic. operations for matrices. Otherwise the chapter is independent of Chap. 
6, so that it can be used for teaching eigenvalue problems and their applications, without 
first going through the material in Chap. 6. 


SECTION 7.1. Eigenvalues, Eigenvectors, page 371 


Purpose. To familiarize the student with the determination of eigenvalues and eigenvec- 
tors of real matrices and to give a first impression of what one can expect (multiple eigen- 
values, complex eigenvalues, etc.). 


Main Content, Important Concepts 


Eigenvalue, eigenvector 

Determination of eigenvalues from the characteristic equation 
Determination of eigenvectors 

Algebraic and geometric multiplicity, defect 


Comments on Content 

To maintain undivided attention on the basic concepts and techniques, all the examples 
in this section are formal, and typical applications are put into a separate section (Sec. 
7.2). 

The distinction between the algebraic and geometric multiplicity is mentioned in this 
early section, and the idea of a basis of eigenvectors could perhaps be mentioned briefly 
in class, whereas a thorough discussion of this in a later section (Sec. 7.5) will profit from 
the increased experience with eigenvalue problems, which the student will have gained 
at that later time. 

The possibility of normalizing any eigenvector is mentioned in Theorem 2, but this will 
be of greater interest to us only in connection with orthonormal or unitary systems (Sec. 
74). 

In our present work we find eigenvalues first and are then left with the much simpler 
task of determining corresponding eigenvectors. Numerical work (Secs. 18.6—18.9) may 
proceed in the opposite order, but to mention this here would perhaps just confuse the 
student. 


SOLUTIONS TO PROBLEM SET 7.1, page 375 


1 1 
2. 0, any nonzero vector . 4. —a, i , a, H 


1 1 oa , 
6. —3i, | , 3i, i . This result is typical because the matrix is skew-symmetric. 
-i i 
We discuss this in Sec. 7.3. 
1 1 
8. 0.8 + 0.6i, | , 0.8 — 0.6i, ] . This is typical, as we shall see in Sec. 7.3; 
-i i 


namely, the matrix is orthogonal, its eigenvalues have absolute value 1, and its de- 
terminant has value 1. 


Sh Niet Ee a ae 
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1 1 1 
12.4, 0],a—V2,|-V2|,a+ V2 ]v2 
-1 1 1 
0 1 . 
14, —2,/0],0,|/0].A=Ohas algebraic multiplicity 2 and geometric multiplicity 1 
1 0 : 


(just as A = 3 in Prob. 13), so that we have no basis of eigenvectors. 


0 -l 
16. | | . The eigenvalues are i and —i. Corresponding eigenvectors are complex, 


1 0 
indicating that there is no direction that is preserved under a Totation. 
1 0 0 ; 1 0 
18. | 0 1 0 | . An eigenvalue is 1, with eigenvectors | 0 | and | 1 | , indica- 
0 0 -1 0 0 


ting that every point in the xy-plane is mapped onto itself. The other eigenvalue is 
—1, with eigenvector [0 0 1]", indicating that every point z, on the z-axis is 
mapped onto its negative —z,. 


2 2 9 | 0 1 
20. | 4 2 0}. The eigenvalue 1 with eigenvectors | 0 | and | 1 | indicates that 
0 0 1 1 . 10 


every point in the plane y = x is mapped onto itself. The other eigenvalue 0 with 
eigenvector [1 —1 0]" indicates that any point on the line y = —x, z = 0 (which 
is perpendicular to the plane y = x) is mapped onto the origin. The student should 
perhaps make a sketch to see what is going on. geometrically. 


SECTION 7.2. Some Applications of Eigenvalue Problems, page 376 


Purpose. Matrix eigenvalue problems are of greatest importance in physics, engineering, 
geometry, etc., and the applications in this section and in the problem set are supposed to 
give the student at least some impression of this fact. 


Main Content 

Applications of eigenvalue problems in 
Elasticity theory (Example 1), 
Probability theory (Example 2), 
Biology (Example 3), 
Mechanical vibrations (Example 4). 


1 


. Short Courses. Of course, this section can be omitted, for reasons of time, or one or two 
of the examples can be considered quite briefly. 


| 


ae ae ae ee ne 
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Comments on Content 
The examples in this section have been selected from the viewpoint of modest prerequi- 
sites, so that not too much time will be needed to set the scene. 

Example 4 illustrates why real matrices can have complex eigenvalues (as mentioned 
before, in Sec. 7.1), and why these eigenvalues are physically meaningful. (For students 
familiar with systems of differential equations, one can easily pick further examples from 
Chap. 3.) 


SOLUTIONS TO PROBLEM SET 7.2, page 379 


2. 


Eigenvalues and eigenvectors are 1.6,[1 —1]" and 2.4,[{1 1]". These vectors are 
orthogonal, as is typical of a symmetric matrix. Directions are ~45° and 45°, re- 


. spectively. 


16. 


. 0.5, [1 —1]7; 1.5, [1 1]". Orthogonality asin Prob. 2. Directions —45° and 45°, 


respectively. 


. 2, [1 137;4, [1 —1]". Directions 45° and —45°, respectively. 
. {1 1 1)". This could be seen without calculation because the matrix also has col- 


umn sums equal to 1, which is not the case in general. 


. The growth rate is 2. The other two eigenvalues are not needed; they could be de- 


termined by dividing the characteristic polynomial by A — 2; they are —1 + V06. 
Growth rate 3. The other eigenvalues are —0.247004 and —2.753. These are not 
needed. 

A has the same eigenvalues as A‘, and A™ has row sums 1, so that it has the eigen- 
value 1 with eigenvector x = [1--- 1]". 

Leontief is a leader in the development and application of quantitative methods in 
empirical economical research, using genuine data from the economy of the United 
States to provide, in addition to the “closed model” of Prob. 13 (where the produc- 
ers consume the whole production), “open models” of various situations of produc- 
tion and consumption, including import, export, taxes, capital gains and losses, etc. 
See W. W. Leontief, The Structure of the American Economy 1919-1939 (Oxford: 
Oxford University Press, 1951), H. B. Cheney and P. G. Clark, Interindustry Eco- 
nomics (New York: Wiley, 1959). 

TEAM PROJECT. (a) Because a polynomial with real coefficients (in our case, 
the characteristic polynomial) has real or complex conjugate zeros. 
(b) A~! exists if and only if det A # 0, but det A = A,Aq + -- A,, as follows from 
the product representation 
D(A) = det (A — AT) = (-1)"( — Ad) A An), 
namely, 
det A = (—1)"(—Ay)(—Ag) ++ + (HAn) = AdAg + Ane 
(c) This follows by comparing the coefficient of A°~* in the expansion of D(A) with 
that obtained from the product representation. 
(d) Ax; = A;x; (x; #0), (A — kDx; = Ajx; — kx; = (Aj — 12x; 
(e) The first statement follows from 
Ax = Ax, (kKA)x = k(Ax) = Kk(Ax) = (kA)x, 


the second by induction and multiplication of A*x; = (°%; by A from the left. 
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(f) From Ax; = A;x; (x; # 0) and (e) follows kp, Ax; = kpAj?x,; and kA%, = 
k,Aj*x; (p 2 0, gq = 0, integer). Adding on,both sides, we see that kpA®” + k,A4 
has the eigenvalue k,A;? + k,A,%. From this the statement follows. 

(g) det (L — AD = —A3 + heleA + ligloilge = 0. Hence A ¥ 0. If all three eigen- 
values are real, at least one is positive since trace L = 0. The only other possi- 
bility is Ay = a + ib, Ay = a — ib, Ag real (except for the numbering of the 
eigenvalues). Then A3 > 0 because [see (b)] 


AyAzAs = (a? + b?)Ag = det L = Iygloylao > 0. 


SECTION 7.3. Symmetric, Skew-Symmetric, and Orthogonal Matrices, 
page 381 


Purpose. To introduce the student to the three most important classes of real square ma- 
trices and their general properties and eigenvalue theory. 


Main Content, Important Concepts 
The eigenvalues of a symmetric matrix are real. 
The eigenvalues of a skew-symmetric matrix are pure imaginary or zero. 
The eigenvalues of an orthogonal matrix have absolute value 1. 
Further properties of orthogonal matrices 


Comments on Content 

The student should memorize the preceding three statements on the locations of eigen- 

values as well as the basic properties of orthogonal matrices (orthonormality of row vec- 

tors and of column vectors, invariance of inner product, determinant equal to 1 or —1), 
Furthermore, it may be good to emphasize that, since the eigenvalues of an orthogonal 

matrix may be complex, so may be the eigenvectors. Similarly for skew-symmetric ma- 

trices. Both cases are simultaneously illustrated by 


0 1 : 1 1 
A= with eigenvectors _ | and ; 
=o 0 i —i 


corresponding to the eigenvalues i and —i, respectively. 


SOLUTIONS TO PROBLEM SET 7.3, page 384 

2. Skew-symmetric if a = 0, symmetric if b = 0, orthogonal if a” + b? = 1. Bigen- 
values a + ib 

4. Orthogonal (a rotation about the x-axis through an angle 6). Eigenvalues 1 and 
cos 6+ isin 6 

6. Symmetric (for real a and k). Eigenvalues a — k (of algebraic and geometric multi- 
plicities 2 when k # 0) and a + 2k 

8. Let Ax = Ax (x # 0), Ay = py (y # 0). Then (Ax)’ = xTAT = xTA = AxT. Thus 
Ax'y = x"Ay = x" wy = px’y. Hence, if A + #, then xy = 0, which proves orthogo- 
nality. 
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10. Yes, for instance 


a 1- a 0 
1-a —a 0}? 
0 0 1 


where -—1 Sal. 
12. No for 3 X 3, yes for 4 X 4, no for 5 X 5. For 3 X 3, 


0 a b 
det | —a 0 c | = —abc + bac = 0. 
-—b -c 0 . 


det A = det(A') = det(—A) = (—1)"det A = O ifn = 3,5,--:. 
14. (a) AT = A~!, B' = B“, (AB)' = BTAT = B-'A~? = (AB)“?. Also (A72)' = 
- (AT)! = (A74)—1. In terms of rotations it means that the composite of rotations and 
the inverse of a rotation are rotations. 


(b) The inverse is . 
| cos 6 sin | 
—sin @ cos 6 ; : 


(c) To a rotation of 16.26°. No limit. For a student unfamiliar with complex num- 
bers this may require some thought. 
(d) Limit 0, approach along some spiral. 
(e) The matrix is obtained by using familiar values of cosine and sine, 
7 ie | 
v2 V3/24 


SECTION 7.4. Complex Matrices: Hermitian, Skew-Hermitian, Unitary 
page 385 

Purpose. This section is devoted to the three most important classes of complex matri- 
ces and corresponding forms and eigenvalue theory. 
Main Content, Important Concepts 

Hermitian and skew-Hermitian matrices 

Unitary matrices, unitary systems 

Location of eigenvalues (Fig. 146) 

Quadratic forms, their symmetric coefficient matrix 

Hermitian and skew-Hermitian forms 


Background Material. Section 7.3, which the present section generalizes. The prerequi- 
sites on complex numbers are very modest, so that students will hardly need any extra 


help in that respect. 

Short Courses. This section can be omitted. 

Comments on Content 

This is the first time in this chapter that the student meets with complex matrices. The 
material is arranged so that the analogy of properties and proofs to those in Sec. 7.3 will 
be apparent. 


Sait seein cnc oie pre ts, 
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___._______The importance of these matrices results from quantum mechanics as well as from math- 


ematics itself (e.g., from unitary transformations, product representations of nonsingular 
matrices A = UH, U unitary, H Hermitian, etc.). 

The determinant of a unitary matrix (see Theorem 4) may be complex. For example, 
the matrix aan 


is unitary and has 
det A =i. 


SOLUTIONS TO PROBLEM SET 7.4, page 390 
2(1-3i S|, f1-—3i —2j" 
4.f1 ya -177 
6. Skew-Hermitian; —i,[-1 +i 2]732i,[1-—i 7 
8. Skew-Hermitian; i,(0 1 0)"; 3i,[-1 0 1]735%,[1 0 17 
10. Hermitian; -2,fi -1—-i 1%0,[-i 0 12 1+: 1] 
12, PROJECT. (a) For A, B unitary, (AB)~! = B-14-1 = B"A" = (AB)’. 
_ We prove the statement about the inverse. Let A be unitary. Set A~! = B. Then 
B'=(A74)'=(A') =(A_) =B. ThusB-2 = B 
(c) AA’ = A? if A is Hermitian, —A? if A is skew-Hermitian, AA~! = I if A is 
unitary. Commutability is now obvious. 
(d) A=H+S,A' =H' +8" =H-S, hence 
AA’ = (H + S)(H — S) = H? — HS + SH — $2. 
Also = 
A A = (H — S)(H + S) = H2 + HS — SH — S2. 
These two expressions are equal if and only if 
—HS + SH = HS - SH. 


This implies that HS = SH, as claimed. 
(e) For instance, 
0 0 
ae 
is not normal. A normal matrix that is not Hermitian, skew-Hermitian, or unitary 


is obtained if we take a unitary matrix and multiply it by 2 or some other real 
factor different from +1. 


; i -2 3 -1 1-1 4 0 
—2 4-6 2 -1 -3 -4 
4./ 0 oO 2| 16. 18. 
ae 3-6 9 -3 4-4 16 0 
1 2-3 41 0 4 0 -4 


20. Skew-Hermitian, 67 
22. Hermitian, a|x,|? + 2 Re [(b + ic)X,x_] + klx9l? 
24. Hermitian, 4 


SE TE eS ONTOS 
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SECTION 7.5. Similarity of Matrices. Basis of Eigenvectors. 
Diagonalization, page 392 


Purpose. This section exhibits the role of bases of eigenvectors in connection with lin- 
ear transformations and contains theorems of great practical importance in connection with 
eigenvalue problems, notably Theorems 1, 4, 5. 


Main Content, Important Concepts 

Similar matrices have the same spectrum (Theorem 1). 

Bases of eigenvectors (Theorems 3, 4) 

Diagonalization of matrices (Theorem 5) 

Principal axes transformation of forms 
Short Courses. Complete omission of this section or restriction to a short look at Theo- 
rems 1 and 5. 


Comments on Content 

Theorem | .on similar matrices has various applications in the design of numerical meth- 
ods (Chap. 18), which often use subsequent similarity transformations to tridiagonalize or 
(nearly) diagonalize matrices on the way to approximations of eigenvalues and eigen- 
vectors: The matrix X of eigenvectors [see (5)] also occurs quite frequently in that con- 


text. : 
Theorem 4 is another result of fundamental importance in many applications, for in- 


stance, in those methods for numerically determining eigenvalues and eigenvectors. Its 
proof is substantially more difficult than the other proofs given in this chapter. 


SOLUTIONS TO PROBLEM SET 7.5, page 397 


“ 3.008 ' —0.544 -17 25 
2 A= ;A=4y= ,x= : 
5.456 6.992 31 25. 


eee ee a 
n=ny=[3]-«=[-,| 
| a | 0 1 -1 0 
6 A=/0 7 3)3;A=1Ly=|-1],y=|0|,x= X= : 
07 2. 2 2 0 0 
1 3 
A=8 y=|3],x=j1 
: 1 
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8. [+ H/2 VV217, [a +a/2 -1/V2]T 


mL 
2 [bl]: [f° 


| 
ea 
wo 


1] fo + 0 0 
14./-1],/1],J/1]/,]/0 2 0 
o}| |1 0 oO ~1 


16. Hyperbola 52y,” — 39y_” = 156, hence 4y,2 — 3y.” = 12; x, = (2y, + 3yp)/V3, 
X_ = (3y, — 2y2)/ V13 

18. Orthogonal straight lines 25y,? + 5Qy,? = 0, that is, the coordinate axes of the 
y-system, a = 0.671 — 0.8y0, x2 = 0.89, + 0.6y2 

20. Ellipse y,” + 16y2” = 16, x1 = (2y, + yo)/V5, x2 = (—y, + 2y)/V5 

22. PROJECT. (a) This follows immediately from the product representation of the 
characteristic polynomial of A. 


n 


nr 
(b) C = AB, cy; = > 441511, Cop = Ds 4z,b,2, etc. Now take the sum of these n 


t=1 t=1 
sums. Furthermore, trace BA is the sum of 
n nr 
11 = > bimmis "8 Cnn = >= Drm 4mns 
m=1 m=1 


involving the same n? terms as those in the double sum of trace AB. 
(c) By multiplications from the right and from the left we readily obtain 


A = p?APp-2 


(d) Interchange the corresponding eigenvectors (columns) in the matrix X in (5). 


SOLUTIONS TO CHAPTER 7 REVIEW, page 398 


1 1 0 1 1 2 
14. 1,/0};0,/1);3,;0 16. —3 1/;3,)1];15,] -1 
0 1 1 -1 2 1 


0 1 2 0 oO -9 
20. Hyperbola —10y,? + Syo? = 10, x; = (y + 2y9)/V5, 5, 2 = (- 2y, + ye)IV5 
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22. Straight lines yp = +yy,, resulting from 13(—y,? + yo”) = 13(y2 + ye — yy) = 
0; xy = (2y1 + 3y2)/V 13, x2 = (—3y1 + 2y2)/V 13 
24. Eigenvalues and eigenvectors are 


aa Bs | eee nee ee eee a 


Be es a tao tog, 


CHAPTER 8 Vector Differential Calculus. Grad, Div, Curl 


Changes 


These are minor. In Sec. 8.6, tangential and normal accelerations are discussed in a 
more concrete fashion. The section on grad, div, and curl in curvilinear coordinates has 
been omitted; this material can now be found in Appendix A3.4, since it is mainly for 
reference. 


SECTION 8.1. Vector Algebra in 2-Space and 3-Space, page 401 


Purpose. We introduce vectors in 3-space given geometrically by (families of parallel) 


directed segments or algebraically by ordered triples of real numbers, and we define ad- 
dition of vectors and scalar multiplication (multiplication of vectors by numbers). 


Main Content, Important Concepts 


Vector, norm (length), unit vector, components 
Addition of vectors, scalar multiplication 


Vector space R°, linear independence, basis 


Comments on Content 

Our discussions in the whole chapter will be independent of Chap. 6, and there will be 
no more need for writing vectors as columns and for distinguishing between row and col- 
umn vectors. Our notation a = [4;, dg, a3] is compatible with that in Chap. 6. Engineers 
seem to like both notations 


a= [@1, ao, az] = ayi + aj + a3k, 


preferring the first for “short” components and the second in the case of longer expres- 
sions. 

The student is supposed to understand that the whole vector algebra (and vector cal- 
culus) has resulted from applications, with concepts that are practical, that is, they are 
“made to measure” for standard needs and Situations; thus, in this section, the two alge- 
braic operations resulted from forces (forming resultants and changing magnitudes of 
. forces); similarly in the next sections. The restrictions to three dimensions (as opposed to 
n dimensions in the previous two chapters) allows us to “visualize” concepts, relations, 
and results and to give geometrical explanations and interpretations. 

On a higher level, the equivalence of the geometric and the algebraic approach (Theo- 
rem 1) would require a consideration of how the various triples of numbers for the vari- 
ous choices of coordinate systems must be related (in terms of coordinate transformations) 
for a vector to have a norm and direction independent of the choice of coordinate sys- 
tems. 


SOLUTIONS TO PROBLEM SET 8.1, page 407 


2. -1, 4, 3; V26 4. —10, 2, -6; V140 6. a,b, c; Va? + b? + 2 


8. —2, 0, -2; V8 10. (0, 0, 1); V13 12. (3, -1, —2); 0 
; 123 


| 
| 
| 


See | Sea RC ET CN SO SERIO ONE See 


ee a 
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14. (3, -1, 6); V46 16. [-3, 2, -1], (9, —6, 31, [-3, 1, —4] 
18. V11, V14 + 3 20. (1/V14) [3, —2, 1], [0, 1, 0] 
22. [27, -19, 2] 24. [8, —3, 8]; V137 26. [0, —10, 0] 
28. [12, 0, 16]; 20 
30. 2 S |p + q| = 10, 12 = |4p — 3q| S 36. Nothing about the direction. 


32. 
34. 


p = —3i, g = —9j, u = 3k. Yes 
TEAM PROJECT. (a) The idea is to write the position vector of P in the figure in 
two ways and then to compare, 


A(a + b) = at pd — a). 


A = 1-— pare the coefficients of a and A = yp those of b. Together, A = ww = 3, ex- 
pressing bisection. 
(b) The idea is similar to that in part (a). It gives 


(c) 
(d) 


(e) 


(f) 


d(a + b) = 4a + pdb — a). 
d =4 — 4y from a and A = 3y from b, resulting in A = 4, thus a ratio 3:1. 
Partition the parallelogram into four congruent parallelograms. Part (a) gives 1:1 
for a small parallelogram, hence 1:(1 + 2) for the large parallelogram. 
In the figure, a + b + c + d = 0, hence c + d = —(a + b). Also, AB = 
4(a + b), CD = 3(c + d) = —3(a + b), and for DC we get +3(a + b), which 
shows that one pair of sides is parallel and of the same length. Similarly for the 
other pair. 
Let v,,° °°, V, be the vectors. Their angle is a = 27/n. The interior angle at 
each vertex is 8 = m7 — (27/n). Put Vv. at the terminal point of v,, then vs at 
the terminal point of vg, etc. Then the figure thus obtained is an n-sided regular 


polygon, because the angle between two sides equals 7 — a = B. Hence 
Vy tv. +--+ + v, = 0. (Of course, for even n the truth of the statement is im- 


mediately obvious). 
Let a, b, c be edge vectors with a common initial point (see the figure). Then the 
four (space) diagonals have the midpoints 
AG: da +b+ec) 
BH: a+3(b+c-—a) 
EC: ¢+3#a+b-— oc) 
DF: b+i(at+e-—b), 


and these four position vectors are equal. 


aB 
Section 8.1. Parallelepiped in Team Project 34(f) 


See cana Ed) Mane ND Noe cd SAC OREN EAS SEY 
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SECTION 8.2. Inner Product (Dot Product), page 408 


Purpose. We define, explain, and apply a first kind of product of vectors, the dot prod- 
uct a*b, whose value is a scalar. 


Main Content, Important Concepts 
Definition (1) 
Dot product in terms of components 
Orthogonality 
Length and angle between vectors in terms of dot products 
Schwarz and triangle inequalities 


Comment on Dot Product 


This product is motivated by work done by a force (Example 2), by the calculation of 
components of forces (Example 3), and by geometric applications such as those given in 
Examples 5 and 6. 

“Inner product” is more modern than “dot product” and is also used in more general 
settings (see Sec. 6.8). 


SOLUTIONS TO PROBLEM SET 8.2, page 413 


2. V4, 2V14, V21 4. -16 

6. —37 8. V27, V14 + 29 

10. us(v — w) = 0. v — wis orthogonal to u. So this does not imply that v — w = 0, 
that is, Vv = w. 

14, 0 16. —82 


18. Yes, because W = (p + q)*d = ped + qed. 
(b -= a)e(c a a) _ [2, 1, 1]¢[0, sb 2] 1 


20. “jb — alle — al = VéV5 = 30 . Answer: 79.5° 
Fr Ae hac Pd 
"la +b] |e] V26V5 V130 ° on 
24. 85.74° 26. 60° 28. 55,.3°, 85.6°, 39.1° 
30. 3 32. 2/Vi1 34. 0 


36. |a + bP? = (a + b)*(a + b) S [al + 2lallb| + |b]? = (lal + |b}? 
38. PROJECT. (a) a, = 1 
(b) a such that Sa, = 2a, with a,? + ay? = 1 
(c) b such that 2b, + b, = 0 and bg arbitrary. Yes 
(d) c = 3/4 
(e) c= -2 
(f) a = [0, 0, 1] is a unit vector orthogonal to b and ¢, and g; = qo = 1/5 gives unit 
vectors b and ¢, which are orthogonal. 


(g) Ifa and b correspond to adjacent sides, to the diagonals there correspond a + b 
and a — b. Orthogonality implies that 


(a + b)*(a — b) = |a? — [bP = 0, - fal = |b). 
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SECTION 8.3. Vector Product (Cross Product), page 414 


Purpose. We define and explain a second kind of product of vectors, the cross product 
a X b, which is a vector perpendicular.to both given vectors (or the zero vector in some 


cases). 
Main Content, Important Concepts 
Definition of cross product, its components (2), (2**) 
Right- and left-handed coordinate systems 
Properties (anticommutative, not associative) 
Scalar triple product 


Prerequisites. Elementary use of second- and third-order determinants (see the beginning 
of Sec. 6.6). 


Comment on Motivations 

- Cross products were suggested by the observation that in certain applications, one asso- 
ciates with two given vectors a third vector perpendicular to the given vectors (illustra- 
tions in Examples 4-6). Scalar triple products can be motivated by volumes (Example 7) 
and linear independence (Theorem 1). 


SOLUTIONS TO PROBLEM SET 8.3, page 421 


2. [8, 12, —13], [-8, —12, 13], 0, 0 4, [8, 12, 18] 

6. 0, 0, 13 8. [4, -2, —27] 

10. 0 12. [-16, —24, 0], 0 
14. —62, —62 16. 32, 32 

18. 1776 


20. v = [3, 0, 0] x [2, 2, 2] = [0, —6, 6], |v] = V72 

22. m = [—3, 4, 0] x [2, 1, 0] = [0, 0, —11] 

24. m = [—3, —1, 2] x [3, —1, 2]:= [0, 12, 6] 

26. The area is obtained as the length of the cross product of two edge vectors, 


[4-—1, -2-1, 0)x (9-1, 3-1, OJ =[0, 0, 30). 


Answer: 30. 

28. [4-2, -1-1, 0] x{6-—2, 3-1, O} =[0, 0, 12]. Answer: 6 

30. (2-1, 0-3, 8-0] x (0-1, 2-3, 2 — 0] = 22, —10, —4]. Hence 
2x — 10y — 4z = c with c = —28 obtained by inserting one of the three points. 

32. 10 

34, Edge vectors are [3 — 1, 7 — 3, 12 — 6], [8 - 1, 8 — 3, 9 — 6], 
[2—1, 2-3, 8 — 6]. The mixed triple product of these vectors is —90 (or +90). 
Answer: 15. 

36. Their determinant is 220. Answer: Yes. 

38. TEAM PROJECT. (a) |a x bi? = |al{b/? sin? y = |al*|b/?l — cos? y) = 
(aea)(beb) — (ae)? 
(b) We choose a right-handed Cartesian coordinate system such that the x-axis has 

the direction of d and the xy-plane contains c. Then the vectors in (b) are of the 


nee) RTT EO aT OTT 
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form 
b = [b,, bo, bg], ¢ = [cy, ce, 0}, d = [d,, 0, 0]. 
Hence by (2**), 
i j k i j k 
exd=ic Cy O| = —codjk, b x (c X d) = |d, bo bg 
d, 0 0 0 0 ~cod, 


The determinant on the right equals [—becod,, biC2d,, OJ. Also, 
(bed)c — (bee)d = byd,[cy, Co, 0] — yc, + bzC2)[dj, 0, 0] 
= [—beced;, by dico, 0]. 
This proves (b) for our special coordinate system. Now the length and direc- 
tion of a vector and a vector product, and the value of an inner product, are in- 
dependent of the choice of the coordinates. Furthermore, the representation of 
b X (c X d) in terms of i, j, k will be the same for right-handed and left-handed 


systems, because of the double cross multiplication. Hence, (b) holds in any Carte- 
sian coordinate system, and the proof is complete. 

(c) This follows from (b) with b teplaced by a X b. 

(d) a*[b X (ec x d)] equals(a _b [ce x d]) = (a X b)*(e x d) by the definition 
of the triple product, as well as (aec)(bed) — (a*d)(bec) by (b) (take the dot 
product by a). 


SECTION 8.4. Vector and Scalar Functions and Fields. Derivatives, 
page 423 


Purpose. To get started on vector differential calculus, we discuss vector functions and 
their continuity and differentiability. 


Main Content, Important Concepts 
Vector and scalar functions and fields 
Continuity, derivative of vector functions (9), (10) 
Differentiation of dot, cross, and triple products, (1 1)-(13) 
Partial derivatives 


Comment on Content 
This parallels calculus of functions of one variable and, if known to students, can be sur- 
veyed quickly. 


SOLUTIONS TO PROBLEM SET 8.4, page 427 
2. Ellipses 4. Circles 6. Hyperbolas 
ao 1 \2 
8. Circles ( = x) + y? = ree) 


10. CAS PROJECT. Note that all these functions occur in connection with solutions of 
Laplace’s equation; so they are real or imaginary parts of complex analytic functions. 
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For example, (f) occurs in connection with In cos z. A CAS can graphically handle 
these more complicated functions, whereas the paper and pencil method is relatively 
limited. This is the point of the project. 

12. Elliptic cylinders 

14, Paraboloids of revolution 

16. Congruent cylinders whose cross section in the yz-plane is a quadratic parabola 

18. Note that each field vector equals the position vector of the corresponding point. 

20. Note that each field vector is orthogonal to the position vector of the corresponding 
point, as for the velocity field of a rotation. 

26. —yz sin xyz (i+ j), —xzsin xyz Gi + j), —xy sinxyz i+ j) 

28. [e* cosy, e*siny, O],[—e*siny, e*cosy, 0] 


30 x Ty y x 
: x2 + y?’ x? + y? 2 x2 + y?? x2 + y? 


SECTION 8.5. Curves. Tangents. Arc Length, page 428 


Purpose. Discussion of space curves as an application of vector functions of one variable 
and in view of later use of curves in mechanics (Sec. 8.6) and in line integrals (Chap. 9). 


Main Content, Important Concepts 


Parametric representation of curves (1) 
Tangent vector, tangent, (7)—(9) 
Arc length s 

Comment on Problems 27-32 


These involve only integrals that are simple (which is usually not the case in connection 
with lengths of curves). 


SOLUTIONS TO PROBLEM SET 8.5, page 433 


2. rH =[-1+ 3, 3+4 8] 

4.r(¢)=[1-4 1+4 1-4 

6. r() = [44, 44 4] 

8 ri) =[a+4t, b+ (2-—2b)t, c-1] 

10. Helix on an elliptical cylinder 

12. Circle in the xy-plane with center at (a, b, 0) 

14. Ellipse in the plane z = 4 

16. Only the portion corresponding to x 2 0 

18. Hyperbola (V3 cosht, 2sinht, 1] 

20. Helix [3 cost, 3sint, 52] 

22. (a) r'(t) = [—2sint, 2cost, O],u = 4dr’ 
(b) r'(P) = [-V2, V2, 0], w(P) = [-1/V2, 1/V2, 0] 
(c) q(w) = [V2 —- V2w, 2+ V2w, 0] 

24, (a) r'(t) =[—2sint, 2cost, 1],u = (/V5)r'(t) 
(b) r’(P) = [0, 2, 1], u(P) = [0, 2v5, 1/V5] 
(c) q(@w) = [2, 2w, w] 


RAS TIN Oe | 
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26. (a) w= (1 + 492 + 974)-12Gq 4 2tj + 317k) 
(b) u(P) = 14-4 + 2j + 3k) 
(©) (1+ wit (1 + 2wj t+ + 3wk 


28. 27V a? + c? 


30. r’ = —3a cos? t sin t i + 3a sin? t cos tj 
r’er’ = 9a cos* t sin? ¢ + 9a? sin* t cos? t 
2 anc2 ¢ cin? 9a? 2 
= 9a" cos* t sin? t = at sin* 2t. 
This gives as the length in the first quadrant 


pe mse = 
ie Te ie: = q (08 © cs) =" 


Answer: 6a. 
32. From the given representation we get dp = asin 6 dé. Hence 
ds? = a*(1 — cos 6)? dO? + a? sin? 6 d62 = 2a*(1 — cos 6) de? 
where 1 — cos @ = 2 sin? 48, so that the total length is 
Qa 


1=2af sind¢d@ = —4a(cos w — 1) = 8a. 
oO 


SECTION 8.6. Velocity and Acceleration, page 435 


Purpose. To show the role of parametric representations and of derivatives in connection 
with motions in mechanics. 


Main Content, Important Concepts 
Velocity vector 
Acceleration vector, its tangent and normal components 
Angular speed 
Centripetal acceleration 
Coriolis acceleration 


Short Courses. This section (and the next two sections) can be omitted. 


SOLUTIONS TO PROBLEM SET 8.6, Page 439 


2. V = costi,a = —sinti= Atang: Anorm = 0 
4. v = —4sin 2ti — 4 cos 2tj, a = —8 cos 2ri + 8 sin 2t j, tang = 0, Anorm = a, aS 
in Example 1. 
6. v = —sinti + 2 cos 2tj, a = ~costi — 4 sin 2t j, 
ary 3 sin 2t — 4 sin 41 
tang = Wwe Y= ‘sin? t + 4 cos? 2t V, Anorm = a — Atang: 


The path looks like an infinity sign, with a double point at the origin, corresponding 
to t = a/2 and 37/2. 


Snail centennial 
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8. CAS PROJECT. (a) v = [—2sint — 2sin2t, 2cost — 2 cos 2t]. From this we 
obtain |v? = vev = (—2 sint — 2 sin2/)” + (2 cost — 2 cos 2t)”. Performing the 


squares and simplifying gives 
lvi? = 8(1 + sin ¢ sin 2t — cos t cos 2f) 
= 8(1 — cos 3t) 
3t 
= 16 sin? —. 
sin” > 
Hence 
= 4sin—. 
lv| sin > 
a=[-2cost—4cos2t, —2sint+ 4sin2f]. 


We use (4*). By straightforward simplification, 


aev = 12(cost sin 2t + sint cos 2f) 


= 12 sin 32. 
Hence (4*) gives 
_ 12 sin 3t 
Mtan "16 sin? (31/2) 
A@norm = 8 — Atan: 


(b) v = [—sint — 2 sin2t, cost — 2 cos 21] 
lv? = 5 — 4 cos 3t 
a =[-cost —4cos2t, —sint + 4sin 2¢] 
6 sin 3t 


= ———_[-—sint — 2sin2t, cost — 2 cos 2t] 


Atan 5 — 4008 3t 
Anorm = 2 — Atan 
(c) v=[-sint,2cos2t, —2 sin 2t] 
lvl? = 4 + sin??t 
a=[-cost, —4sin2t, -4cos 2] 
3 sin 2t . ; 
Aatan = reer [-sint, 2cos2t, —2 sin 2¢] 
Anorm — 4 — Atan 


(d) v = [ccost—ctsint, csint + ctcost, cl] 


lvl? = c2(¢? + 2) 


az {—2c sin t — ct cos t, 2c cos t — ct sin t, 
eee [cost —tsint, sint+tcost, 1] 
a cos sin?, sin cos f, 
tan 2 +2 


Qnorm = 4 — Atan 


This is a spiral on a cone. 


0) 
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10. v = [—sint, 2cos ¢], |v? = 4 cos? ¢ + sin? ¢ is minimum at +7/2 and maximum 
at 0 and a. Also, a = [—cost, —2 sin], and |a| is minimum at t = 0 and 7 (on 
the x-axis) and maximum at + 77/2 (on the y-axis). Finally, 

3 sin t cos t 


atian = ST i[sin tt, S —2 cost 
tan sin? t + acne J 


A@norm =~ 4 — Atan 

12. r = 2*b, v = 2th + tb’, a = v’ = 2b + 4th’ + 22b". Answer: 4th’ 

14, R = 3.85- 108m, _|v| = 2a R/(2.36 - 108) = 1025 [m/sec], |v] = oR, 
|al = wR = |v|?/R = 0.0027 [meter/sec?], which is only 2.8 - 10~* g, where g is the 
acceleration due to gravity at the earth’s surface. 

16. R = 3960 + 450 = 4410 [mi], 27R = 100Jv|, |v| = 277.1 mi/min, g = |al = 
w*R = |v/?/R = 17.41 [mi/min?] = 25.53 [ft/sec?] = 7.78 [meters/sec?]. Here we 
used |v| = wR. 


SECTION 8.7. Curvature and Torsion of a Curve. Optional, page 440 


Purpose. To complete the discussion of the foundations of differential geometric curve 
theory. We leave this section optional because we shall not refer to curvature or torsion 
in our further work. 


Main Content, Important Concepts 


Curvature 
Torsion 


Frenet formulas 


Short Courses. Omit this section. 


SOLUTIONS TO PROBLEM SET 8.7, page 443 
2. We denote derivatives with respect to t by primes. In (1), 
dr , at at 


1 
SS et Se ie 4y-1/2 2 
u ds r a ie a (rer )7, we (12), Sec. 09 


Thus in (1), 
where 
“ = (“) < = Lp! ep')-32 2¢g"or' rer’)? 
= —(ler'yeler!)?, 
Hence 


d 
- = r(r'er’)-1 = r’ (rer )(r’er’)-? 


Saeny eae eet 
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du d 
See Eee)? = Deron! Pelee!) + (ela) Beeler'y? 


= ("er \(r’er’)-2 = er’ )(r'er’)-3, 
Taking square roots, we get (1'). 
. Ellipse x?/a? + y?/b? = 1, « = ab(a? sin? t + b? cos? 1)-3” 
. Hyperbola, x = 2|cx3|/(x* + c*)3? 
. Hyperbola x? — y? = 1, (cosh? t + sinh? 1)~?? 
10. r= —p*(u X p)’ = —pe(u’x p+ uxp’)=0-( u p’)=+(u p p’) 


a [ds de Pe [ds ae ae (ds, 
“ds dt/ dt’  ds®  dt?/ \ at > ds? dt? / \ dt : 


where the dots denote terms that vanish by applying familiar rules for simplifying de- 
terminants; thus 

_ 1 (ar dr d*r\ | 1 dr ar d*r 

Te \ds ds? as?) (asian Nar aa 
Now use (1’) and formula (12) in Sec. 8.5. 

14. cha? + c?) 
16.p=bxu,p’=b' xu+bxu =—-cpxut+bx «wp 

= —7(—b) + «K(—-u) 


OND & 


SECTION 8.8. Review from Calculus in Several Variables. Optional, 
page 443 


Purpose. To give the student a handy reference and some help on material known from 
calculus, if needed. 


SOLUTIONS TO PROBLEM SET 8.8, page 446 
2. g'/h — gh' Ih? 
4. dQ —¢t-— sint) snt + (1 + t+ cost) cost 
6. 4u, 40 
8. 4u3@v* — 4 + v4), 4u4(u3 — v5). 
10. This follows from (1). Answer: 3x? + 2(x? + y?)2x, 3y? + 2(x? + y?)2y. 


SECTION 8.9. Gradient of a Scalar Field. Directional Derivative, page 446 


Purpose. To discuss gradients and their role in connection with directional derivatives, 
surface normals, and the generation of vector fields from scalar fields (potentials). 


Main Content, Important Concepts 
Gradient, nabla operator 
Directional derivative, maximum increase, surface normal 
Vector fields as gradients of potentials 


Laplace’s equation 
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Comments on Content 
This is probably the first section in which one should no longer rely on knowledge from 
calculus, although relatively elementary calculus books usually include a passage on gra- 


dients. 
Potentials are important; they will occur at a number of places in our further work. 


SOLUTIONS TO PROBLEM SET 8.9, page 452 
2. [y, x], f1, 1] 4, [2x, 18y], [-4, 36] 


6. [e” sin y, e” cos y], [V2, V2] 


8. —(cos(x + z)) [1, 0, 1), |-45 , 0, -<5| 


10. 7 + y*)"Ly, —x], [&, -#] 
12. —2e**-*? f(x sin 2xy + ycos 2xy)i + (x cos 2xy — y sin 2xy)j], 
—2(sin 2+ cos 2)i — 2(cos 2 — sin 2)j 


14. The direction of 61 — 5j 16. (1/V5)[2, 1] 
18. (a? + b? + c?)~¥? [a, b, c] 20. (1/V11){1, 1, 3] 
22. xyz 24. ye” +z 


26. 31n (x? + y?) 
28. PROJECT. The first formula follows from 


[FB aco (F8)y> (£82) = [fk fy8 F28] + [Fen fy, Fecl- 


The second formula follows by the chain rule, and the third follows by applying the 
quotient rule to each of the components (f/g),,, ( flg)y, (f/g), and suitably collecting 
terms. The last formula follows by two applications of the product rule to each of the 
three terms of V?. 

30. V5 32. 1/(2V2) 

34. 2V3 


SECTION 8.10. Divergence of a Vector Field, page 453 
Purpose. To explain the divergence (the second of the three concepts grad, div, curl) and 
its physical meaning in fluid flows. , 
Main Content, Important Concepts 

Divergence of a vector field 

Continuity equations (5), (6) 

Incompressibility condition (7) 
Comment on Content 
The interpretation of the divergence in Example 2 depends essentially on our assumption 
that there are no sources or sinks in the box. From our calculations it becomes plausible 
that in the case of sources or sinks the divergence may be related to the net flow across 


the boundary surfaces of the box. To confirm this and to make it precise we need inte- 
grals; we shall do this in Sec. 9.8 (in connection with Gauss’s divergence theorem). 


Se eT re eae 
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Moving div and curl to Chap. 9? 

Experimentation has shown that this would perhaps not be a good idea, simply because 
it would combine two substantial difficulties, that of understanding div and curl them- 
selves, and that of understanding the nature and role of the two basic integral theorems 
by Gauss and Stokes, in which div and curl play the key role. 


SOLUTIONS TO PROBLEM SET 8.10, page 456 


2. 2x + 2y + 2z 4. 0 

6. 0 8. 6xyz 

10. w X Fr = (Woz — wsy)i + (Wax — w1z)j + (wiy — wox)k shows immediately that 
div v = 0 because the first, second, and third components do not depend on x, y, 
respectively. 


12 i+ j + vek Oe og Digg Bey i. H di 1 d 
. — = 1 ——. —— a : Cc = F 
V = U4yi + Voj + vs 7 at j dt xi. Hence div v an 
ax d a. 
= ia eae 0 = 0. 


a ad a 
By integration, x = cye’, y = co, Z = Cz, and r = xi + yj + zk. Hence 
r(0) = Ci + Coj + C3k and r(1) = cyei + CoJ + Ck. 
This shows that the cube in Prob. 11 is transformed into the rectangular parallelepiped 
bounded by x = 0,x = e, y= 0, y = 1,z = 0, z = 1, whose volume is e. 
14. 4(x — y)/x + y)3 
16. 0 


18. 2 cosh 2x — 2 cosh 2y 
20. —1/V x? + y?. Equation (3) is simpler than differentiation. 


SECTION 8.11. Curl of a Vector Field, page 457 


Purpose, Content 

We introduce the curl of a vector field (the last of the three concepts grad, div, curl) and 
interpret it in connection with rotations [Example 2 and the remarks on (3) and (4)]. A 
main application of the curl follows in Sec. 9.9 in Stokes’s integral theorem. 


SOLUTIONS TO PROBLEM SET 8.11, page 459 


2. 3k 4. 0 
6. [sinz, 0, —cos y] 
8. curly = —4yk, divv = 0, imcompressible, v = [x’, y’, z’] = [2y, 0, 0], 


y =O y=e,2 =0,z= a, x = 2y? = 2c97, x = 2c97t + cy 

10. curl v = [0, 0, (cosec x)’], div v = sec x tan x, v = [x’, y’, z'] = [sec x, cosec x, 0], 
x" = secx, cosx dx = dt, sinx = t + cy, x = arc sin(t + c,), y' = cosecx = 
1Xt + cy), y = In(t + cy) + cg, Zz = Cg 

12. curly = (17/4)k, incompressible, v = x'i + y'j + z'k = —4yi + 4xj; hence 
(a) x’ = —4y, (b) y’ = 4x. Now (b) gives x = Ly’. From this and (a) we obtain 


abel 


See ee 


14. 


16. 
18. 
20. 
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xx’ = —(4y)(4y’). By integration, x?/2 = ~y?/32 + const, x® + (y/4)? = const. 

The streamlines are ellipses. 

PROJECT. Parts (b) and (d) are basic. They follow from the definitions by direct 

calculation. Part (a) follows by decomposing each component accordingly. 

(c) In the first component in (1) we now have fug instead of v3, etc. Product differ- 
entiation gives (fus), = fy¥3 + f(V3),. Similarly for the other five terms in the 
components. f,Uv3 and the corresponding five terms give (grad f) x v and the 
other six terms f(U3),, etc. give f curl y. 

(d) For twice continuously differentiable f, for which the mixed second derivatives 
are equal, this follows from Vf = f,i + f,j + f,k and (1), which gives 


curl (Vf) = [Gay — Goeli + (G2). — Gol + [Ge Gayl 
(e) Write out and compare the twelve terms on either side. 
0, 0 
[-xy + zx — 23, -yetxy—x7, -zxtyz—y?| 
NS 2 Se Py Oy] 


Solutions to Chapter 8 Review, page 461 


14. 
18. 
20. 
22. 
26. 
28. 
30. 
32. m 


34. 
36. 


38. 
40. 
42. 
44, 
46. 
48. 
50. 


—1716 16. [16, —60, —6], 0 
[156, 104, —124], [2, —6, 0] 
(1/V14) [3, 1, —2], (1/52) [4, —6, 0] 


0, [—46, 106, —16] 24. V72 < V14+ V74 
arc cos (—8/V 14-74) = 104.4°, 0 (orthogonal vectors) 

p= (1,2, =7] 

a*b/|b| = 12/V18 = 2V2 


=r xX p=[-~1, 2, 0] X [3, 8, 0] = —14k. The minus sign indicates that the ten- 
dency of rotation is in the clockwise sense. 

2/3 

v = [—3 sin, —2 cos ¢, 4] = [—3/V2, —V2, 4], |v] = 3V3/2, 


a = [—3 cost, 2sint, 0] 


[2y?(x — 2), 2y(x — 2)”, ~2y*a — 2], 0 

[-2, —4, —2], [2y, 6z, 4x] 

2y(3x — z) 

—Axy + 2y? + 2xz — yz — 22? 

0 

0, 0 

0 because this is a scalar triple product corresponding to a determinant with two equal 
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SECTION 9.1. Line Integrals, page 464 


Purpose. To explain line integrals in space and in the plane conceptually and technically 
with regard to their evaluation by using the representation of the path of integration. 


Main Content, Important Concepts 
Line integral (3), (3'), its evaluation 
Its motivation by work done by a force 
General properties (8) 

Dependence on path (Example 3) 


Background Material. Parametric representation of curves (Sec. 8.5); a couple of review 
problems may be useful. 
Comments on Content 
The integral (3) is more practical than (7) (more direct in view of subsequent material), 
and work done by a force motivates it sufficiently well. 

Independence of path is settled in the next section. 


SOLUTIONS TO PROBLEM SET 9.1, page 470 


2. 6/5 
4. For instance, r = [2 — 2r, 2f],0 St S 1. Answer: —4/15 
6. For instance, r = [t, t?/2]. Answer: 0 
8. F(C) = [2cost—t, t—2sint, 2sint — 2cos@]. Answer: —8m + 27? 
10. F(C) = [cosh zt; sinh (17), exp (¢°)], F(C)er’ = 
cosh t + 2¢ sinh (t7) + 327 = (t), Answer: sinh 2 + cosh 4 + e® — 2 ~ 3010 
12. PROJECT. o For t= Pe we obtain r’ = [—2p sin p*, 2p cos p ‘|, 
F(C) = [—cos* p”, cos p” sin p”], so that the integrand is 4p cos” p? sin p?. 
Integration gives 5 0p) cos® p”, hence 4/3, in agreement with the result for the 
given representation. 
(b) r’ = [1, nt”—4], FCC) = [-27, #**4], the integrand is —/? + nt?”. By inte- 
gration, 
1 n 
+ : 
3 2n+ 1 


(c) The limit is —} + 3 = 4. Direct integration from (0,0) to (1,0) and then to (1,1) 
3 
gives the same, share the two summands correspond to the horizontal and the 
vertical part of the path. 


14. ds/dt = Vr'er' = 2, J 32 cos® t sin t dt = 8 
0 


3 
16. ds/dt = V2 + 42, I (2 + 41) dt = 6 + 36 = 42 
0 


2 er 


pn ne SS ant 
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2 
18. ds/dt = cosh t, J (1 — sinh? 4) cosh ¢ dt = sinh 2 — 3 sinh? 2 ~ —12.276 
0 


20. ds/dt = V9 sin? t + 4 cos*t, i) 6(9 sin? t + 4 cos? t) dt = 399 
0 


SECTION 9.2. Line Integrals Independent of Path, page 471 


Purpose. Independence of path is a basic issue on line integrals, and we discuss it here 
in full. 


Main Content, Important Concepts 


Definition of independence of path 

Relation to gradient (Theorem 1), potential theory 
Integration around closed curves 

Work, conservative systems 

Relation to exactness of differential forms 


Comment on Content 

We see that our text pursues three ideas by relating path independence to (i) gradients 
(potentials), (ii) closed paths, and (iii) exactness of the form under the integral sign. The 
complete proof of the latter needs Stokes’s theorem, so here we leave a small gap to be 
easily filled in Sec. 9.9. 


SOLUTIONS TO PROBLEM SET 9.2, page 477 


2. f = e* cos y. Answer: 1 
4. f = sinx cos 2y. Answer: 1/V2 — 1 
6. f = 3xy + 27. Answer: 16 
8. f = cos xz + sin y. Answer: —1 
10. PROJECT. (a) 2y” # x? from (6”). 
(b) r=[t, bt],0 StS 1, represents the first part of the path. By integration, b/4 
+ 57/2. On the second part, r = [1,4,b StS 1. Integration gives 2(1 — b%)/3. 
Equating the derivative of the sum of the two expressions to zero gives b = 1/V2. 
The corresponding maximum value of I is 16/2) + 2/3 = 0.78452. 
(c) The first part is y = x/c orr = [t, t#/c],OStSc. The integral over this por- 
tion is c?/4 + c/2. For the second portion r = [#, 1],c StS 1 the integral is 
(1 — c*)/3. For c = 1 we get J = 0.75, the same as in (b) for b = 1. This is the 
maximum value of J for the present paths through (c, 1) because the derivative 
of J with respect to c is positive for0 Sc S 1. 
12. Dependent on path 
14. Independent of path, f = xyz, abc 
16. Dependent on path 
18. Dependent on path 
20. Independent of path, f = zcosh y — x”, c cosh b — a? 
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SECTION 9.3. From Calculus: Double Integrals. Optional, page 478 


Purpose. We need double integrals (and line integrals) in the next section and review 
them here for completeness, suggesting that the student go on to the next section. 
Comment 

Definition, evaluation, and properties of double integrals 

Some standard applications 


Change of variables, Jacobians 


SOLUTIONS TO PROBLEM SET 9.3, page 484 


2. Integrate over y to get 
4 


J G+ 2%) dx =, 


0 


as before. 
4. This order of integration is less practical because we have to split the integral into 
two parts, 


0 3 3.3 
J J (x? + y?) dy dx + i i (x? + y?) dy dx. 
—3~ —x O-x 
By integration over y we get from the first part 


0 27 3 
J Jporo+ Zee dx = 27. 


The other part gives 27, too. Answer: 54. 


6. After the integration over y we have 
ala 
1 
i 5 (00s? x — sin? x) dx = ara: ae 


8. We now have 


2 2 2 
| J sinh & + ») dydx = f [cosh 2 + x) — cosh 2x] dx = } sinh 4 — sinh 2. 
O"a 0 . 


10. After the integration over x we have 


| 1 
i — cos’ y sin y dy = — 
o 3 16° 
1 1-2? 1-22 
12 dy dz dx = — 
is) J, 4 5 
14. 26/3, h/3 
4 m2 .a 4 a2 48 4a 
16. a J (eos 6) r dr d@ = aa. sane aie 


18. 1,, = bh?/12, I, = 7b*h/48 
20. 1, = h°(3b + a)/12, I, = h(a* — b*)(48(a — by) 


ee en | 


ac Pel ed 


Instructor’s Manual 139 


_——_-C.:.-—O HH eee 


SECTION 9.4. Green’s Theorem in the Plane, page 485 


Purpose. To state, prove, and apply Green’s theorem in the plane, relating line and dou- 
ble integrals. 

Comment on the Role of Green’s Theorem in the Plane 

This theorem is a special case of each of the two “big” integral theorems in this chapter, 
Gauss’s and Stokes’s theorems (Secs. 9.7, 9.9), but we need it as the essential tool in th 


proof of Stokes’s theorem. : 
The present theorem must not be confused with Green’s first and second theorems in 


Sec. 9.8. 


aT eee | SORES NCES SOO er 


SOLUTIONS TO PROBLEM SET 9.4, page 490 


2. 4 : | 
4, F = grad x*y?. Answer: 0 : 


aw .xlo 


6. J i (—cos y — sin x) dydx = -—1 — 7+ wcosl 
0-0 
3 3x2 : 3 
8. J J (-coshx — sinhy)dydx = if (coshx — 2xcoshx ~ cosh 3x) dx 
1“x 1 
= 2(cosh 3 — cosh 1) + sinh 1 — 4(14 sinh 3 + sinh 9) 
1 .« ; 
10. { { 2xsinh 2y dy dx = 40 — sinh 2 — cosh2 + 2 sinh 2) = 4(1 — e~2) 
0-2? ‘ 


12. r’ = [a(1 — cos), asin], 


ar 
A= —4a? | [@ — sind) sin t — (1 — cos #)?] dt = 37a? Z 
Qo a 


Here, the minus sign was needed because the sense of integration was such that the 
region was to the right of the curve. 
14, e? + 2e —3 ~ 9.83 
16. V?w = 0. Answer: 0 
18. Vw = 20(x%y + xy?) = 20xy(x? + y?) = 20r* cos 6 sin 9, so that we obtain 


af2 1 ; 20 p72 5 
J J 20r cos 6 sin @rdr do = — [ . cos Osin 9d6 = —., ! 
0 ~o 6 “o ae 


20. PROJECT. We obtain divF in (11) if we take F = [F2, —F,]. Taking 
n = [y’, —x’] as in Example 4, we get from (1) the right side in (11), 
dx 


| 
dy 
(Fen) ds = Fo — + Fy — ds = F, dy + F, dx. i 

ds ds 


Formula (12) follows from the explanation of (1'). 
Furthermore, div F = 7 — 3 = 4 times the area of the disk of radius 2 gives 1677. i 
For the line integral in (11) we need i 


Se | 

5 _ 8 wa s | 
r= |2cos>,2sin—], rv’ =| -sin—,cos~|, n= [y’, -x’]. 
2 2 2 i 

} 

if 

| 

i 

i 
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This gives 
4a 
Fends = > (7xy' + 3yx')ds={  {14.cos? = — 6 sin? ~) as = 167. 
p nds $ Oxy yx’) i"( cos 5 sin” >} ds oe 
In (12) we have curl F = 0 and 
Fer’ = —14cos = sin ~ 6 cos = sin = —10sins, 


which gives zero upon integration from 0 to 47. 


SECTION 9.5. Surfaces for Surface Integrals, page 491 
Purpose. The section heading indicates that we are dealing with a tool in surface inte- 
grals, and we concentrate our discussion accordingly. 
Main Content, Important Concepts 
Parametric surface representation (2) (see also Fig. 221) 


Surface normal vector N, unit surface normal vector n 


Short Courses. Discuss (2) and (4) and a simple example. 


Comments on Text and Problems 
The student should realize and understand that the present parametric representations are 
the two-dimensional analog of parametric curve representations. 

Problems 1-10 concern some standard surfaces of interest in applications. We shall 
need only a few of these surfaces, but these problems should help students grasp the idea 
of a parametric representation and see the relation to representations (1). Moreover, it may 
be good to collect surfaces of practical interest in one place for possible reference. 


SOLUTIONS TO PROBLEM SET 9.5, page 495 


2. uk; note that this normal vector becomes the zero vector at the origin, where (4) is 
violated. 

4. z= x? + y?, circles, parabolas, [—-2u2 cosv, —2u?sinv, ul] 

6. x"/a? + y/b? + 2/c? = 1, ellipses, 


[bc cos? v cos u, ac cos” v sin u, ab cos v sin v] 
8. x2/a? + y*/b? — 27/c? + 1 = 0, ellipses, hyperbolas, 
[-be sinh? ucosv, —acsinh?usinv, abcoshusinhu] 


10. z = arc tan (y/x), helices, horizontal straight lines, [sinv, —cosv, u] 
12. [u, v, u], [-1, 0, 1] 

14, [2cosu, 3sinu,v],[3cosu, 2sinu, 0] 

16. [2cosucosu, 1+2cosusinu, —2 + 2sinv], 


[4cosucos?v, 4sinucos?v, 4sinv cos v] 


18. [2ucosv, usinv, 2u],[—2ucosv, —4usinv, 2u] 
20. At the origin, in Prob. 3 because of the apex of the cone, in the other problems be- 
cause of the representation. : 


| 
| 


Cen e ae |e BORO a OER 
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22. Because r,, and r, are tangent to the coordinate curves v = const and u = const, re- 
spectively. 
24. (16x? + y® + 81z*)-1” [4x, y, 9z] 
26. (1 + 25x? + 25y?)— 2 [5y, 5x, —1] 
28. (x? + y? + 2)" fy, —y, Z] 
30. PROJECT. (a) r,,(P) and r,(P) span 7(P). r* varies over T(P). The vanishing of 
the scalar triple product implies that r* — r(P) lies in the tangent plane T(P). 
(b) Geometrically, the vanishing of the dot product means that r* — r(P) must be 
perpendicular to Vg, which is a normal vector of S at P. 
(c) Geometrically, f,(P) and fy(P) span T(P), so that for any choice of x*, y* the 
point (x*, y*, z*) lies in T(P). Also, x* = x, y* = y gives z* = z, so that 7(P) 
passes through P, as it should. 


SECTION 9.6. Surface Integrals, page 496 


Purpose. We define and discuss surface integrals with and without taking into account 
surface orientations. : 


Main Content 
Surface integrals (3) = (4) = (6) 
Change of orientation (Theorem 1) 
Integrals (7) without regard to orientation; also (1 1) 


Comments on Content 
The right side of (3) shows that we need only N but not the corresponding unit vector n. 
An orientation results automatically from the choice of a surface representation, which 
determines r,, and r, and thus N. 
The existence of nonorientable surfaces is interesting, but is not needed in our further 
work. 


SOLUTIONS TO PROBLEM SET 9.6, page 503 
2r=[u v, 1-u—v),0SuS1-v,0Sv51,F) =[v, e, 1], 
N=[1, 1, 1] (which is obvious without calculation), F(r)*N = u? + e + 1. 
Answer: e — 17/12 = 1.30 
4. F(r) = [sinh (cosv sinv), 0, costv],N = [0, —cosv, —sin v], F(r)*N = 
—cos* uv sin v. Answer: ~16/5 
6. r=[cosu, sinu, v],F(r)=[$sin®u, cos*u, v%],N= [$cosu, sinu, O], 
Fr) * N = cos? usin u + # cosusin®?u,0OSus a/2,0 Sv Sh. Answer: 17h/64 
8. N= [coshu, —sinhu, 0], F(r)*N = 2 cosh? u sinh wu. Answer: 4 cosh? 2 —.4 
10. F(r) = [v’ cos*v, u?sin?v, 9v?], N = [3sinv, —3cosv, ul, F(r)*N = 
Suv” + 3u?(cos” v sin v — cos v sin? v), The integral of 9uv? is 122°. The integral 
of the other term is zero. Answer: 127° 
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12.x=u,y=v, G=cosu+sinv, |N| = V3, and 
1 .1l-u 
a sauna ids eek eas 


Answer: (2 — cos 1 — sin 1)V3. 
14. N= [Scosu, S5sinu, 0], [N| = 5, G@|N| = 5: 625(cos* u + sin* v). Integration 
over u gives 187507/8. Integration over uv then gives ‘the answer 937.57 ~ 2945. 
16. N = [—2ucosv, —2usinv, ul, IN| = uV5, GIN] = V5(u® — 4u3). Answer: 
—5V5a/3 


20. Tpay - [ls a+ 2] oa 


22. ha(1 + h/6) 
24. Proof for a lamina S of density a. Choose coordinates so that A is the z-axis and B 
is the line x = k in the xz-plane. Then 


i= iB Jie — kh? + y*JodA = if Je — 2kx +k? + y*]adA 


=ffe ee eee 


=I, — 2k-0 + kM, 


the second integral being zero because it is the first moment of the mass about an 


axis through the center of gravity. 
For a mass distributed in a region in space the idea of proof is the same. 


26. TEAM PROJECT. (a) Use dr = r,, du + r, du. This gives (13) and (14) because 
dredr =1r,,°1,, du? + 2r,°r, dudv + r,¢r, dv’. 
(b) E, F, G appear if you express everything in terms of dot products. In the nu- 
merator, - 
= (tyg' + rh')*(tup’ + rq’) = Eg'p' + F(g'q’ + h’p') + Gh'q' 
and similarly in the denominator. 
(c) This follows by Lagrange’s identity (Problem Set 8.3), 
Irn X TP = (ty Xr) *u XM) = Cut ri th) — Gut)” 
= EG — F? 
(d) r=[ucosv, usinv],r, =[cosv, sinv], r,°r, = cos*v + sin*v = 1, ete. 


(e) By straightforward calculation E = (a + b cos v)”, F = 0 (the coordinate curves 
on the torus are orthogonal!), and G = b?. Hence, as expected, 


VEG — F? = b(a + bcosv). 


SECTION 9.7. Triple Integrals. Divergence Theorem of Gauss, page 505 


Purpose, Content 

Proof and application of the first “big” integral theorem in this chapter, Gauss’s theorem, 
preceded by a short discussion of triple integrals (probably known to most students from 
calculus). : 


Prestartre Pome ht (2 


ce SP POT oe a 
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Comment on Proof 
The proof is simple: 


1. Cut (2) into three components. Take the third, (6). 


OF. : 
2. On the left, integrate f if f Sef dz dx dy over z to get 


(9) f f [F3(upper surface) — F3(lower surface)] dx dy 
integrated over the projection R of the region in the xy-plane (Fig. 231). 


3. Show that the right side of (6) equals (9). Since the third component of n is cos +¥, 
the right side is 


[[Facos yaa = ff, dx dy 


= f [ F3(upper) dx dy — f [ F (lower) dx dy, 


where minus comes from cos y < 0 in Fig. 231, lower surface. This is the proof. 
Everything else is (necessary) accessory. : 


SOLUTIONS TO PROBLEM SET 9.7, page 509 


2. Integration over x, y, z gives successively —e~1-* 4+ e7¥-% —Qe-1-z 4 e~*, 
2e73 — e~2— Je-1 + 1, 


4. In polar coordinates, o = r4/3. The integral is 
3B 2m 34 
J J | Pdr dO dz = 486m ~ 1527. 
-3/0 “0 3 


6. We may integrate in the order0 S$zSx,08 yS1-—+,05xS 1. This gives 
2x”, then 2x7(1 — x”), and finally the answer 4/15. 

8. abc(b + c?)/12 10. h®/10 12. 87a*/15 

14. div F = e* + e% + e?, Integration over x gives 2 sinh 1 + 2e4% + 2e*. Integration 
over y then gives 4 sinh 1 + 4 sinh 1 + 4e*. Integration over z gives the answer 
24 sinh 1. 

16. div F = —sin z. Integration over z gives cos 2 — 1. Multiplication by the cross- 
sectional area 977 gives the answer 97(cos 2 — 1) ~ —40.04, 

18. divF = 4x + y + asin az. Integration over z from 0 to 1 — x — y gives 
1+ (1 ~— x — y)(4x + y) — cos{[a(1 — x - y)]. Then integration over y from 0 to 
1 — x gives 

7 1 7g. al 


1 
= a Sy Se ee as ee f 
6 > 7% 6 x sin [7(1 — x)] 


Integration over x from 0 to 1 now gives the answer 17/24 — 2/72. 


SECTION 9.8. Further Applications of the Divergence Theorem, page 510 


Purpose. To represent the divergence free of coordinates (Example 1), to show that 
it measures the source intensity (Example 2), to use Gauss’s theorem for deriving the 


name artnet att tnd a ant da at nee ten age bee 
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heat equation governing heat flow in a region, and to obtain basic properties of harmonic 
functions. 


Main Content, Important Concepts 


Divergence as the limit of a surface integral; see (3) 
Total flow (4) out of a region | 
Heat equation (7) (to be discussed further in Chap. 11) i 
Properties of harmonic functions (Theorems 1-3) 
Green’s formulas (10), (11) 

Short Courses. This section can be omitted. © 


Comments on (3) ‘ 
Equation (3) is sometimes used as a definition of the divergence, giving independence of | 
the choice of coordinates immediately. Also, Gauss’s theorem follows more readily, but 
since its proof is simple (see Sec. 9.7. in this Manual), that savings is marginal. Also, it i 
seems that to the student our Example 2 in Sec. 8.10 motivates the divergence at least as 1 
well (and without integrals) as (3) does for a beginner. 


SOLUTIONS TO PROBLEM SET 9.8, page 514 ( 
2.r = [2cos6, 2sin6] = N, n = [cos6, sin 6], f = 4cos?@ — 4sin? 6, 
aflan = Vfen = 4 cos” 6 — 4 sin? 6 = 4 cos 26 gives the integral zero. The inte- 
grals over the disks (z = 0 and z = 1) are zero, too, since Vf has no component in 


z-direction (the normal direction of those disks). | 
4. div F = 10. Answer: 10 times the volume r2h/3 of a cone of base radius r and 
height h, thus 907. 


6. div F = 10 + 3z?. Hence 
1 by Yy 1 be 
[ J fqo+3%ddyax=f [ doy +ydydx = 
—-1°2/2°0 -1" 2/2 


8. div F = x + y. (a) In polar coordinates (cylindrical coordinates) 
40 V2 4 
2. 128 
rcos 6+ rsin @)rdrd0dz = | — 2? dz = —. | 
ie! aa | 
(b) In Cartesian coordinates, | 


(FE et nanseten ff (Fhe) na 


0°-Vz 
4 
2 128 
0+ ~23?) a =—. 
i} ( 3 Z dz 15 
10. r = a, cos @ = 1; V = § a(4ma) 
12. TEAM PROJECT. (a) Put f = g in (10). 


(b) Use (a).. 
(c) Use (11). 
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ee 
(d) h = f — g is harmonic and dh/dn = 0 on S. Thus h = const in T by (b). 
(e) Use div grad f = Vf. 


SECTION 9.9. Stokes’s Theorem, page 515 


Purpose. To prove, explain, and apply Stokes’s theorem, relating line and surface inte- 
grals. 


Main Content 

Formula (2) = (3) 

Further interpretation of the curl (see also Sec. 8.11) 

Path independence of line integrals (leftover from Sec. 9.2) 
Comment on Orientation 


Since the choice of right-handed or left-handed coordinates is essential to the curl (Sec. 
8.11), surface orientation becomes essential here (Fig. 232). 


Comment on Proof 
The proof is simple: 
1. Cut (3) into components. Take the first, (4). 
2. Cast the left side of (4) by using N,, N3 into the form (8). 


3. Transform the right side of (4) by Green’s theorem into a double integral and show 


equality with the integral obtained on the left. 


SOLUTIONS TO PROBLEM SET 9.9, page 520 


2. curl F = (—2x — 2y)k, 


2 V4—y? 2 32 
—2x — 2y)dxdy = | —4yV4—- y?dy = ——. 
pel pest x — 2y) dx dy [ y y” dy 3 


Line integral: Over the x-axis from —2 to 2 we obtain 


and over the semicircler = [2 cost, 2sin#, 0], thusr’ = [—2 sin t, 2cost, Ol, 
we obtain 


J “FOS ae J [4 cos? n(—2 sin 1) — (4 sin? 12 cos )] at 
0 ce) 


ar 7 


0 ft) 3 


The verifications in Probs. 1-6 are supposed to familiarize the student more thor- 
oughly with the nature and significance of Stokes’s theorem. 
4. curl F = —cos 2zj, S:r =[cosu, sinu, v],N= [cosu, sinu, 0]; thus 


f al/4. 


f —cos 2u sin u du du = —1. 
0 0 
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Line integral: The two circular arcs contribute nothing, as can be seen from F, whose 
first two components are zero. From (—1, 0, 0) straight up to (—1, 0, 7/4) we get 
al4 
i —1-cos 2zdz = —3. 
0 


Similarly, —4 is obtained for the straight-line segment from (1, 0, 7/4) to (1, 0, 0). 


6. curl F = [-—2z, —2x, —2y], S: r = [cosucosu, cosusinu, 1 + sinv], 


0Susqa,-w2 50 S0,N = [cos*v,cosu, cos*usinu, cosv sinv] 


0 7 
if J (—cos? v sin 2u — 2 cos ucos”v (1 + sinv) — cos v sin u sin 2v) du dv 
—7l2~ 0 


0 
. =| —4 cos” v sin v dv = §. 
a2 


Verification: The line integral over the horizontal semicircle equals +4/3, as in Prob. 
5. Over the vertical semicircle it is zero because r = [t, 0, VI- tI, 
r’ = (1, 0, -/V1- |; on the semicircle, F = [0, 1 — 77, 17], so that the 
integrand is t2/V1 — t?, and the integral is zero, as claimed. 

8. curl F = (1 — 4y)k, N = k. Hence, writing X = Va? — x”, we have 


[ fa — 4y) dy dx = [2xas = 2a? are sin 1 = ma®. 


10. curl F = [1, 0, ~1], N = [-1, 0, 1], (curl F)en = ~V2. Multiplication by the area 
9aV2 gives the answer ~ 1877. 

12. curl F = 0. Answer: 0 

14, r = [cos 6, sin @, OJ]. Hence 


Fer’ = [-sin 0, cos @, O]*[—sin 6, cos‘, 0] = 1. Answer: 277. 


SOLUTIONS TO CHAPTER 9 REVIEW, page 521 
16. —325/3 by exactness from f = (x? — 2y%)/3, or by integration from 
r=(4-7t, 2+ 3,r’ =[-7, 3], 
4 325, 
[ 4-19? ~ 20 + 3-3) de = =>. 
0 
18. Not exact, C:r =[x, 2x”, x],r’ =[1, 4x, 1]. Fa) = [2x3, x, 0]. Hence 
Oe 101 
Je + 4x°) dx = —. 
1 6 


20. Not exact. By Green’s theorem in the plane, using polar coordinates, we obtain 


ii 2 


J 3r2r dr d@ = 24. Answer: +247 
0 “0 : 


22. curlF = [-1, —1, 5],N=+[-1, 0, 1], (Cul F)en = +6/V/2. The area of 
the ellipse is 7-2 - 2V2. Answer: +24m ~ 75.4 


_ 24, Exact, e — e+ = 2 sinh 1 from f = e** + cosh 2y 


| 


ee | Sea OS ad Oe eS A ae 
t 


26. 


28. 
30. 


32. 


34, 


36. 
38. 


40. 


42.N= 
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By Green’s theorem in the plane, 


2 2 *e 2 
J J (2e* - *) dy dx = i (4e” — xIn2 — e*) dx 
0 “1 y 0 


= 3e? — 21n2 — 3. 
Answer: +(3e2 — 21n2 — 3). 
Not exact, 3 sinh 3 + 22~ 10.59 
Not exact, r’ = [~sin#, cost, 3], F(r) = [cos?#, sin?t, sin? tcos tl, 
F(r)*r’ = —cos?tsint + 4sin?tcost. Answer: 1 
1 ae 
4 21 7 
= =— y= y= — 2,2 = — 
m=] | fdydr= > » x 0, y 4 [J ty ay ax 9 
1 ¢7¢* 4a 
= 2 y= y= — i — ee 
M = za*/2, == OGymmety), y= a J, J, rsin 8 ar ao 3n 


a2 a 
M=| | Pardo = na8, = (1Ma%IS = 8alSm, 5 = Balsu 
0 0 


r=[v, 2cosu, 2sinu], F(r) =[sinv, 2sinu, 2cos uJ, 
N=[0, 2cosu, 2sinu], F(r)*N = 8cosusinu. Answer: 4 


div F = 3(x? + y? + 2). Hence in Cartesian coordinates, 
, V4a-a2  Va-ye 384qr 
[ I Ee ees. 3 + y? + 22) de dy dx = 
In spherical coordinates, with dx dy dz = r? sin dr dd dO, 


[Ef are dr sin ¢ dd dé = a 


[2, —1, 0], F(r) = [e, 0, ve], F(r)*N = 2c. Answer: 6 sinh 2 


. div F = 2z, [reff raraode = 167 
0 


PART C. FOURIER ANALYSIS AND PARTIAL 


DIFFERENTIAL EQUATIONS 


CHAPTER 10 Fourier Series, Integrals, and Transforms 
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Change 


The presentation was streamlined by moving half-range expansions into the section on 
even and odd functions. 


SECTION 10.1. Periodic Functions. Trigonometric Series, page 527 


Purpose. To show what a Fourier series will look like; in Problem Set 10.1, to give a 
first impression of what kind of functions will occur in this chapter. 


Basic Concepts 
Periodic function 
Trigonometric system 


Trigonometric series 


Comment on Footnote 1 
Fourier series were used in special problems much earlier by Daniel Bernoulli (1700— 
1782) in 1748 (vibrating string, Sec. 11.3) and Euler (Sec. 2.6) in 1754 (Euler formulas, 
Sec. 10.2). Fourier’s book of 1822 became the source of many mathematical methods in 
classical mathematical physics. Furthermore, the surprising fact that Fourier series, whose 
terms are continuous functions, may represent discontinuous functions led to a reflection 
on, and generalization of, the concept of a function in general. Hence the book is a land- 
mark in both pure and applied mathematics. [That surprising fact also led to a controversy 
between Euler and D. Bernoulli over the question of whether the two types of solution of 
the vibrating string problem (Secs. 11.3 and 11.4) are identical; for details, see E. T. Bell, 
The Development of Mathematics, New York: McGraw-Hill, 1940, p. 482.] A mathe- 
matical theory of Fourier series was started by Peter Gustav Lejeune Dirichlet (1805— 
1859) of Berlin in 1829. The concept of the Riemann integral also resulted from work on 
Fourier series. Later on, these series became the model case in the theory of orthogonal 
functions (Sec. 4.7). An English translation of Fourier’s book was published by Dover 
Publications in 1955. 


SOLUTIONS TO PROBLEM SET 10.1, page 528 


2. 2m/n, 2nln, k, k, km, km 

4. True when n = 1. Induction hypothesis f(x + np) = f(x). Now set x + np = z. Then 
fx + (n + Vp) = fF + p) = F@) = FO). 

6. f( + p) = f(x) implies f(ax + p) = f(alx + (pla)]) = flax) or glx + (pla)] = 
g(x), where g(x) = f(ax). Thus g(x) has period p/a. This proves the first statement, 
and the other statement follows by setting a = 1/b. 

8. A common source of errors here and throughout this chapter results from the fact 
that the student often does not pay attention to the interval on which the function is 
given, notably whether it is —-m SxS wor0 Sx S27. 


abe at ent anteater te 


ns ee OR eT 


| 
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a SSSeSeSSSSeSeSSSSSSSSSSSSSSSSSSSSSSSSSSSeSSSSeSe 


Note that the first of these is preferable because it shows more immediately whether 
a function is odd or even (or neither). 

20. CAS PROJECT. This “experimental approach” to trigonometric and Fourier series 
should help the student obtain a feeling for the kind of series to expect in practice, 
and for the kind and quality of convergence, depending on continuity properties of 
the sum of the series. 

Convergence is best for the first of the three series because its sum x is continu- 
ous—note that the coefficients are proportional to 1/n”, whereas for the other two se- 
ties they are only proportional to 1/n. The second series has the square wave in Prob. 
15 as its sum. The third series has the sum f(x) = x. Hopefully it will puzzle the stu- 
dent by its poor convergence behavior (and the Gibbs phenomenon) near the discon- 
tinuity points at x = +7, where it converges to the mean of the left-hand and right- 
hand limits, which is typical (see Sec. 10.2). 


SECTION 10.2. Fourier Series, page 529 


Purpose. To derive the Euler formulas (6) for the coefficients of a Fourier series (7) of 
a given function of period 27, using the key property of the orthogonality of the 
trigonometric system. 


Main Content, Important Concepts 
Euler formulas (6) for Fourier coefficients (period 277) 
Orthogonality of the trigonometric system 
Convergence and sum of a Fourier series (Theorem 1) 
Comment on Notation 
If we write ag/2 instead of ap in (1), we must do the same in (6a) and see that (6a) then 


becomes (6b) with n = 0. This is merely a small notational convenience (but may be a 
source of confusion to poorer students). 
Comment on Fourier Series 
Whereas their theory is quite involved, practical applications are simple, once the student 
has become used to evaluating integrals in (6) that depend on n. 

Figure 238 should help students understand why and how a series of continuous terms 
can have a discontinuous sum. 


SOLUTIONS TO PROBLEM SET 10.2, page 536 


1 1 1 1 
2.—- + — -= +— —4e-- 
A = (cos 3 cos 3x 5 cos 5x 


1f_{. 2. 1. | aa 2, 
+ —{sinx + —sin2x + — sin 3x + —sin5x + —sin6Ox+---]: 
7 2 3 5 6 


2 1 1 Df. 1. 
4. —— [cos x — —cos 3x + —cos5x— +---] +— [sin2x + —siné6éx+--- 
7 3 5 T 3 


1 1 
6. 7 2(sins+ sind +2 sin3x +) 


Sere eer keene SOE a9 
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4qr? 1 1 
8 — +4 |[cosx + —cos2x + —cos3x+°::- 
3 4 9 


1 1 
4 (sing +P sine + 3 Sin 3x + | 


7 2 ( 1 1 ) 
10. — — — |cosx + —cos 3x + —cos5x+--: 
2 T 9 25 
+2 (sinx~ 5 sindx +5 sin3x~ sind + ~~ 
2 3 4 
1 1 1 1 
12. ~F=2 (cosx = 00s 3x + Leos x= to 
1 {. De os gete =, Ss 1): Di 
~5 (sins + F sinax +5 side + Fins + Z sin6x +--+) 
4/. 1. ie 
14. 5 (sinx ~ F singe + 3 sinSr ~ +--+) 
a? 4 2 4 2 4 
16. — — 7 c0sx — a9 cos 2x + G5 cos 3x + 75 cos 4x — S3_ cos Sx +++ 


18. The student should be encouraged to choose any other integrals of products of cosines 
and sines. The point is to realize the importance of the interval in connection with 
orthogonality. The integral suggested in the problem has the value sin a — 4 sin 7a. 
The figure suggests orthogonality for a = 7, as expected. 


Section 10.2. Integral in Problem 18 


SECTION 10.3. Functions of Any Period p = 2L, page 537 


Purpose. Transition from period 277 to period 2L (a notation practical later), simply by a 
linear transformation on the x-axis, giving the Fourier series (1) with coefficients (2). 


SOLUTIONS TO PROBLEM SET 10.3, page 540 


2. 1 times the answer to Prob. 1 


8 ax . 1 3ax 1 Sax 
. - — + — ——_ + — —— fees 
4, 1 3 (cos 9 008 75 008 


2 4 1 1 
6. BP ae Cos wx — 7 cos Zax + > cos Sax — tere 
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: : 


2 1 
ep iaech a. (cos 2 + — cos 67x + 
7 9 


1 
25 cos 10arx + 


4 1 1 
10. —— ; [cos wx + —cos 32x + —cosSax+--- 
7 9 25 
2 1 
+ — {sin wx + —sin 37x +- 
7 3 
12 pee i Peo in 27x + 3 +: 
" 7 sin 17x 2 Bq? sin 27x sin 37x 
Vi 
14. b,, = 0,a) = —., 
7 


16. 


dn, = 100 { —Vqcos 100zt cos 100nmt dt 
200 


1/200 1/200 
cos 100(n + I)atdt + 50Vo f cos 100(n — 1) edt, 
00 —1/200 : 


V, V, 
Oe eas 100at 
T 2 


ene 200m - — 400mt + —! 600at — + 
= ee Gees TT 3.5 °° vie oy aan vin 
In Prob. 7, Sec. 10.2, write t for x and 
ee te oy t Ea 2 + 
fO=t= 3 cos 4 cos : 


Now set t = 7x to get F(t) = ax, which shows that the series should be multiplied 
by 3/7” to get that of 


12 1 
f() = 3x7 =1 ~ (cos ax — Leos2me + a +) 7 
ar 4 


20. CAS PROJECT. The figure shows s(x). 


Section 10.3. Gibbs phenomenon in CAS Project 20 


SECTION 10.4. Even and Odd Functions. Half-Range Expansions, 


page 541 


Purpose. 1. To show that a Fourier series of an even function (an odd function) has . 
only cosine terms (only sine terms), so that unnecessary work (and sources of errors!) 
is avoided. 
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2. To represent a function f(x) by a Fourier cosine series or by a Fourier sine series (of 
period 2L) if f(x) is given on an interval 0 = x S L only, which is half the interval of 


periodicity—hence the name “half-range.” 


Comment 


Such half-range expansions occur in vibrational problems, heat problems, etc., as will be 


shown in Chap. 11. 


SOLUTIONS TO PROBLEM SET 10.4, page 546 


2 . . a 
2. Even: |x|, e”’, sin? x, x sin x, e~*!, Odd: x cos x. 


4. Neither even nor odd. The problem shows that the student must always pay careful 
attention to the interval on which the function is given because for different func- 


tions, different intervals are practical. 
6. Even 8. Neither even nor odd 


10. PROJECT. (a) Sums and products of even functions are even. Sums of odd func- 


tions are odd. Products of odd functions are odd (even) ifthe number of their factors 
is odd (even). Products of an even times and odd function are odd. This is important 
in connection with the integrands in the Euler formulas for the Fourier coefficients. 
Absolute values of odd functions are even. f(x) + f(—x) is even, f(x) — f(—x) is 


odd. 
1 1 


(b) e** = cosh kx + sinh kx, = 
1-x 1-x 


a ae ; furthermore, 
x 
sin (x + k) = sink cos x + cosk sin x, 


cosh (x + k) = cosh k cosh x + ‘sinh & sinh x. 


(c) f(—x) = —f(x) and f(—x) = f(x) together imply f = 0. 
(d) cos® x is even, sin® x is odd. The Fourier series are the familiar identities 


3 3 


cos* x = 3cosx + 7 cos 3x and sin® x = 3 sinx — } sin 3x. 


8 1 1 
. a os as: — tees 
12. 7 (cos x + os 3x + 5 cos 5x 


4 1 1 1 
14, —— [cosx + —cos 3x + —cos5x +-:-::} +2 {sinx + —sin3x+--- 
7 9 25 3 


1 1 1 
16. 36 | sesinx - ps Sin 2x + Gy sin 3x — te: | 
18. Set x = 7 to get 


7 W 1 1 1 
pt eee tig Fg oe ae ee 


The result was first obtained by Euler. 


20. The even periodic extension has the Fourier series f(x) = 1. For the odd half-range 


expansion we obtain 


4 1 1 
4 (sin + 5 sin 32 + Zin 2% 4.) ; 
L 3 L 5 L 


beac ria ety i 


Se eee eto A 
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22. The cosine series is 


2 47? we 1 ome i 30x 1 4ax 
: qe (cos > — 7 00 ; 9 COS 16 C8 | 


Its Fourier coefficients are proportional to 1/n?, reflecting the fact that its sum is con- 
tinuous. The sine series is 


2L7 4\ | wx 1. Qa 1 4 . 37x 
— | (1 - a] sin — — = sin — + By 7 32a] sin — 
7 T 3° ar Le 
Jy Gee ces, 
ae 


Its coefficients are only proportional to 1/n, reflecting the fact that its sum is discon- 
tinuous. 


24. The cosine series is 


B 6 [4 mx 1 27x 4 1 37x 
Fe [(S-1) cos + fos 28 34,2 42 oa eee | 


Its sum is continuous. Its coefficients go to zero faster than those of the sine series 


2L3 a 6 as WX od 6 in 21x ie 
SE > ee a eee 
a? 1 13 L 2 2 


whose sum is discontinuous. 


SECTION 10.5. Complex Fourier Series. Optional, page 547 


Purpose. To show that the formula for e*® or direct derivation leads to the complex Fourier 
series in which complex exponential functions (instead of cosine and sine) appear. This 
is interesting, but will not be needed in our further work, so that we can leave it optional. 


Short Courses. Sections 10.5—10.11 can be omitted. 


SOLUTIONS TO PROBLEM SET 10.5, Page 549 


oe. = 1 ory 1 i. 1 ; 
2-—-— (n+ liz 4... - n+ Dix 
oo me 2 p= at 
are -) (-1)” ee 
6. +2 > ene 8. See Prob. 6, Sec. 10.2. 
“nO 


10. PROJECT. When n = m, the integrand of the integral on the right is e® = 1, so that 
the integral equals 27. This gives 


(A) J see dx = Amp, 
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provided the other integrals are zero, which is true by (5), 


7 é 
J ei —max dx = setae! (giesree os gms) 
i(n — m) 


“7 


1 
= ——~ 2isin (n — m)ar = 0. 


i(n — m) 


Now writing for m in (A) gives the coefficient formula in (8). 


SECTION 10.6. Forced Oscillations, page 550 


Purpose. To show that mechanical or electrical systems with periodic but nonsinusoidal 
input may respond predominantly to one of the infinitely many terms in the Fourier se- 
ries of the input, giving an unexpected output; see Fig. 252, where the output frequency 
is essentially five times that of the input. 


Short Courses. Sections 10.5—10.11 can be omitted. 


SOLUTIONS TO PROBLEM SET 10.6, page 552 


2. r’(t) is given by the sine series in Example 1, Sec. 10.2, with k = —1. The new C,, 
is n times the old, so that C; is so large that the output is practically a cosine vibra- 
tion having five times the input frequency. Replacement of the right side by its inte- 
gral (with r(0) = 0) also produces an increase of Cs. 


1 1 
4. y = C, cos wt + Co sin wt + —5>——5 cos at + —5——7 cos Pt 
y 1 2 i ee w — Bp? B 


6. y = C, cos wt + Cy sin wt + By, sint + Bg sin 3t + Bs sin 5t, where 


By = 1? — 1) 
Bs = 1/9(w — 9) 
Bs = 1/25(w® — 25) 


w/27 is the frequency of the free vibration. If « comes close to 1, 3, or 5 in one of 
the terms of the input r(#), then the output corresponding to that term becomes com- 
paratively large in amplitude, B, if w is near 1, next Bg if w is near 3, and finally Bs 
if w is near 5. The effect would even be stronger had we chosen all coefficients on 
the right equal to 1, instead of 1/n? as in the partial sum of a Fourier series. 


cos 2t 


1 
3+ 5(@* — 16) 
10. The situation is the same as that in Fig. 57 in Sec. 2.11. 
12..y = A, cost + By, sint + Ag cos 3t + Bg sin 3t+--- 
where A,, = —ncb,/D, By, = (1 — n)b,/D, D = (1 — n®)? + n°c?, 
b, = 1, ba = 0, bg = —$, bg = 0,65 = °° -- 


. 1 
Be Ey COS Oh Ca SOR a a seg a dy 


cos 4t+—-+:: 


ii rieescif alien ig 
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14, [= > (A,, cos nt + B,, sin nt), 


n=1 
_ 8000 -n%) 
mD, >  " naDpy 
An = 0,B,=0 (neven), D, = (10 — n?)? + 100 n?: hence 
I= 1.266 cost + 1.406 sin t + 0.003 cos 3¢ + 0.094 sin 3t 


— 0.006 cos 5t + 0.019 sin 5t — 0.003 cos 7t + 0.006 sin 7t¢ 
— 0.002 cos 9t + 0.002 sin 9t — 0.001 cos 11f + 0.001 sin lit +--+ 


An 


(n odd), 


SECTION 10.7. Approximation by Trigonometric Polynomials, page 553 


Purpose. We show how to find “best” approximations of a given function by trigono- 
metric polynomials of a given degree N. 


Important Concepts 
Trigonometric polynomial 
Square error 
Parseval’s identity 


“Short Courses. Sections 10.5-10.11 can be omitted. 


Comment on Quality of Approximation 


This quality can be measured in many ways. Particularly important are (i) the absolute 
value of the maximum deviation over a given interval, and (ii) the mean Square error con- 
sidered here. See Ref. [9] in Appendix 1. 


SOLUTIONS TO PROBLEM SET 10.7, page 556 


4 1 1 1 
2. = _ om (cos + ‘9 008 3x + 95 C08 Sx treet 5708 Ne] if N is odd; 


for even N, the last term is —(4/a(N — 1)”) cos (N — 1)x. 


27? OP 1 1 
EX = 7 as aS + 32 + 3 + -++J; 0.075, 0.075, 0.012, 0.012, 0.0037. 
2 ; 1 1 —1)N+1 
4, F= = —A4 (cos ie | 008 2x + 9 008 3x Se a De 00s Nx) 


E* = 4.14, 1.00, 0.38, 0.18, 0.10 


Peon ie ahs he + 
bie sin x g sin 3x 75 sin 5x ; 


aa 16 1 I 
Et = ee ae 1+—+ 3 + +++}; 0.075, 0.075, 0.012, 0.012, 0.0037 


7 34 
Ai * ie Wve (21h. 
8. 7p sinx _ 5a Sin 2x + ge sin 3x — i aya Sin Nx. 


The integral is 3020/945 = 3.196; E* = 0.054, 0.0054, 0.0011, 0.00032, 0.00012. 


156 


Instructor’s Manual 


10. CAS PROJECT. (a) In part because of the Gibbs phenomenon (see Problem Set 
10.3). 
(b) For the continuous function (Prob. 4), Z* equals (rounded) 


4.14, 1.00, 0.38, 0.18, 0.10, 0.060, 0.039, 0.027, 0.019, 0.014, 0.011, 0.0086, 
0.0068, 0.0055, 0.0045, 0.0037, - - - 


For the discontinuous function (Example 1 in the text), E* equals 
8.10, 4.96, 3.57, 2.78, 2.28, 1.93, 1.67, 1.48, 1.32, 1.20,---: 


It is typical that in the discontinuous case, the Fourier coefficients are only pro- 
portional to 1/n, whereas in continuous cases they are proportional to 1/n? or 1/n?, 
etc. 

In Prob. 5 the initial error E* is $ very large (863), and E* decreases very fies 
it is still 1.53 for 800 terms and 0.408 for 3000 terms. 


4? 1 1 
12. ae (145 ce eee = oe 2¢r by Parseval’s identity 


25 
14. The Fourier series is cos? x = 4 + 4 cos 2x and (8) gives 
ay eae ales 


SECTION 10.8. Fourier Integrals, page 557 


Purpose. Beginning in this section, we show how ideas from Fourier series can be ex- 
tended to nonperiodic functions defined on the real line, leading to integrals instead of 
series. 


Main Content, Important Concepts - 
Fourier integral (5) 
Existence Theorem 1 
Fourier cosine integral, Fourier sine integral, (10)-(13) 
Application to integration 

Short Courses. Sections 10.5—10.11 can be omitted. 


SOLUTIONS TO PROBLEM SET 10.8, page 563 
2. The result suggests to consider f(x) = $ if 0 <x <1 and f(@%) = 0ifx>1. 


a 
From (10) we obtain A(w) = ae and by inserting this into (11) the result follows. 7 


1 
4. A(w) = To wi 0s a 


6. Taking f(x) = me~* cosx (x > 0), we obtain from (12) 
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B= 2{ e”’ cos vu sin wu du 
0 


ai e-’ sin(w + 1)u du + f e~’ sin(w — 1)u dv. 
0 0 


Here we used (11) in Appendix A3.1. Integration by parts yields 


wtl w-1 2w? 
1+@Wwt+i? 14+ Ww—-1?~ wtt+4’ 


From this and (13) the result follows. 


2 COs xw 

5 —f 1-5 sin w + ~~ cos w —— dw 
w 

cos xw 

10. =f Siay a ceH) 3 dw 
w 
2+ w? 

2, [ 44+ 52 bw mn a Cos aw.dw 


14. 


16. 


18, 


20. 


2 ¢% 2 
Bw) = — f v sin wu dv = 2 (sin aw — aw cos aw), so that the answer is 
TT ~o TW 


2 ¢” sin aw — awcos aw 
= 3 sin xw dw. 


T ~o Ww 


2 (°aw-singw . 
_ bw Sin xw dw 
w 


T 
“w—e (woosw + sinw) . 
@koo- ~qa a> ee 


1+ w? 
eRaaeGe (a) Formula (a1): Setting wa = P, we have from (11) 


f(ax) = if A(w) cos axw dw = if a(2) COS xp “ ; 


If we again write w instead of P, we obtain (a1). 
Formula (a2): From (12) with f(v) replaced by uv f(@) we have 


2 dA 
B*ww) = =e vf() sin wu dv = a 


where the last equality follows from (10). 
Formula (a3) follows by differentiating (10) twice with respect to w, 


d?A 2G 3 
be mil f*W) cos wv du, f*(v) = v*f(v). 
(b) In Prob. 7 we have 


2 aang 
A=—w 'sinw. 
7 
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Hence by differentiating twice, 
2 
A" = = (2w-3 sin w — 2w-? cos w — w7! sin w). 


By (a3) we now get the result, as before, 


“ 2-6" 2 1\, 2 
x°4(x) = — | ——z + —] sinw + —z cos w | cos xw dw. 
TT ~o WwW Ww Ww 


(c) A(w) = (2 sin aw)/aw; see Prob. 7. By differentiation, 


dA 2 (: cos aw ang 
—— --—-}. 


dw T w w 


This agrees with the answer to Prob. 14. 
(d) The derivation of the following formulas is similar to that of (al1)—(a3). 


co 


1 w\. 
(@l) fx) => i, B (z) made, YOGS0) 


ve dB . 

(d2) xf(%= J C*(w) cos xw dw, C*(w) = —, Basin (12) 
0 dw 
0 2 

(a3) ft) ws i D*(w) sin xw dw, D¥(w) = I 


SECTION 10.9. Fourier Cosine and Sine Transforms, page 564 


Purpose. Fourier cosine and sine transforms are obtained immediately from Fourier co- 
sine and sine integrals, respectively, and we investigate some of their properties. 


Content 
Fourier cosine and sine transforms 
Transforms of derivatives (8), (9) 


- Comment on Purpose of Transforms 
Just as the Laplace transform (Chap. 5), these transforms are designed for solving differ- 
ential equations. We show this for partial differential equations in Sec. 11.6. 


SOLUTIONS TO PROBLEM SET 10.9, page 568 


2. From (3) and the answer to Prob. 1 we obtain 


sin 2w 
cos wx dw. 


2 6° 2sinw 
f(x) --f a 


2 oO 
cos wx dw — =| 
0 T ~o 


Problem 2 in Problem Set 10.8 shows that the first term is 2 if 0 < x < 1 and Oif 
x > 1. Set 2w = u in the second term and conclude that the second term is —1 if 
0 < x/2 <1o0r0 <x < 2. This agrees with Prob. 1. 


ea 12 1. 
= —_ —w = — | —_—_- i i 
6. f(x) = I, e ” cos wx dw - (= a: i} by integration or by Prob. 5. 
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7 pa 2 
8. f.(w) = fall ane cose d= [cos w if bw] < dar and 0 if o| > dr 


1 — x? 
at sin wx 
10. { cos wx dx = lim ——— (w fixed!) does not exist. Similarly in (5). 
0 races 
14. Val2if0O<w<7and0ifw> a 
16. F(xe~*"!?) = —F(e~"!)!') = wH(e-77!2) = ew 


20. WRITING PROJECT. Methods include integration, the use of the operational for- 
mulas (8) and (9) (independently or together with the use of the tables in Sec. 10.11), 
and the use of integrals from Sec. 10.8. By presenting this in a systematic fashion, 
the student should gain a better feeling for these transform methods. 


SECTION 10.10. Fourier Transform, page 569 


Purpose. Derivation of the Fourier transform from the complex form of the Fourier in- 
tegral; explanation of its physical meaning and its basic properties. 


Main Content, Important Concepts 
Complex Fourier integral (4) 
Fourier transform (6), its inverse (7) 
Spectral representation, spectral density 
Transforms of derivatives , 
Convolution f * g 


Comments on Content 


The complex Fourier integral is relatively easily obtained from the real Fourier integral 
in Sec. 10.8, and the definition of the Fourier transform is then immediate. 


Note that convolution f * g differs from that in Chapter 5, and so does the formula (12) 
in the convolution theorem (we now have a factor VV 277). 


SOLUTIONS TO PROBLEM SET 10.10, Page 575 


2. Wk + iwyV 27) 4. 1(k — iw)V 277) 
6. (e7""(—2i + 2w + iw?) + 2i/wV2z) 
8. V2/m/(1 + w?) 10. V2/a(cos w + wsinw — 1)/w?2 


12. Let f(x) = xe~* (x > 0) and g(x) = e~* (x > 0). Then f’ = g — f and by (9), 
iwF(f) = F(f') = F(g) — Ff); 
1 
V2a(1 + iw) | 


hence 
(iw + I)F(f) = F(g) = 


Divide by 1 + iw to get the result. 
14. 1/(1 + iwyV 27) follows directly from formula 5. For —© < x < 0 setx = —t, Then 
0 3 —G-iw)t 
% iw = |: p-t ,iwt = cd = 1 
fee dx fe ew dt d= ia Lae 
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Together, 
‘1 


1 1 2 1 
== +——]) = —— - —. 
V2.4 (; + iw 5) V2r 1+w? 


16. TEAM PROJECT. (a) Use t = x — a as a new variable of integration. 


(b) Use c = 3b. 


(c) Replace w by w — a. This gives a new factor e**. 


SOLUTIONS TO CHAPTER 10 REVIEW, page 579 


16. 
18. 


20. 


22. 


Asinx — ¢sin2x + $sin3x — +---) 


4k [. i ee 1. 
— {sin mx + —sin3ax + —sin5ax+--- 
7 3 5 


ya am 1 Sax 1 Sax 
qe (C087 +g C08 25 88 | 


2 FS (cos ax + +e cos 4x + <= 008 6x + 
ieee omc OT Re ad 


) 


24. 2(sinx + sin 2x + 4sin3x + Zsin4dx +---) 
26. a — 2Asinx + dsin 2x + 3sin3x + -:-) 
2 4n? — on 
28. (a — 6) sin 4x — “ sin 2arx + — sin 34rx 
1677-6 . 
a a i a 5 
30. For instance, use Prob. 23. 
32. For instance, use Prob. 17. 
34, 54.403, 4.138; 0.996, 0.376, 0.180, 0.099, 0.060, 0.039, 0.027, 0.019 
36. y = C, cos wt + Cy sin wt 
Se i nS ea 
at — 1 nt 38a? — 4) © 338(@? — 9) 


38. 
40. 


V 2/7 (w + sin w — 2w cos w)/w? 
k[(ibw + De®” — Gaw + Ie?” ]/(w? V277) 


CHAPTER 11 Partial Differential Equations 


Change 


The Fourier transform method has been included in the section on Fourier integrals for 
heat problems (Sec. 11.6). 


SECTION 11.1 Basic Concepts, page 583 
Purpose. To familiarize the student with the following: 


Concept of solution, verification of solutions 
Superposition principle for homogeneous linear equations 


Equations solvable by methods for ordinary differential equations 


SOLUTIONS TO PROBLEM SET 11.1, page 584 
16. u = A(y) cos 3x + Biy) sin 3x 
18. u,/u = —2y, Inu = —y? + @@), u = c(x) exp (—y?) 
20. u = cy(xXJe¥ + co(xe7¥ 
22. Uy = 4q, Wy=99d = CX, u = J q dy = c(xe4 + A(x) 
24. By the chain rule, 
(A) Ven ~ Aly = YpFx + ZoO;,) — X(Zpry + ZpOy) = 0. 


Now r = (x? + y?)¥2 p= 3G? + y%)-¥2 9, = alr, ry = ylr, so that yr, — xry = 0 
in (A) and (A) gives z, = 0. 


SECTION 11.2. Modeling: Vibrating String, Wave Equation, page 585 


Purpose. A careful derivation of the one-dimensional wave equation (more careful than in 
most other texts, where some of the essential physical assumptions are usually missing). 


Short Courses. One may perhaps omit the derivation and just state the wave equation 
and mention of what c? is composed. 


SECTION 11.3. Separation of Variables. Use of Fourier Series, page 587 
Purpose. This first section in which we solve a “big” problem has several purposes: 


1. To familiarize the student with the wave equation and with the typical initial and 
boundary conditions that physically meaningful solutions must satisfy. 


2. To explain and apply the important method of separation of variables, by which the 
partial differential equation is reduced to ordinary differential equations. 


3. To show how Fourier series help to get the final answer, thus seeing the reward of 
our great and long effort in Chap. 10. 


4. To discuss the eigenfunctions of the problem, the basic building blocks of the solu- 
tion, which lead to a deeper understanding of the whole problem. 
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Steps of Solution 
1. Setting u = F(x)G(t) gives two ordinary differential equations for F and G. 
2. The boundary conditions lead to sine and cosine solutions of the latter. 


3. A series of those solutions with coefficients determined from the Fourier series of 
the initial conditions gives the final answer. 


SOLUTIONS TO PROBLEM SET 11.3, page 594 
2. 0.01 cos 3¢ sin 3x , 


0.8 i 1 
4.u= = (cos sinx + ya COS SP RISE “ga 008 Sz sin Sx ase | 


6. u = 2k/(aa — a”) (sina cost sin x + 4 sin 2a cos 2t sin 2x 
+ 3 sin 3a cos 3¢ sin 3x + --*) 


4 {1 J 1 
i = — I — i -—- — i + — i — see 
8. u Sm (7 cos 2t sin 2x "36 cos 6¢ sin 6x 100 cos 10t sin 10x — + ) 


= ~ * Wf { * = ] LLG 
10. u = > B,,* sinnx sinnt, B,* = aa sin 5 
12. u = ce*@-Y 
14. f'/x?f = gly’g = 3k, -u = ceboe*ty 
F" G s 
16. mo Gs k?, F” — k?F = 0, G + k?G = 0, hence 


u = (cye"* + cge—*”)(A cos ky + B sin ky). 


Taking the separation constant negative, we obtain a similar result. Taking it zero, 


we have 
u = (ax + b)(cy + d). 
18. u = (Acos kx + Bsin kx)(C cos ky + D sin ky) 
or 
u = (cye™ + coe *™)\(cge™ + cge™) 
or 


u = (ax + b)(cy + d). 
20. TEAM PROJECT. (c) From the given initial conditions we obtain 


Sa ad _ ATX 
Gy(0) = By =F J: f(a) sin a, 


2A@(1 — cos w7) as 
nw(A,2 — 07) 
(e) u(0, t) = 0, w(0, f) = 0, u(L, t) = h(D), w(L, t) = A(t). The simplest w satisfying 
these conditions is w(x, f) = xh(f/L. Then 
v(x, 0) = f(x) — xhOVL = fi), 
v4(x, 0) = g(x) — xh’ (OWL = 810), 


Vig — C7Vgq, = —xh"/L. 


G,(0) = AnBn* + 0. 
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SECTION 11.4. D’Alembert’s Solution of the Wave Equation, page 595 


Purpose. To show a simpler method of solving the wave equation, which, unfortunately, 
is not so universal as separation of variables. 

Comment on Order of Sections 

Section 11.12 on the solution of the wave equation by the Laplace transform may be stud- 
ied directly after this section. We have placed that material at the end of this chapter be- 
cause some students may not have studied Chap. 5 on the Laplace transform, which is 
not a prerequisite for Chap. 11. 

Comment on Footnote 2 

D’Alembert’s Traité de dynamique appeared in 1743 and his solution of the vibrating 
string problem in 1747; the latter makes him, together with Daniel Bernoulli (1700— 
1782), the founder of the theory of partial differential equations. In 1754 d’ Alembert be- 


came Secretary of the French Academy of Science and as such the most influential man 
of science in France. 


SOLUTIONS TO PROBLEM SET 11.4, page 597 


2. T = 200 nt, p = 0.8/(2 - 9.80) nt sec?/meter?, c2 = 4900 meters?/sec2. 
Answer: 70 meters/sec 


4. u(0, t) = S1f(ct) + f(—ct)] = 0, f(—ct) = —f(ct), so that f is odd. Also, 


u(L, t) = $[f(ct + L) + f(—ct + L)] = 0, 
hence 
f(ct + L) = —f(-ct + L) = f(ct — L), 


‘which proves the periodicity. 
12. y’2 — 2y! +1=(y' - IP =O y=xte,Vx%y=x-y, v =x,Z=x-y 
14. Hyperbolic, y'? — y' — 2 = (y’ + 1)(y’ — 2) = 0, ytx=c,y-2x=% 
VE XT YZ = 2x — Y, Uy, = 0,u = fy(x + y) + fo(2x — y) 
16. Parabolic, y’® + 2y’ + 1 = (y' +1, uy, =0u=x%,z2=x4+y, 
u = vf(z) + F2) = xf(x + y) + f(x + y) 


G _ NAWX « 
18. u = F@)GO, 2G + eae ~—p*, F,, = sin aa, G + 4,2G = 0, 


2 
cnr 
AS (=) + y?, etc. 


20. TEAM PROJECT. (b) F,, = sin (nmx/L), G, = Qy, COS (cn? 7774/L?). The solution 
satisfying the initial conditions is 


8L? w\? ax 1 3a\? | 3arx 
anes ek Og NE gs ee i are 


For the string the frequency of the nth normal mode is proportional to n, whereas for 
the beam it is proportional to n?. 


(c) u(0, t) = 0, u(L, ) = 0, uO, t) = 0, u,(L, t) = 0, Hence 
FO) =A+C=0,C= —A, F'(0) = B(B + D) = 0,D = —B. 


164 Instructor’s Manual 


With this we further obtain 
F(L) = A(cos BL — cosh BL) + B(sin BL — sinh BL) = 0, 
F'(L) = B[—A(sin BL + sinh BL) + B(cos BL — cosh BL)] = 0. 
This homogeneous system has a nontrivial solution if and only if its determi- 
nant is zero. Thus (cos BL — cosh BL)? + sin? BL — sinh? BL = 0 or 


2 — 2cos BL cosh BL = 0. 
From this we have (17), which can be written 


cos BL = osh AL. = 0 
because cosh BL is very large. This gives approximate solutions 
BL ~ 31, 37, $1, - - - (more exactly, 4.730, 7.853, 10.996, - - -). 
(d) F0) =A + C=0,C = —A, F’(0) = BB + D) = 0, D = —B. Then 
F(x) = A(cos Bx — cosh Bx) + B(sin Bx — sinh Bx), 
F'(L) = B?{—A(cos BL + cosh BL) — B(sin BL + sinh BL)] = 0, 
F'(L) = B*[A(sin BL — sinh BL) — B(cos BL + cosh BL)] = 0. 
The determinant (cos BL + cosh BL) + sin? BL — sinh® BL of this system must 
be zero, and from this the result follows. 


From (18) we have 


-1 
s BL = = 0 
ae cosh BL 


because cosh BL is very large. This gives the approximate solutions 


BL > 37, 377, 2a, - ++ (more exactly, 1.875, 4.694, 7.855, - - -). 


SECTION 11.5. Heat Equation: Solution by Fourier Series, page 600 


Purpose. This section has two purposes: 


1. To solve a typical heat problem by steps similar to those for the wave equation, 
pointing to the two main differences: only one initial condition (instead of two) and 
u, (instead of u,,), resulting in exponential functions in t (instead of cosine and sine 


in the wave equation). 
2. Solution of Laplace’s equation (which can be interpreted as a time-independent heat 
equation in two dimensions). 
Comments on Content 
Additional points to emphasize are 
More rapid decay with increasing n, 
Difference in time evolution in Figs. 267 and 263, 
Zero can be an eigenvalue (see Example 4), 
Three standard types of boundary value problems, 
Analogy of electrostatic and (steady-state) heat problems. 


Problem Set 11.5 includes additional heat problems and types of boundary conditions. 
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SOLUTIONS TO PROBLEM SET 11.5, page 608 


2. 


Ay? = (In 2)/20, c? = (L2/ar?)(n 2)/20 = 0.00351? 


4. u = ksin 0.22 e7 1-7827 7/25 


6. 
8. 


10. 


12. 
14, 


16. 


18. 


20. 


16 5 1. 
u = —> [sin O.Larx e70-0175207t _ = gin 9. 3qry 9 70.0175280)7t Mee nee 
T 9 
u(x, t) = uy(x) + uzz(x, A) with uz as in Prob. 7 and 
= _ NAWx 
ty, = > B,, sin en ennlLyt 
where n=1 


L 
B, = = if LF) — uj(x9] sin aa dx 
2h _ AMX 2 
=F if f(a) sin [= dx + — [(-1)"U, ~ Uj). 


1 1 
ee cos x e~* + — cos 3x e~™ + — cos Sx e~25t 4... 
2 #@ 9 25 


u(x, t) = cos 2x e~* 
w" = —Ne~*/c?; make w(0) = w(L) = 0 to get the function 


w(x) = =, | -e= _ a — eM) + | ; 


CAS PROJECT. (a) u = sin 7x sinh ay/sinh 277. 
(b) u,(x, 0, ) = u,(x, 2, f) = 0, u = sin max cos nary. 
u = F(x)G(y), F = Acospx + Bsinpx, u,0, y) = F'(0)G(y) = 0, B = 0, 
G = Ccosh py + D sinh py, u,(x, b) = F(x)G'(b) = 0, C = cosh pb, D = —sinh pb, 
G = cosh (pb — py). For u = cos px cosh p(b — y) we get 
u,(a, y) + hu(a, y) = (—p sin pa + hcos pa) cosh p(b — y) = 0. 
Hence p must satisfy tan ap = h/p, which has infinitely many positive real solutions 
P = Yi» Yas ** * , aS you can illustrate by a simple sketch. Answer: 
U = Un = COS ¥,X COS Y,(b — y), 


where y = ¥,, satisfies y tan ya = h. 
To determine coefficients of series of u,,’s from a boundary condition at the lower 


Side is difficult because that would not be a Fourier series, the y,,’s being only ap- 


proximately regularly spaced. See [C1], pp. 114-119, 167. 


SECTION 11.6. Heat Equation: Solution by Fourier Integrals and 


Transforms, page 610 


Purpose. Whereas we solved the problem of a finite bar in the last section by using Fourier 
series, we show that for an infinite bar (practically, a long insulated wire) we can use the 
Fourier integral for the same purpose. Figure 271 shows the time evolution for a “rec- 
tangular” initial temperature (100°C between x = —1 and +1, zero elsewhere), giving 
bell-shaped curves as for the density of the normal distribution. 
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We also show typical applications of the Fourier transform and the Fourier sine trans- 


form to the heat equation. 
Short Courses. This section can be omitted. 


SOLUTIONS TO PROBLEM SET 11.6, page 615 


2 
2. A(p) = 2/4, T+? cos pu du = ay rl = eP by (15), Sec. 10.8, 
= 7 —(p+ep?t) 
u(x, tf) = | e PT P™ cos px dp. 
0 
i 27 4 
— = —— —c2p*t 
4. A(p) = = wa + py’ , B(p) = 0, u ak a a dp 


10. CAS PROJECT. (a) Set w = —v in (21) to get erf(—x) = —erf x. 
(b) See (36) in Ca aa A3.1. 
—x 


1+x 
(e) ux, ) => 2 (oi Vi + ef A » t>0) 
(f) u(x, ) = ts + 2 erf (x/2cV) 


SECTION 11.7. Modeling: Membrane, Two-Dimensional Wave Equation, 
page 616 


Purpose. A careful derivation of the two-dimensional wave equation governing the mo- 
tions of a drumhead, from physical assumptions (the analog of the modeling in Sec. 11.2). 


SECTION 11.8. Rectangular Membrane. Use of Double Fourier Series, 
page 619 
Purpose. To solve the two-dimensional wave equation in a rectangle 0 = x S a, 
O=ysbd (rectangular membrane”) by separation of variables and double Fourier 
series. 
Comment on Content 
New features as compared to the one-dimensional case (Sec. 11.3) are as follows: 
1. We have to separate twice, first by u = F(x, y)G(d), then the Helmholtz equation for 
F by F = H(@)Q(). 
2. We get a double sequence of infinitely many eigenvalues A,,,,, and eigenfunctions 
Umn:s see (12), (13). 
3. We need double Fourier series (easily obtainable from the usual Fourier series) to 
get a solution that also satisfies the initial conditions. 


SOLUTIONS TO PROBLEM SET 11.8, page 626 


6. Binn = 16/mni? (m and n odd), 0 otherwise 
8. Bion = (-1)"*"4/mn 
10. CAS PROJECT. (b) The figure shows the first partial sum (a single term) and the 
partial sum of the terms up to that with coefficient b;5 (9 terms). 
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1.5 1.5 
Section 11.8. CAS Project 10(b). Two partial sums 


12. u = kos wV2t sin ax sin Wy 


64k SZ & 1 
4, — t 2 + 2) os : 
1 = = = mie = age = 4 cos (at Vm n*) sin marx sin nary 


16. A = ab, b = A/a, so that from (12) with m = n = 1 by differentiating with respect 
to a and equating the derivative to zero, we obtain 


bran 1 ry De ON Xe * DG 
2) Ve tae) lat} Hata =: 
Cr a b a A a A 


hence a* = A?, a2 = A, b = Ala = a. 
18. cm V260 (corresponding eigenfunctions F416, F16,14), etc. 


64a7b? & 2 1 m mn \ max | nay 
20. ——> 3,3 COS [7 ./—> + —5 t]} sin sin —— 
T b 
m=1 n=1 
mn odd 


SECTION 11.9. Laplacian in Polar Coordinates, page 626 


Purpose. A detailed discussion of the transformation of the Laplacian into polar coordi- 
nates as a typical case of a task often required in applications. The result (4) will be needed 
in the next section. 


Short Courses. This section can be omitted. 


SOLUTIONS TO PROBLEM SET 11.9, page 628 


6. TEAM PROJECT. (a) r? cos 26 = r2(cos? @ — sin? 0) = x? — y, r? sin 26 = 2xy, 
etc. 


400 ' ee Dae 
Se aaiaroe Fee ae Se et sn50+:-- 
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(d) The form of the series results as in (b) and the formulas for the coefficients fol- 
low from 
u,(R, 0) = >) nR”-(A,, cos nO + B, sinn6) = f(8). 
n=1 
8. u(8) = 10 + 4cos 26). Answer: 5 + Sr? cos 20 
4 1 1 
10. u = —— — — [rcos 6 + — r? cos 30 + = r®cos50+°°° 
2 7 9 25 
12. u = 75rsin 9 — 25r° sin 36. Note that this also follows from Prob. 7 because of the 
skew symmetry of the boundary condition as a function of 6. 


80 . De sae > bi oe 2 
14. u=—— rsin@ + oyr sin 30 + Sr sin5@+--- 


SECTION 11.10. Circular Membrane: Use of Fourier-Bessel Series, 
page 629 

Purpose. To derive the function that gives the vibrations of a circular membrane, by solv- 
ing the wave equation in polar coordinates. 
Comment on Content 
We concentrate on the simpler case of radially symmetric vibrations, that is, vibrations 
independent of the angle. (For eigenfunctions depending on the angle, see Probs. 11-18.) 
We do three steps: 

1. u = WW)G() gives for W Bessel’s equation with v = 0, hence solutions 

W(r) = Jo(kr). 
2. We satisfy the boundary condition W(R) = 0 by choosing suitable values of k. 
3. A Fourier—Bessel series (13) helps to get the solution (12) of the entire problem. 


Short Courses. This section can be omitted. 


SOLUTIONS TO PROBLEM SET 11.10, page 634 


2. fy = ck,/2a = cay/2aR = 0.3827c/R = 0.3827 V T/pR 

4. In polar coordinates the boundary has the simple representation R = const. 

6. CAS PROJECT (b) Error 0.04864 (m = 1), 0.02229, 0.01435, 0.01056, 0.00835, 
0.00690, 0.00589, 0.00512, 0.00454, 0.00408 (m = 10) 

8. From (24), Sec. 4.5, we have (FJ,())' = rJo(r). By integration 


(A) if “Pol?) dr = Onl y(n). 


Gm = 0 because the initial deflection is zero. From (15) and (A), with g(r) = 1 and 

Om? = S, we obtain 

: 

J rJQ(Qmr) ar 
) 


bm 


2 
md y?( Oem) 


2 i s Tals) ds 
Gi a 
OTs) 40: Gen Os 


pin i ldo eee 
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7 Qn? Fyn) Amd 4(Qm). 
Hence the series is 
u(r, t) = 2 
C0722 aa 


10: f(O) = 1; 1.10801, 0.96823, 1.01371, 0.99272, 1.00436, and we see that the last value 
is already correct to 3 significant digits. 


18. a,,/27 ~ 0.6099 (see Table Al in Appendix 5) 


SiN Amt Jo(a,r). 


SECTION 11.11. Laplace’s Equation in Cylindrical and Spherical 
Coordinates. Potential, page 636 


Purpose. 1. Transformation of the Laplacian into cylindrical coordinates (which is triv- 
ial because of Sec. 11.9) and spherical coordinates; some remarks on areas in which 
Laplace’s equation is basic. 

2. Separation of the Laplace equation in spherical coordinates and application to a typ- 
ical boundary value problem. For simplicity we consider a boundary value problem for a 
sphere with boundary values depending only on ¢. We do three steps: 


1. u = G(r)H(¢) and separation gives for H Legendre’s equation. 

2. Continuity requirements restrict H to Legendre polynomials. 

3. A Fourier—Legendre series (17) helps to get the solution (16) of the interior prob- 
lem. Similarly for the exterior problem, whose solution is (19). 


Short Courses. Omit the derivation of the Laplacian in cylindrical and spherical coordi- 
nates. 


SOLUTIONS TO PROBLEM SET 11.11, page 641 


4. u = —80In7/(In 2) + 300 
6. For u = u(r) we get from (7) 


2 u” 2 
Vu=u"+—u' =0, —=--, Inu’ = —-2Inr + cy, 
r u’ r 


1 ¢ 


c 
ee a u=—-+k, 
r 


2 2n 
10. fw) =w, A, = 


+1 / 
2 J wP,,(w) dw. Since w = P,(w) and the P,,(w) are or- 
-1 


thogonal on the interval —1 S w S 1, we obtain A, = 1,A, = 0 (n> 1). Answer: 
= rcos ¢. Of course, this is at once seen by inspection. 
12. u = —3r°P2(cos $) + 3 = r?(—cos? @ + 3) + 2 
14. u = 4r°P3(cos $) ~ 2r?Po(cos ) + rP,(cos od) - 2 
16. f() = cos d, Uint = 7-008 $, Uext = 1? cos , f(b) = cos 26 = 2cos? d — 1, 


4 1 
2? —-1= 4p (x) — ;, Yint = fr ss 2(cos @) — 3, Uext = apr a(cos d) — ar 


18. Aq = 0, As = 605/16, Ag = 0, Ay = —4125/128, Ag = 0, Ag = 7315/256, Aro = 0 
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1 
20. Set is = p and consider u(p, 6, ¢) = ru(r, 0, @). By differentiation, 


22. 


Ss 


1 1 2 
u, = (U + rv,) (-4) » Upp = (20, + TU,y) a + P (v + rv,). 
Thus 


eee ae 
Ugo + ne pee (v,.+ 2 »,) : 
By substituting this and ugg = rUgg, etc., into (7) [written in terms of p] and divid- 
ing by r° we obtain the result. 
v = r-2cos Osin 6 = xx" + y 
. TEAM PROJECT. (a) The two drops over a portion of the cable of length Ax are 
—RiAx and —L(di/d1)Ax, respectively. Their sum equals the difference uz... — Uz. 
Divide by Ax and let Ax — 0. 
(c) To get the first equation, differentiate the first transmission line equation with re- 
spect to x and use the second equation to replace i, and i,;: 


—Upey = Rig + Lint 


= R(—Gu — Cu,) + L(-Gu, — Cuy). 


aye 


Now collect terms. Similarly for the second equation. 


1 
(d) Set o> c. Then u, = c7u_,, the heat equation. By (10), (11), Sec. 11.5, 


4U, 1 


(e) u = Up cos (at/l VLC) sin (7rx/1) 


ECTION 11.12. Solution by Laplace Transforms, page 643 


Purpose. For students familiar with Chap. 5 we show that the Laplace transform also ap- 
plies to certain partial differential equations, where the subsidiary equation must be ex- 
pected to be an ordinary differential equation. 


Short Coursés. This section can be omitted. 


SOLUTIONS TO PROBLEM SET 11.12, page 646 


2. Use c = VTiIp. 


cusps u(t 2) i if t =x? 
. ux, t) = —(t-x -—x)= 

. - +1 if t = x? 
(where u(t — x”) is the unit step fuction) as obtained from 


1l+s 
U(x, s) = 2 + c(sje7s 


with c(s) = —1/s? as obtained from u(0, t) = 1, U(O, s) = Is. 


Ser area ae, 


i ete a a a re i be Oa ae 


| 
| 
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-__ OOo eee 


6. u = f(xde(t), xf'’g + fg = xt, hence 


, 7 

xt 

Fy 8 

f 8 fe 

To complete the separation, we take f(x) = x, obtaining 
t . 
i+L=-, gtg=t, g=ce't+t-—-1; 
& 8 


hence 
u=x(ce*'+t—- 1), 


which satisfies u(0, t) = 0. Also, u(x, 0) = x(c — 1). Thus c = 1 and the answer is, 


as before, 
u=x(e* +t - 1). 


8. From W = F(s)e~** VS and the convolution theorem we have 
w= freekV8}, kam, 


From this and formula 39 in Sec. 5.9 we get, as asserted, 
k 


2V a7? 


— 2, 
eW WA dy. 


w= fife 


10. Wo, s) = s le Veale» {u(t)} = 1/s, and since w(x, 0) = 0, 
W(x, s) = F(s)sWo(x, s) = F(s)[sWo(x, 5) ~— w(x, 0)] 
dWo 
=F —h 
| s) | at 
Now apply the convolution theorem. 


SOLUTIONS TO CHAPTER 11 REVIEW, page 647 


22. u = c(xje~¥ — 4x? 

24. u = g(y)(1 — e~*) + f(y) 

26. u = (Ae** + Be**)(C cos ky + D sin ky), 
u = (ax + b\(cy + a), 
u = (Acos kx + B sin kx)(Ce™ + De-**) 

28. Parabolic, y’* — 6y’ + 9 = (y’ — 3)*,v = x,z=y — 3x, 
u = xfy(y — 3x) + foly — 3x) 

30. 3 cos 2t sin x — } cos 6t sin 3x 


4 1 1 
32. u = — {cos 2t sinx — — cos 6t sin 3x + —cos 10tsin5Sx —+-:-- 
7 9 25 


a4 y= ae (sin 2 e70-001143¢ _ i ae 37x e70-010286t 4 _ 
7 100 00 


1 1 
36. u = 5m? — 60 (cosxe“ ~ 700s 2x e~* + 9 08 3x e798 — + -- ) 


32 (1 4t 1 36t 
. — oe i = ainda 
38. u= 7 = (; cos 2x e 36 cos 6x e 


an aa a lO 
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400 @ - = 
40. u = — Sat sin 2 — Dex sinh [Qn ~ Iary/t2] 
aa =1° 12 sinh (2n — 1) 
42, ; 


“NIS= 


0 
0) 120 x 


Chapter 11 Review. Equipotential lines in Prob. 42 


44, Ay/27 = cn(V1 + 1/20 = 1/V2 
46. Area 7R?/2 = 1, R = V2/n, 
chy/2ar = kyy/2r = ayy/2aR = 3.832/20V 2/7 = 3.832/V 87 


Ug — Uy)ror Uyry — Ugh . ; 
48. u = Mo Urol es Oe , where r is the distance from the center of the 


(7) — ro)r Ty — 1 
spheres 


50. f(¢) = 4 cos? é. Now, by (11’), Sec. 4.3, 
cos® @ = 2P3(cos #) + 3P,(cos 4). 


Answer: 
= 8r°P3(cos d) + #2rP,(cos ¢). 


PART D. COMPLEX ANALYSIS 
CHAPTER 12 Complex Numbers and Functions. 


Conformal Mapping 
Major Changes 


The old chapter on conformal mapping has been absorbed into Chap. 12, beginning 
with a general introduction to conformality in Sec. 12.5, continuing with the conformal 
mapping of the elementary complex functions in Secs. 12.6~12.8 and concluding with 
a special section on linear fractional transformations (Sec. 12.9). This: gives a better 
understanding of those functions because we now discuss their geometric properties 
(their mapping properties) acne with their analytic formulas, as we do it all 
the time in calculus. 


SECTION 12.1. Complex Numbers. Complex Plane, page 652 


Purpose. To discuss the algebraic operations for complex numbers and the representa- 
tion of complex numbers as points in the plane. 


Main Content, Important Concepts 
Complex number, real part, imaginary part, imaginary unit 
The four algebraic operations in complex 
Complex plane, real axis, tose inary axis 
Complex conjugates 
Two Suggestions on Content 


1. Of course, at the expense of a small conceptual concession, one can also start im- 
mediately from (4), (5), 


Z=xt iy, it= 


and go on from there. 
2. If students have some knowledge of complex numbers, the practical division rule 


(7) and perhaps (8) and (9) may be the only items to be recalled in this section. (But I. 


personally would do ten minutes more in any case.) 


SOLUTIONS TO PROBLEM SET 12.1, page 656 
2. iz = —2 + 4i,-1—-—1,2 + 5i 


4. —96 + 280i 6. —7 — 26i 8. —0.1 + 1.3 
10. (7 — 24i)/625, (7 + 24i1)/625 12. 29/25 
14, 4x3y — 4xy?, 4x2y? 16. (x? — y?)\(x? + y?) 
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20. 


ZZ, = 0 if and only if 
X2X1 — Yey1 = 0 
Yox, + Xgy1 = 0. 


Let z, # 0, so that x2” + yy” # 0, the coefficient determinant of our homogeneous 
system of equations in the “unknowns” x, and y,, which therefore must be zero; hence 
Zz = 0. 


SECTION 12.2. Polar Form of Complex Numbers. Powers and Roots, 


page 657 


Purpose. To give the student a firm grasp of the polar form, including the principal value 
Arg z, and its application in multiplication and division. 


Main Content, Important Concepts 


Absolute value |z|, argument 6, principal value Arg 6 


Triangle inequality 


Multiplication and division in polar form 
nth root, nth roots of unity (16) 


SOLUTIONS TO PROBLEM SET 12.2, page 662 


2. V8(cos Zar + i sin 327) 4. 10(cos a+ isinm) 6. cosda — isinda 
8. (1/V18)(cos dq + isin}a) 10. V37/8(cos 2.19105 — isin 2.19105) 

12. a, —3.0419 14. 37/4 

16. i 18. 3 + V27i 

20. TEAM PROJECT. (a) Use (15). 


22. 
24. 
26. 


28. 


(b) Use those formulas (10) in the form 
cos $6 = V4(1 + cos 6), sin36 = V4(1 — cos 6), 
multiply them by Vr, 


Vr cos 40 = Vi(r + rcos 6), Vrsind0 = Vir — rcos 6), 


use r cos @ = x, and finally choose the sign of Im Vz in such a way that 

sign [(Re Vz)(Im V2)] = sign y. 
(c) +V2(1 + i), 6 + 41,5 — V2i 
2(cos gk + isin fk), k = 1, 5, 9, that is; V3 + i, —V3 + i, —2i. 
+(1 +7) 
+(2 + i), £(1 — 2%) is obtained by taking the square root of each of the two solu- 
tions in Prob. 25. 
Using (18) in Team Project 20, we obtain 

z=46 +) + V45 4929-8 —-1=464+)4V—248 
= 465 + i) + [ VAG + (-2) + 1V4G - (-2)] 

3+ 2i 


-as+pgea=( 77 
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30. Quadratic equation in z” with solutions 
2? = 3b + i) + (1.5 + i) =3 + 4i and 2i, 
with the roots evaluated by (18). From this, by (18), we get the four solutions 
V3 4+4i=4[2+i], +V2i=+0 +i). 


34, xi = XY + iy4, £2 = Xo + tye, 
Izy + ze)? + lz _~ 22)? = @ + Xp)" + (y+ Yo)” + Oy X2)* + (yy - yo)” 
cl 2(x4? at X2" oh yy + Yo") a 2(\z1/ thy Izp}?). 
The name results from the fact that the equality relates the lengths of the sides and 
the diagonals of a parallelogram with sides determined by the vectors corresponding 
to zy and 2g. For the importance of the equality in Functional Analysis, see Ref. [9] 
listed in Appendix 1. 


36. |z| = Vx? + y? = Ixl, ete. 


SECTION 12.3. Derivative. Analytic Function, page 663 
Purpose. To define (complex) analytic functions—the class of functions complex analy- 
sis is concerned with—and the concepts needed for that definition, in particular, deriva- 


tives. 
This is preceded by a collection of a few standard concepts on sets in the complex plane 


that we shall need from time to time in the chapters on complex analysis. 
Main Content, Important Concepts 

Unit circle, unit disk, open and closed disks 

Domain, region 

Complex function 

Limit, continuity 

Derivative 

Analytic function 
Comment on Content 
The most important concept in this section is that of an analytic function. The other con- 
cepts resemble those of real calculus. The most important new idea is connected with the 
limit: the approach in infinitely many possible directions. This yields the negative result 


in Example 4 and—much more importantly—the Cauchy—Riemann equations in the next 
section. 


SOLUTIONS TO PROBLEM SET 12.3, page 668 


2. Annulus with center 4 — 2i bounded by the circles of radius 3 and 2 
4. Disk without its center 1 + i, radius V2. Such domains will be crucial in connection 
with residue integration in Chap. 15. 


6. We obtain 
x 


x? + y? 
the exterior of the circle of radius 3 with center at 3. 


<1, ex ty, B< (x — 9? + y?, 
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8. Angular region —3a < arg z < dar 
10. 4, —4 12. 0.6, 0.8 
14. (r? cos 26)/r —> 0 as r—> 0; yes 
16. (r cos 6 — rsin 6)/r? = (cos 6 — sin 6)/r; no 
18. 625000 20. —110 + 70: 22. 0 
24. TEAM PROJECT. (a) Use Re f(z) = [f@ + F@\/2, Im f@ = [fF — FEO|2i. 


(b) Assume that lim, ,,. f(z) = 1, lim,,,,f(2) = Iz, , # Ig. For every € > 0 there 
are 6, > 0 and 6, > 0 such that 


f(z) — L| <€ when 0<k-—z|< 5;, a ee 
Hence for € = |l, — 1.|/2 and 0 < |z — z| < 5, where 8 S 6, 5 S 85, we have 


ll, — Je] = I[F@ — le] — [F@ — 4] 

(c) By continuity, for any € > 0 there is a 5 > 0 such that |f(z) — f(@| < € when 
|z — al < 8. Now |z, — al < 8 for all sufficiently large n since lim z,, = a. Thus 
\fZn) — f(@| < efor these n. 

(d) The proof is as in calculus. We write 


f@) — F@o) 

Z— % 
Then from the definition of a limit it follows that for any given € > 0 there is a 
5 > 0 such that |y| < € when |z — zo| < 6. From this and the triangle inequality, 


lF@) — F@o)| = lz — zollf’ Zo) + nl S |z — zollf’o)| + lz — zole, 
which approaches 0 as |z — zo| > 0. 

(e) The quotient in (4) is Ax/Az, which is 0 if Ax = 0 but 1 if Ay = 0, so that it has 
no limit as Az —> 0. 
( LE + Ae — f@ _ @+ AVE + Ajy-z  &k& 

Az 7 Az _o Az 
When z = 0 the expression on the right approaches zero as Az — 0. When 
z # 0 and Az = Ax, then Az = Ax and that expression approaches z + z. When 
z # 0 and Az = iAy, then Az = —iAy and that expression approaches —z + Z. 
This proves the statement. 


— f'@) = 7. 


+7 +Az 


SECTION 12.4. Cauchy—Riemann Equations. Laplace’s Equation, 


page 669 


Purpose. To derive and explain the most important equations in this chapter, the 
Cauchy—Riemann equations, which constitute the basic criterion for analyticity. 


Main Content, Important Concepts 


Cauchy-Riemann equations (1) 
These equations as a criterion for analyticity (Theorems 1 and 2) 
Derivative in terms of partial derivatives, (4), (5) 


Fe ee ae Ea NT een 
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Relation of analytic functions to Laplace’s equation | 


Harmonic function, conjugate harmonic 


Comment on Content 
(4), (5), and Example 3 will be needed occasionally. : 
The relation to Laplace’s equation is basic, as mentioned in the text. 


SOLUTIONS TO PROBLEM SET 12.4, page 673 


2. No 4, Yes (z # 0) 6. Yes (z # 0) 8. Yes (z # +1, +i) 10. No 
12. No. Note that this is x? — y® — 2xyi = (x — iy)? = 2. 
14, TEAM PROJECT. (a) u = const, u, = uy = 0, vz = vy = O by (1), v = const, 
f =u+t iv = const. 
(b) Same idea as in (a). 
(c) f' =u, + iv, =0 by (4). Hence v, = 0, u, = 0 by (1), f = u + iv = const. 
18. No 20. In |z| + i Arg z 22. sin x cosh y-+ icos x sinh y 
24. No 26. a = 0, 3D(y” — x”) 28. a = 2, —sin 2x sinh 2y 
30. Students should observe the orthogonality of the two families, which will be discussed 
in the next section, as a consequence of conformality. 


eS ttn th tt ene te ana ene bn 


SECTION 12.5. Geometry of Analytic Functions: Conformal Mapping, 
page 674 


ee eee 


Purpose. To show conformality (preservation of angles in size and sense) of the mapping 
by an analytic function w = f(z); exceptional are points z at which f’(z) = 0. 


Main Content, Important Concepts 


Concept of mapping 
Complex functions as mappings 
Definition of conformality 
Critical point 
Conformality (Theorem 1) 
Comment on the Proof 
The crucial point is to show that w = f(z) rotates all straight lines (hence all tangents) 


passing through a point zy through the same angle a = arg f'(z), but this follows from 
(3) by taking arguments. This in a nutshell is the proof, once the stage has been set. 


Comment on Purpose of Section 
Apart from applications, this discussion of geometric aspects of analytic functions should 
help the student gain a better understanding of complex functions. In a sense it is a coun- 
terpart of discussions of functions in terms of curves in calculus. 


SOLUTIONS TO PROBLEM SET 12.5, page 678 
2. x = c, w = —y + ic, horizontal lines; y = k, w = —k + ix, vertical lines i 
4. Only in size 
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See 
6. The lower half-plane v < 0 
8. From the last formula in Example 1 with k = 1 we have for y = k = 1 the image 


ve=41+u) or u=dv? +1, 


a parabola opening to the right. For the boundary y = 0 we get v? = 0. The x-axis 
is “folded up” at 0, where angles are doubled, and is mapped onto the nonnegative 
ray of the u-axis. 


1 ae 
10. w= : = + . For x = 1 we thus have 
xtly x+y 
1 =e 
=——>, v= . 
eT 1+y 
Hence 
1+ y? 1 
w+ 2 =—— = =U. 


12. 
14, 
16. 


18. 
20. 


d+ y?)? 1+ y? 


This implies (u — 3)? + v? = 4. The image is the closed disk bounded by this 
circle. 

w' = 2(z3 — a) - 3z = 0 gives z = O-andz = Wa. 

w' = —4z/(z? — 1)? after simplification. Hence z = 0. 

Ellipse z(t) = 3 cost + isin t. Advise students that other solutions are possible. 
z(t) = t + ikt? 

CAS PROJECT. Orthogonality is a consequence of conformality because in the w- 
plane, u = const and v = const are orthogonal. (a) u = x* — 6x?y? + y4, 
v = 4x3y — Axy®; (b) u = x/(x? + y), v = —yl(x? + y?); 

(c) uw = (7 — yP VQ? t+y?)?, v = —2xy(x? + y?)?; d) u = 2xK(1 — y)? + x%), 
US (Los Syl = yy +2) 


SECTION 12.6. Exponential Function, page 679 


Purpose. Sections 12.6—12.8 are devoted to the most important elementary functions in 
complex, which generalize the corresponding real functions, and we emphasize proper- 
ties that are not apparent in real. 


We also discuss the basic mapping properties of these functions. This is important for 


practical reasons (in connection with potential theoretic applications) as well as for cre- 
ating a better understanding of the nature of these complex special functions. It is the ana- 
log of what we do all the time in calculus when we discuss real functions in terms of their 
graphs in the xy-plane. 


Basic Properties of the Exponential Function 


Derivative and functional relation as in real 
Euler formula, polar form of z 

Periodicity with 27ri, fundamental region 

e* # 0 for all z 

Conformality of the mapping w = e’ for all z 


{allen EG 


Bere meee 


Instructor’s Manual 179 


SOLUTIONS TO PROBLEM SET 12.6, page 682 
2. e(cos 1 + isin 1) ~ 1.47 + 2.293, e 


4. 


. € 


—0.0755 — 2.58467 


5 V2 emit : 
. Wrexp (0 + 2kmn), k = 0,1,+++,2 — yr = lel 


oe ah ene es7ila 


~2=4in2+nzi,n=0,1,--- 

. z= In5 + (arc tan? + 2nw)i 

. Annulus 1/e < |w| < e cut along the negative real axis 

. Whole w-plane except w = 0 

. TEAM PROJECT. (a) e”” is analytic for all z # 0. e” is not analytic for any z. The 


last function is analytic if and only if k = 1. 

(b) G) e* sin y = 0, sin y = 0. Answer: On the horizontal lines y = +n7, 
n=0,1,:°-.G@i)e* < 1, x > 0 (the right half-plane). _ 
(iii) e* = e7— = e*(cos y — isin y) = e*(cos y + isin y) = e. Answer: Allz. 

(d) f' =u, + iv, = f =u + iv, hence u,, = U, U, = v. By integration, 

u= cy(y)e*, V = Coly)e*. 
By the first Cauchy—Riemann equation, 
Uz = Vy = ce", thus c,=cy (' = diay). 
By the second Cauchy—Riemann equation, 
Uy = cye™ = —v, = —cpe*, thus Cl = ~Co. 
Differentiating the last equation with respect to y, we get 
cy) = -cg = -c, hence cy = acosy + bsiny. 
Now for y = 0 we must have 
u(x, 0) = cy(O)e* = e*, c,(0) = 1, a=1, 
v(x, 0) = c.(0)e” = 0, c(0) = 0. 

Also, b = ¢1(0) = —co(0) = 0. Together c,(y) = cos y. From this, 

co(y) = ~c7(y) = siny. 

This gives f(z) = e*(cos y + isiny). 


SECTION 12.7. Trigonometric Functions, Hyperbolic Functions, page 682 


Purpose. Discussion of basic properties (including mapping properties) of trigonometric 
and hyperbolic functions, with emphasis on the relations between these two classes of 
functions as well as between them and the exponential function; here we see on an ele- 
mentary level that investigation of special functions in complex can add substantially to 
their understanding. ; 


eee, 
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SOLUTIONS TO PROBLEM SET 12.7, page 686 
2. The right side is 


cosh z; cosh z, + sinh z, sinh Zp 
= g(e + e~)(e%2 + e%2) + H(e% — e771) (e% — e7*2), 
If we multiply out, then because of the minus signs the products e1e~*2 and e~*1e% 
cancel in pairs. There remains, as asserted, 
2: det + e472) = cosh (Z1 + 2). 

Similarly for the other formula. 

4. cos 1 cosh 1 — isin 1 sinh 1 ~ 0.8337 — 0.9889: 

. Esinh a ~ 11.5487: (same as Prob. 5) 

8. cos 5 sinh 4 + icosh 4 sin 5 = 7.7411 — 26.1865i 
10. cosh z = 0, coshxcosy = 0, cosy = 0, y = +(2n + 1)n/2, sinhxsiny = 0, 
sin y # 0 for those y, hence sinh x = 0, x = 0. Answer: 


“A 


Ti 
z=t@nt+D>. n=0,1,-°-. 


12. sin x cosh y = 1000, cos x sinh y = 0, x = 7/2 + 2n7z, cosh y = 1000, cosh y ~ e4/2 
(y large), e¥ ~ 2000, y ~ 7.600 902 (which agrees with the 6D value of the solution 
of cosh y = 1000). Answer: z = a/2 + 2nm + 7.600 902i. 

14. The region in the right half-plane bounded by the v-axis and the hyperbola 
4u? — $y? = 1 because for x = 0 formula (6b) reduces to 


sin ty = i sinh y. 


Thus u = 0 (the v-axis) is the left boundary of that region. For x = 7/6 we obtain © 


sin (7/6 + iy) = sin (77/6) cosh y + icos (7/6) sinh y, 
thus 
u = $coshy, v = 4V3 sinh y 
and we obtain the right boundary curve of that region from 
1 = cosh y — sinh? y = 4u? — 4y?, 
as asserted. 
16. The region in the upper half-plane bounded by portions of the u-axis, the ellipse 
u*/cosh” 3 + v7/sinh® 3 = 1 and the hyperbola u? — v? = 2. 
Indeed, for x = + 77/4 we get [see (6b)] 
sin (+4ar + iy) = sin (+37) cosh y + icos (+47) sinh y 
= +(1/V2) cosh y + i(1/V2) sinh y 
and from this 
1 = cosh? y — sinh? y = 2u? — 207, thus, — v? = B., 
For y = 0 we get v = 0 (the u-axis). 
For y = 3 we get 
u = sin x cosh 3, v = cos x sinh 3, 


hence 
1 = sin? x + cos? a + v 
= sin? x + cos? x = ——,—- + —=—.. 
cosh? 3 sinh? 3 
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18. 


20. 


The upper boundary maps onto the ellipse 


u2 v 


——__—_- + ————_ = 
cosh? 1 sinh? 1 : 
and the lower boundary onto the ellipse 


uw v 


2 


2 


+— = 
cosh?3 sinh? 4 


Since 0 < x < 27, we get the entire ellipses as boundaries of the image of the given 
domain, which therefore is an elliptical ring. 
Now the vertical boundaries x = 0 and x = 2a map onto the same segment 


sinh $ = u S sinh 1 
of the u-axis because for x = 0 and x = 2a we have 
u = cosh y, v= 0. 


Answer: Elliptical annulus between those two ellipses and cut along that segment. 
See the figure. 


Section 12.7. Problem 18 


CAS PROJECT. This is an impressive demonstration of the relationships between 
the four functions. (a) and (8) reflect that they are translations of one another by an 
odd multiple of 7/2. More about the actual formula cos z = sin (z + 37) cannot be 
discovered from the plot. Similarly for (c) and (d), which are translates by multiples 
of iz/2 (thus in the y-direction). (a) and (c) are rotations of one another through 90°. 
Similarly for (6) and (d). Hence (a) and (d) are related by translations and rotations, 
and so are (b) and (c). 


SECTION 12.8. Logarithm. General Power, page 687 


Purpose. Discussion of the complex logarithm, which extends the real logarithm In x (de- 
fined for positive x) to an infinitely many-valued relation (3) defined for all z # 0; defi- 
nition of general powers z°; mapping properties. 


Comment on Notation 
In z is also denoted by log z, but for the engineer, who also needs logarithms log x of base 
10, the notation In is more practical; this notation is widely used in mathematics. 
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Section 12.7. CAS Project 20 


SOLUTIONS TO PROBLEM SET 12.8, page 691 


4. 


e izle"? = z, 


In e* = In je*| + iarge* = Ine* + i(y + 2nm) = x + iy + 2nai = z + AnTI 


Inz — gin lel+KOL2n7) _ 


. In 20 — iarc tan (4/3) = 2.9957 — 2.2143: 
. 41n 100.01 + (a — 0.0100)i = 2.302 635 + 3.131 593 
. 1+ 2nwi,n =0,1,-°- oi 

.n4+ (Qn + 1)ti,n =0,1,-°° 

. In5 + (arc tan (3/4) + nmi, n = 0, 1,--- 

. e 2-82 = e-2(cos 8 — i sin 8) = 0.010 — 0.135i 


ef—™ = —15,154 
eri In 2 — gPitin 2+mi/2) — o—™(cos (In 4) + isin (In 4)) = 0.0079 + 0.0425i 
et) Ind+d = exp [(1 — Din V2 + wi/4)] 
exp (In V2 + dari — iin V2 + 1) 
= V2 e™*(cos Gar — In V2) + isin Ga — In V2)) 
= 2.808 + 1.318: 
en +8) = exp [i(In V10 + i arc tan 3)] 
e7 re tan 3 (cos (In V'10) + isin (In V'10)) 
0.1168 + 0.2619i 


II 
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26. e240 in(-D — ee ai = et? = 286751 
28, 27 In 4.34040 — exp (2qi(In V1.85) + i arc tan (0.4/1.3) 
= e7 1875 (cos (2 InV1.85) + isin (27 In V1.85)) 
—0.0543 + 0.1433: 
30. TEAM PROJECT. (a) w = cos™* z, z = cos w = 3(e” + e~*). Multiply by 2e” 
to get a quadratic equation in e™, 


et _ 276 4+ 1 = 0, 


A solution is e” = z + Vz? — 1, and by taking logarithms we get the given formula 
cos-'z=w=-iln(@ + Vz? — 1). 


(b) Similarly, 


Now take logarithms, etc. 
(c) cosh w = de” + e~”) = z, (e%)? — We” +1=0, eh =zt+ Vz — 1. Take 


logarithms. 
(d). z = sinh w = $(e” — e~”), 2ze” =e — 1, ec” = 7+ Vz? + 1. Take loga- 
ae: sin w et — e-w an a 
eS Gayo eg ee 
gio ITZ Oyet Dale Fe 
i+z 2 i+z 2 i-z 


(f) This is similar to (e). 


SECTION 12.9. Linear Fractional Transformations. Optional, page 692 


Purpose. Introduction to this large class of conformal mappings, also called Mébius trans- 
formations. These transformations form a group, have various general properties in com- 
mon, and help to motivate the concept of the extended complex plane, which plays a 
more important role in advanced complex analysis than it does in our investigations. 


Main Content, Important Concepts 
Linear fractional transformations, special cases 
Extended complex plane, point at infinity 
Fixed points 
Construction of linear fractional transformations 
Mappings 


Short Courses. This section may be omitted. 
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SOLUTIONS TO PROBLEM SET 12.9, page 698 


2. The inverse is 


_wti_utwt+i_utvt+idi-v-w 
iw+1 1-v+u (1 — v)? + wu? 


Multiplying out the numerator, a number of terms drop out, and the real part of the 
numerator is 2u. This gives Re z = x in the form 


= 2u 
(buy aec 


ah ie: A 
(v-1)*+ aes =a 


x= C 


This yields the circles 


c 
as claimed. 
4. z = (2w — 1)(—w + 1). The equation for the fixed points of w = f(z) is 


2v+z-1=0 


V5 


+ —— 


2 


with solutions 


Lo 


Nile 


From the inverse we get the same equation with w instead of z. Of course, this is not 
surprising; a fixed point of the mapping must be a fixed point of the inverse. 


6. TEAM PROJECT. (a) This follows by direct calculation and simplification. 
(b) One can combine the cases of a straight line and a circle by writing (A = 0a 
straight line, A # 0.a circle) 
A(x? + y?) + Bx + Cy+D=0 (A, B, C, D real). 
One can simplify the further work by writing this in terms of z and Z, a device 
that has other applications, too: 
Z+Z eae 
+C 
2 2i 
w = I/z gives z = 1/w. Substitution of this and multiplication by ww gives 


AczeB -4D=0. 


wtw w—-w 
+C 


+ WwW = 
2 a 


A+B 
or, in terms of u and v, 
A + Bu — Cu'+ Di? + v?) = 0, 
which is a circle (if D # 0) or a straight line (if D = 0) in the w-plane. 
(c) This follows by direct calculation. 


(d) If we set 


1 
Wy = CZ, We = w, + d, Wa=7 wa = Kw, 
2 


then we have w = w, + a/c from (c). 

The statement to be proved is trivial for a translation or a rotation, fairly ob- 
vious for a uniform expansion or contraction, and true for an inversion, as proved 
in (b). Hence the statement is true for any LFT (1) because of (c). 


(e) w = —(z? + i)Miz? + 1) 
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1 Zz 
8 w=z+2 10. w =——_ 12. w =———__ 4,w=i 
w=zZ w ad w (e+ 14. w = iz 
16. The requirement is that 
ax+b 
w=u= 
cx+d 


must come out real for all real x. Hence the four coefficients must be real, except 
possibly for a common complex factor. 

18. cz? — c = 0 (c ¥ 0) has those fixed points as solutions, and by comparing this with 
(5) we see that we must have 


a~d=0, b=c 
and get the answer 
_ ate : bi 
w= rere (a, c arbitrary). 


SECTION 12.10. Riemann Surfaces. Optional, page 699 


Purpose. To introduce the idea and some of the simplest examples of Riemann surfaces, 
on which multivalued relations become single-valued, that is, functions in the usual sense. 


Short Courses. This section may be omitted. 


SOLUTIONS TO PROBLEM SET 12.10, page 700 


4, For w = W/z the Riemann surface has 4 sheets. To them correspond in the w-plane 
the four angular regions of angle 90° each and bounded by the two bisecting lines of 
the four quadrants; z = 0 is a branch point. If z moves 4 times around the origin and 
back to its original position, then w completes a motion once around the origin. 

Similarly for w = Wz, where we need 5 sheets and z = 0 is a branch point. 

6. By the hint, we have 


W = Vr etl? V7 c8O0!2 = V ry 75 e+ Ol. 


If we move from A in the first sheet (see the figure), we get into the second sheet at 
B (dashed curve) and get back to A after two loops around the branch point 1. 

Similarly for a loop around z = 2 (without encircling z = 1); this curve is not 
shown in the figure. 


Section 12.10. Problem 6 


Seer enema nee ee aE 
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If we move from C and back to C as shown, we do not cross the cut, we stay in 

the same sheet, and we increase 6, and 0, by 27r each. Hence (6, + 6,)/2 is increased 
by 277, and we have completed one loop in the w-plane. This makes it plausible that 
two sheets will be sufficient for the present w and that the cut along which the two 
sheets are joined crosswise is properly chosen. 
Branch points at +1 and +2, as shown in the figure, together with the cuts. If we 
pass a single cut, we get into the other sheet. If a path crosses two cuts, it is back in 
the sheet in which it started. The figure shows one path (A) that encircles two branch 
points and stays entirely in one sheet. The path from B and back to B also encloses 
two branch points, and since it crosses two cuts, part of it is in one sheet and part of 
it is in the other, 

A discussion in terms of coordinates as in Prob. 6 would be similar to the previ- 
ous one. Various other paths can be drawn and discussed in the figure. 


~ ” 
See 


Section 12.10. Problem 8 


+1, +7; 2 sheets 


SOLUTIONS TO CHAPTER 12 REVIEW, page 701 


16. —24 ~ 70i 18. +/74 exp E Arc tan Z| ~ 2.608 — 1.342i 
20. 1+i 22. V145 exp [i Arc tan 3] = 12.042¢°.98314 

24, 7.3e7 26. +3, +3i 

28. (+1 + D/V2 30. (4 — 4i) 

32. 1/2? 34, sin 2z 

36. —22.72 + 49.65i 38. —2.3013i 

40. || < 19,u>0— 42. 0 < Argw < 3n/2 

44. e < |w| < e? in the second quadrant 


~2=0,27+1=0,+t0,+20,-°-- 
. w= (z+ 2 — i) 
. c22 — (a — d)z — b = cz + iz — i) = c(z* + 1) by the equation for the fixed 


points. By comparing powers of z we have a — d = 0, b = —c. Hence 


az+b 
—bz +a’ 


CHAPTER 13 Complex Integration 


Change 


We now discuss the two main integration methods (indefinite integration and integration 
by the use of the representation of the path) directly after the definition of the integral, 
postponing the proof of the first of these methods until Cauchy’ s integral formula is avail- 
able in Sec. 13.2. This compactification of the material seems desirable from a practical 
point of view. 

Comment 

The introduction to the chapter mentions two reasons for the importance of complex in- 
tegration. Another practical reason is the extensive use of complex integral representa- 
tions in the higher theory of special functions; see Ref. [11] listed in Appendix 1. 


SECTION 13.1. Line Integral in the Complex Plane, Page 704 


Purpose. To discuss the definition, existence, and general properties of complex line in- 
tegrals. Complex integration is rich in methods, some of them very elegant. In this sec- 
tion we discuss the first two methods, integration by the use of path and (under suitable 
assumptions given in Theorem 1!) by indefinite integration. 
Main Content, Important Concepts 

Definition of the complex line integral 

Existence 

Basic properties 

Indefinite integration (Theorem 1) 

Integration by the use of path (Theorem 2) 

Integral of 1/z around the unit circle (basic!) 

ML-inequality (13) (needed often in our work) 
Comment on Content 
Indefinite integration will be justified in Sec. 13.2, after we have obtained Cauchy’s in- 
tegral theorem. We discuss this method here for two reasons: (i) to get going a little faster 
and, more importantly, (ii) to answer the students’ natural question suggested by calcu- 


lus, that is, whether the method works and under what condition—that it does not work 
unconditionally can be seen from Example 7! 


SOLUTIONS TO PROBLEM SET 13.1, page 711 


2.44+ 3i- (9+ 4)t0 StS 1) 

4. 3cost + 2isint (0 St S 27). Here (and elsewhere) one should emphasize the ad- 
vantage of parametric representations, that one gets the entire curve, whereas y = y(x) 
would give only the upper half (or the lower half), and y' (x) > © as x— +3. 


6. ¢+ it? (-2 StS 3) 
8. 2 cosh t + isinh t (—~ < t < ) 
10. Upper semicircle (radius V3, center Si) 
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12. y = 3x4 (-1 SxS) 
14. Hyperbola xy = 4 from 1+ 4ito4+i 


2 
16. (2) = 14 #0 S152, 20 =4if Lami. 
(2) et) =t+ 21 St $3), 20 = 1, fra=a 


Answer: 4 +i 
18. cj) =t+#?OStS 1), 2) =1+ 2,7 =t — it? gives 


1 
J @- ia + 2paa1th 
0 
1 
20, Rez? = x? — y®. (1) Upward, z(t) = it, 2 =i, [ - Piae = -4 
0 
1 
(2) To the right, (tf) = t + i, 2() = 1, [ @-Idt=4-1 
0 


0 
(3) Down, 2() = 1 + it, t goes from 1 to 0, £() = i, i (1 — Pidt = (-1 +8) 
(4) To the left, z(t) = 1, t goes from 1 to 0, 2) = 1, if dt = —4. 
Answer: —1 — i 
22. By Theorem 1, the integral gives 


1 1 
cosh 71z = — (1 — cosh wi) = — (1 — cos m) = — 
ta ae 7 


7 i 


24. By Theorem 1 the integral gives 


8—31— at 
1 42 _ 32—12i7 ,—4n7 = 
ae =e (e —-1)=0 


8-37 


because of (7) in Sec. 12.6. 
26. —3 - 2ai by Example 6. 
28. L = V5, |Rez| = |x| S 3 = M, thus 3V5 = [4 + 21] = V20. It is typical that the 
bound is much larger than the actual value. 
30. TEAM PROJECT. (b) (i) 12.83, (ii) 4(e?*” — 1) 
(c) The integral, of Re z equals 42” — 2ai. The integral of z equals 4cr*. The inte- 
gral of Re z” equals 7°/3 — ma?/2 — 2azi. The integral of z? equals 7°/3. 
(d) The integrals of the four functions in (c) have for the present paths the values 
Lami, 0, (4a — 2)i/3, and —2i/3, respectively. 
Parts (c) and (d) may also help to motivate our further discussions on path inde- 
pendence and the principle of deformation of path. 


SECTION 13.2. Cauchy’s Integral Theorem, page 713 


Purpose. To discuss and prove the most important theorem in this chapter, Cauchy’s 
integral theorem, which is basic by itself and has various basic consequences to be 
discussed in the remaining sections of the chapter. 


ae Mincdactaa aaa aE kde 
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Main Content, Important Concepts 
Simply connected domain 
Cauchy’s integral theorem, Cauchy’s proof 
(Goursat’s proof in Appendix 4) 
Independence of path 
Principle of deformation of path 
Existence of indefinite integral 


Extension of Cauchy’s theorem to multiply connected domains 


SOLUTIONS TO PROBLEM SET 13.2, page 720 
2. (a) Yes. (b) No, since we would have to move the contour across +2i where 
1/(z? + 4) is not analytic. 
4. (a) z = 0 outside C, (b) z = 0, +1, +7 outside C, (c) 0, +3i outside C. 
6. No, because of the principle of deformation of path. 


8. 0, yes 
et Uy eda 0 wes adeenaaaaas d(6).N 
. Za ee nswer: 7m = 21 by the deformation principle and (6). No 
ar 2a 
12. fe —3it; eit dt= et =0 no 
0 0 
2a 


14. i eltielt dt = 0, no 
0 


2z + 3i 4 2 
16. TEAM PROJECT. (6) () 3 5g = Foam ~ TR 


ple of deformation of path, aid (6) we obtain the answer 


4-271 —2-2ai = 477i. 


. From this, the princi- 


(ii) Similarly, 
z+1 1/2 1/2 
2 oe i ae 
Zh 2z z aes aes 
Now z = —2 lies outside the unit circle. Hence the answer is 2 3° 271 = Ti. 


(c) The inept of z, Im z, z”, Re z”, Im z” equals 1/2, a/6, ce 1/3 — a?/30 — ia/6, 
al6 — ia “130, respectively. Note that the integral of Re z? plus i times the inte- 
gral of Im z” must equal 1/3. Of course, the student should feel free to experi- 
ment with any functions whatsoever. 

18. 0 by Cauchy’s theorem because z = 1 and the portion x > 1 of the real axis lie out- 
side the contour. 


20. | x dx = 0, 2(f) = e*, 0 StS 7a, hence the integral over the semicircle is 
0 


i (cos tie* dt = i if a(e* + ee dt = [0 + dn] = at. 
0 0 2 


q 


or i net te ce tl ne ene ee ent 
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- 1 1 
: pia =— + ——.. Answer: 27i + 277i = 427i by (6) because both 0 and 1 
Re A) ee 
lie inside C. 


24. 0 because the points +4n7ri, at which sinh z = 0, lie ali outside the contour of inte- 
gration, so that Cauchy’s integral theorem applies. 


SECTION 13.3. Cauchy’s Integral Formula, page 721 


Purpose. To prove, discuss, and apply Cauchy’s integral formula, the second major con- 
sequence of Cauchy’s integral theorem (the first being the justification of indefinite inte- 
gration). 

Comment on Examples 

The student has to find out how to write the integrand as a product f(z) times 1/(z — zg), 
and the examples (particularly Example 3) and problems are designed to give help in that 
technique. 


SOLUTIONS TO PROBLEM SET 13.3, page 724 


2. 2a: i/4 = —a/2 
4. The ellipse $x? + y?/ = 1 includes the singularities at —1 and 1 in the interior, 
whereas +i lie outside. If we write the integrand 
es oases ts De eS 
Be  2P Iee 1y, ze + Ae A) 
we can apply Cauchy’s integral formula to each of the two terms on the right and get 
2mi- 4 -— 2wi-4=0. 
6. The integrand is 


By Cauchy’s formula, 


Qari. i ee | : 
e/” = 2i|cos— + isin—] = —0.626 + 1.9003. 
T T vin 


8. The integrand is 


zsinz  z>sinz 1 
3z-1 3 z— 13° 
Hence Cauchy’s formula gives 
271i 1 


Th sin go 0.02538i. 


10. TEAM PROJECT. (a) Eq. (2) is 
Eo -\3 3 _ (13: 
See i dz z" — (gi) 
a=|{—-) -6 +p ——2/ g 
: a; (3) lf z— ti 2 z— di - 


Cc Z~— gl 
i 1 1 1 
= (-<-shani+f (2+ Sic- 2) a= Fe 120i 
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eee 


because the last integral is zero by Cauchy’s integral theorem. The result agrees with 
that in Example 2, except for a factor 2. 
(b) Using (12) in Appendix A3.1, we obtain (2) in the form 


sin Z esa 
$ 1. a = sing7 
c 27 37 


sinz — sinda 


1 
£- 97 


2 sin (z — 37) cos ($z + 42) * 
ees SIMU Ded RP 


2-430 


= 271i + $ 
c 
As p in Fig. 343 approaches 0, the integrand approaches 0. 
12. z = 2 lies outside the contour, so that we get the solution 
4 — sinz 
z-2 


14. z = 0 lies inside the contour; the solutions of e* ~ 2i = 0 lie outside because e% = 
2i, z = In 2i + 2nzi, and |In 2i| > In 2 > 4. We thus obtain the answer 


= —47i. 
z=0 ‘ 


e = 27 = 080 + 04mi ~ -2.51 + 1.261. 


1 — 2i 


QT 


rr 
& — 2i|,-5 


16. 427 — 8iz = 4z(z — 2%) = 0 at z = iin the “ring” in the figure and at z = 0 not in 
the ring. Hence 


f sin Z Siete 1 sinz mi sin2i wri ee ee 
Se a= ‘Tt: = —-+-—— = — gi = 2. . 
o 4 Bi ge | Oe 


Section 13.3. Problem 16 


18. Zo = i lies inside the large circle; —i and —1 lie outside: The integral over lz| = 0. 2 
is zero by Cauchy’s theorem. Hence 


La(z + 1) i= ani] BE*D) = opi LB +8) 
e¢ @-)zt+ i) Z+i deni 2i 


nin V2 "s =) = 1,089 + 2.467. 


192 Instructor’s Manual | 


20. By Cauchy’s integral theorem we can replace C by two small circles C, and C, around 
1 and —1 and then apply (146 get 


f tan z 1 a+ tan z 1 4 
cg Lz+1jz-1 . a Lz-1ljztl 


5 | tan z | in | tan z | Pcie 
= £71 Tl = 2771 tan 1. 
z+ 1 z=1 z 1 z=-1 


SECTION 13.4. Derivatives of Analytic Functions, page 725 


Purpose. To discuss and apply the third major consequence of Cauchy’s integral formula, 
the theorem on the existence and form of the derivatives of an analytic function. 


Main Content 
Formulas for the derivatives of an analytic function 
Cauchy’s inequality , 
Liouville’s theorem 
Morera’s theorem (inverse of Cauchy’s theorem) 


Comments on Content 
Technically the application of the formulas for derivatives in integration is practically the 
same as that in the last section. 

The basic importance of (1) in giving the existence of all derivatives of an analytic 
function is emphasized in the text. 


SOLUTIONS TO PROBLEM SET 13.4, page 729 


ari 
2, <7 (e-*sinz)'| = 2mie*(-sinz + cosz)| = 277i 
I! . Ie=0 z=0 
78 : 2 nae 
4 DF = eq —HF . Hence the solution is 
2 

Qmi_ (e) _ 2mi 7202 ze ut 
51 2 enya «120 2” |reye 32 


6. Differentiating three times, we obtain the answer 


8. The answer is obtained by 2n differentiations, which reproduces cos z times a factor 
(—1)”. Since cos 0 = 1, we obtain (—1)”27i/(2n)!. 
10. From (1) we obtain 


Qi 37 mei 
ARE (z2e7)” = ari(z? + 62 + 6z)e” = eee! 
2! z=1/2 z=1/2 8 
12. We have to differentiate twice, so that (1) gives’ 
Dari 
> (2 +sinz)"| = 7il6z-sind| = (sinh 1 — 6)z. 


ia a Ce 
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es 
14. From (1) with n = 1 we obtain 27ri/(—sin? z) = -27i. 
16. From (1) we obtain ame 
Qari(e*/z)' = 2mie*(2 — z*) = 2re~ti 
z=2t z=2t 


18. z = 2 lies outside the contour, and (1) with n = 1 gives 
t 
+ 1 In2 
ami Et] _ 2mi( 2 _ “2 . 
LD 6 


20. TEAM PROJECT. (a) If no such z existed, then [f(2)| = M for every |z|, which 
means that the entire function f(z) would be bounded, hence a constant by Liouville’s 
theorem. 


z=-1 


(b) Let) = cg tae t+ + oat = at(oq + St 4+ 2) 1 Cy, # 0, 
n > 0. Set |z| = r. Then = z 
lf) > (es! — Heol fe) 
r r 


and |f(z)| > $r”\c,| for sufficiently large r. From this the result follows. 

(c) |e*| > M for real z = x with x > R = In M. On the other hand, le*| = 1 for any 
pure imaginary z = iy because |e] = 1 for any real y (Sec. 12.6). 

(d) If f(z) # 0 for all z, then g = 1/f would be analytic for all z. Hence by (a) there 
would be values of z exterior to every circle |z| = R at which, say, |g(z)| > 1 and 
thus |f(z)| < 1. This contradicts (b). Hence f(z) ¥ 0 for all z cannot hold. 


SOLUTIONS TO CHAPTER 13 REVIEW, page 730 


16. —64/35 

18. The four integrals along the four edges of the rectangle have the value 2, 
—1 + cosh 1, —2 cosh 1, —1 + cosh 1. The sum is 0. 

20. z = 0 and z = 2 both lie inside the contour. Hence we obtain —27i — 27i = —477i 
(clockwise integration!). 


27 Ti 


" 22. —— (e7)" — 
3! fo, 8 


24, c(t) = 1 + it? (0 St S 3). Hence the integral takes the form 


2 473 .9 243 
[1a + 31) a = — + 3i— ne erupcceetry 
0 2 2 


4 Ji-0 4 
26. 2mi — = 207i 
cos? az |o-1 | 
28. z(t) = 3e* (0 St S 3m), Z = 3ie*. Hence the integral is 
m2 1 ; : 
[= Sie! de = ev? 1 = 5-1. 
o 3 
os 4, 32i 
30. 201 —— a 
4z z=nl4 


CHAPTER 14 Power Series Taylor Series 


Major Change 


Laurent series have been moved to Chap. 15, a better place because of their use in residue 
integration. 
Furthermore, the section on uniform convergence (Sec. 14.5) has been made optional. 


SECTION 14.1. Sequences, Series, Convergence Tests, page 732 


Purpose. Since not too much changes in the transition from real to complex sequences 
and series, this section can almost be regarded as a review from calculus plus a presen- 
tation of convergence tests for later use. 


Main Content, Important Concepts 


Sequences, series, convergence, divergence 
Comparison test (Theorem 5) 

Ratio test (Theorem 8) 

Root test (Theorem 10) 


SOLUTIONS TO PROBLEM SET 14.1, page 740 


2. Yes, no, (1 + i) 4. Yes, no, £1, +i 
6. No, because z,, = (cosh n7)/n 8. Yes, yes, 0 
10. Choose € > 0 arbitrary. By the definition of convergence there exists N(€) such that 
Zn — 1] < de, |z,* — I*| < de for all n > N(€). Hence for all these n, 
len + zn* — U + 1) = len — E+ zn* — 1*| Sen — + e* — P< 


This proves the assertion. 


12. Convergent, the sum being e7°*3%, 


1 


1 
14. Convergent since < 2 and > 3 converges. 


ln? + ij 
16. This series converges by the ratio test because 


(+)? Qn! mt 1 


= ma : 
(2n + 2)! . (nt)? (2n + 2)(2n + 1) 4 

18. Divergent since I/Inn > 1/n (n = 2, 3,- - -) and the harmonic series diverges. 

20. TEAM PROJECT. (a) By the generalized triangle inequality (6), Sec. 12.2, we have 


Zn+4 he Se Zatol = Zn oz Zn+al eae enepl. 


Since |z,| + |zg| + - - - converges by assumption, the sum on the right becomes less 

than any given € > 0 for every n greater than a sufficiently large N and p = 1, 

2,°++, by Cauchy’s convergence principle. Hence the same is true for the left side, 

which proves convergence of z; + Zz, + +: by the same theorem. 

(c) The form of the estimate of R,, suggests we use the fact that the ratio test is a 
comparison test based on the geometric series. This gives 
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Wn+2 | Wnts 
Ry = Was + Waen bo = Wrad (1 Huey Meso 
Wnt1 Wn+1 
Wn+2 Wn+3 Wn+3 Wnse 
ies nog Se Gar me ee q’, etc., 
Wn+1 Wn+t Wn+e2 Wn+1 
2 _ Was 
el lenge hg grb yeaa oan 
—4q 


(d) For this series we obtain the test ratio ar 


Ljn+1t+i on | 2 /n+1? +1 
2] n+] nt+i an + 1) n+ 


i n? + 2n3 + 27? 1 
QV nt + Qn + Wn + In +1 ~ 2! 
from this with g = 1/2 we have 


7 real  [atit+i] Vat? +1 


= < 0.05 
1-~q 2%m+1) 2(n + 1) 


IRn| 
Hence n = 5 (by computation), and 
661 
——~ i = 0.96875 + 0.688542i. 


Exact to 6 digits is 1 + 0.693147i. 


SECTION 14.2. Power Series, page 741 


Purpose. To discuss the convergence behavior of power series, which is basic to our fur- 
ther work (and which is simpler than that of series having arbitrary complex functions as 
terms). 

Proof of the Assertions in Example 6 

R=1L follows from R = 1/1 by noting that in the case of convergence, L = T (the only 
limit point). / exits by the Bolzano—Weierstrass theorem, assuming boundedness of 
{V]a,|}. Otherwise, V7 |a,| > K for infinitely many n and any given K. Fix z # Z, and 
take K = 1/|z — zq| to get : 


Vlan(z — %9)"| > Kle ~ z| = 1 


and divergence for every z # zy by Theorem 9, Sec. 14.1. 
Now, by the definition of a limit point, for a given € > 0 we have for infinitely 
many n 


T-~e< Va) <T+e 
hence for all z # zp and those n, 


(*) O- Oz — a) < Vianz — 2)" < T+ Ole - al. 


Seasay een) 
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The right inequality holds even for all n > N (N sufficiently large), by the definition of 
a greatest limit point. - 

Let T = 0. Since Wian| = 0, we then have convergence to 0. Fix any z = z, # 2%. 
Then for € = 1/(2|z, — Z|) > 0 there is an N such that Wia,| < € for all n > N, hence 


F 1 
lan(Z1 — 2)"| < €"lz1 — Zl” = 7 


and convergence for all z; follows by the comparison test. 
Let 7 > 0. We establish 1/1 as the radius of convergence of (1) by proving 


convergence of the series (1) if |z — zo| < 1/i, 


divergence of the series (1) if |z — z| > 1/7. 


Let |z — z| < 1/7. Then, say, |z — ali = 1 — b < 1. With this and 
€ = b/2\z — z| > 0 in (*), for all n > N, 


Wla,(z — z0)"| <Tlz — zl + ez — ol =1—b+4b<1. 
Convergence now follows from Theorem 9, Sec. 14.1. 


Let |z — zp| > 1/7. Then |z — zolf = 1 + c > 1. With this and € = c/(2|z — zl) > 0 
in (*), for infinitely many 7, 


Vlan(z — 20)"| > Tz — zol — ez — ol =1 te Ze>1, 
and divergence follows. 


SOLUTIONS TO PROBLEM SET 14.2, page 745 
2. 3,” 4.0, 4 6. i, bla 8. 0, 1/V2 
10. —1, 4 (the reciprocal of R in Example 5 of the text) 
12. The quotient in (6) is 
ne (n + its _ n® 1 1 


n! em oar (42) + 
: n 


% 


Hence the answer is 3i, 1/e. 

14. 0, © 

16. 0, V2 (not 2; see Team Project 20) 

18.0, 1/6 

20. TEAM PROJECT. (a) The faster the coefficients go to zero, the smaller lan+1| is, 
compared to |a,,|, and the larger |a,,/a,,41| = R becomes. 

(b) G) Nothing. (ii) This multiplies R by 1/k. (iii) The new series has radius of con- 
vergence 1/R. 

(c) In Example 6 we took the first term of one series, then the first term of the other, 
etc. We could have taken, for instance the first three terms of one series, then the 
first five terms of the other, then again three terms and five terms, etc. Or we 
could have mixed three or more series term by term. 
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Qn, 


(d) > ac = > ap(z?)", |z?| <R= lim 


20 


, hence |z2]< VR 


On+1 


SECTION 14.3. Functions Given by Power Series, page 746 


Purpose. To show what operations on power series are mathematically justified and to 
prove the basic fact that power series represent analytic functions. 


Main Content 
Termwise addition, subtraction, and multiplication of power series 
Termwise differentiation and integration (Theorems 3, 4) 
Analytic functions and derivatives (Theorem 5) 


Comment on Content 
That a power series is the Taylor series of its sum will be shown in the next section. 


SOLUTIONS TO PROBLEM SET 14.3, page 750 
2. Set f = Wn and apply l’H6pital’s rule to In f, 


. _ Inn . Im ; 
hi y Hence lim f = 1. 
n 
4,1 : 
—-l::-@—-k+1 
6. (;) = mee ktD consists of the fixed k!, which has no effect on ; 
R, and factors n(n — 1)---(n —k + 1), as obtained by differentiation. Since 


> (z/m)" has R = 7, the answer is 7. 
8. V5/3. The root appears because of 22” = (z)", 


10. ~. This is (36) in Appendix A3.1, except for a constant factor, and with z instead 
of x. . 

12. 1/4 because 1/(n + 1) results from integration, and for the series without this factor 
in the coefficients we have in (6), Sec. 14.2, 


(2n)'/(n!)” = (n + 1)? 1 


(Qn + 2)Wn+ 1)? Qnt+Qn+2) ~~ 4° 


14. ~ because 3n(3n — 1) results from differentiation, and for the coefficients without 
these factors we have in (6), Sec. 14.2, 


t/n” n+i1\" 
= {= (n+1) > as n —> ©, 
In + 1)"*4 n 


16. This is a useful formula for binomial coefficients. It follows from. 


P qa 
+27 +9%= > (‘ens (‘)-- 


n=0 VV m=o \M 


p+q 
=((+2°4=> (’ : ‘Ve 


r=0 q, 
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by equating the coefficients of z’ on both sides. To get z”z” = z" on the left, we 
must have n + m = r; thus m = r — n, and this gives the formula in the problem. 


18. The even-numbered coefficients are zero because f(—z) = —f(z) implies 


_,\2m 2m — 2m 
Gomi 2) = Aami a Gomi: 


20. TEAM PROJECT. (a) The list is 
. 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233. 
In the recursion, a,, is the number of pairs of rabbits present and a,,_, is the number 
of pairs of offspring from the pairs of rabbits present at the end of the preceding 
month. 
(b) Using the hint, we calculate 


(Q—z2-2) > anz™ = Dd) Gn — Gn—a — Gn-2)2" = 1, 


n=0 n=0 
where a_; = @_g = O, and Theorem 2 gives ag = 1, ay — dy = OQ, 
Qn, — An—1 — An—2 = O for n = 2,3, -- - . The converse follows from the unique- 


ness of a power series representation (see Theorem 2). 


SECTION 14.4. Taylor Series and Maclaurin Series, page 751 


Purpose. To derive and explain Taylor series, which include those for real functions 
known from calculus as special cases. 


Main Content 
Taylor series (1), integral formula (2) for the coefficients 
Singularity, radius of convergence 
Maclaurin series for e”, cos z, sin z, cosh z, sinh x, Ln (1 + z) 
Theorem 2 connecting Taylor series to the last section _ 


Comment 
The series just mentioned, with z = x, are familiar from calculus. 


SOLUTIONS TO PROBLEM SET 14.4, page 757 

2. > z*”; R = 1, singularities at +1, +i 

4.1 —422 + 3:4 - $28 +--+; R= 

6. (2 = 2 Dnt a 24324 42 + 58 + tt REI 


n=1 


8. The series is 


f=zt 


Aah teal imc Sonsini pean areal Or 


10. 


12. 
14, 


16. 


18. 


20. 
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It can be obtained in several ways. (a) Integrate the Maclaurin series of the inte- 
grand termwise and form the Cauchy product with the series of e*’. (b) f satisfies 
the differential equation f’ = 2zf + 1. Use this, its derivatives f" = 24 + zf’), 
etc., f(0) = 0, f’(0) = 1, etc., and the coefficient formulas in (1). (c) Substitute 


foo} 
f = 2 az" and f’ = >) na,z"—" into the differential e uation and compare coef- 
q ip 


n=0 n=0 
ficients; that is, apply the power series method (Sec. 4.1). 
2 2? zi 
‘35 tag ay tT R= 
Pe 2 zi8 
ae ae a aa 
First of all, since sin (w + 27) = sin w and sin (7 — w) = sin w, we obtain all val- 


ues of sin w by letting w vary in a suitable vertical strip of width 7, for example, in 
the strip —7/2 S u S 7/2. Now since 


(F ») (E+ ») ° 
sin {~— — ty} = sm {— + iy} = cos 
2 y 2 y y 


( : ( ; ‘i ) H 
sin |—-~ — ty} = sin |—— + iy} = —coshy, 
9 'y 3 y y 


we have to exclude a part of the boundary of that strip, so we exclude the boundary 
in the lower half-plane. To solve our problem we have to show that the value of the 
series lies in that strip. This follows from |z| < 1 and 


and 


1 23 )| Zz 1 |z/8 
Re(zt——+---)is|lz+—2+...Je,4-2 
e(: a z lel ar 

= sin? |z| << — 
1 fo of 
ees aE ee “MW, _ 3\n, =1 
rea aa id imz-H)" R 


n=0 : 
Iz + 1) — IP = -1 + 5 + 1) — 10 + 1)? + 10 + 138 — 5(¢ + 1)¢ + 
(z + 1)° 


; 1 T 1 Fa 1\3 
COS TZ = —sin | WZ — — ww} = ——[z-— —} + —[z-— Sop ast Re S06 
2 1! 2 3! 2 


22. pars = ype ~ yg t — mIP +--+; R=m 
. Th Tt) ae 71) 6! (z — mi) ; = 
1 2i 3 4i 5 
seg ge TG Gay te Gi ae Gane R=2 
26. We obtain 
id eee 2 See os (2 ) 
cos a aos — Cos = — — — cos — F7 
Zz 2 Zz 2 2 ra 
2 


erm en nineteen naar nent tenl nn nennerttetenttin ete ata fantcihcedaee 
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1 
28, TEAM PROJECT. (a) (La(l +2)! =1-2+ 2-24 --- =. 
z 
1 2 sin” aa 2 (-1)" 
(c) sin (: + 3) =) oa aS ce 4 z2" = cos z 
2 es n! a=o (2n)! 
(d) For y # 0 the series 
sinty S$ CD" en Sen 
iy = (an + 1 = (Qn+)!> 


has positive terms; hence its sum cannot be 0. 


SECTION 14.5. Uniform Convergence. Optional, page 759 


Purpose. To explain uniform convergence and its application to power series (Theorem 
1). To explain the two main reasons for the importance of uniform convergence (Theo- 


rems 2 and 3). 


SOLUTIONS TO PROBLEM SET 14.5, page 766 


2. This Maclaurin series of cosh z converges for all z. Use Theorem 1. 
1 


n 

a = . = — and > 2~” converges. Use the Weierstrass M-test. 

\z|?” +1 lz|" Qn 

6. |tanh” |z|| S 1, I/n(m + 1) < I/n?, and & 1/n” converges. Use the Weierstrass M-test. 
8. R = 5; uniform convergence for |z| = 5 — 6, 8 > 0. 

10. R = ©; uniform convergence on any bounded set. 

12. |tanhn?| < 1. Convergence for |z?| < 1/6. Uniform convergence for 
lz] = V6 — 6, 8>0. 

14; TEAM PROJECT. (a) Convergence follows from the comparison test (Sec. 14.1). 
Let R,,(z) and R,,* be the remainders of (1) and (5), respectively. Since (5) converges, 
for given « > 0 we can find an Ne) such that R,,* < e€ for all n > Ne). Since 
\f(Z)| = M,, for all z in the region G, we also have |R,,(z)| = R,* and therefore 
IR,,(2)| < € for all n > N(e) and all z in the region G. This proves that the conver- 
gence of (1) in G is uniform. 

(b) Since fg + f; +--+ converges uniformly, we may integrate term by term, and 
the resulting series has the sum F(z), the integral of the sum of that series. There- 
fore, the latter sum must be F’(z). 

(c) The converse is not true. 

(d) Noting that this is a geometric series in powers of q = (1 + 27)~', we have 
g=|lt+2\2<1,1<|1 + 27)? = (1 + x? — y?)? + 4x7y?, the exterior of a 
lemniscate. The series converges also at z = 0. 


(e) We obtain 
= 1 = 1 
= (1 + x?)™ = (1 + x*)” 
2 
= 5 ee —+14+x7=1. 
i ; 


1 + x? 


opr nant 


- 


16. 
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2 lie _ nx 2 . : 
IB,| = Q i fo) sin ae < 7 ML, where M is such that |f(x)| < M on the in- 
0 


terval of integration. Thus |B, < K (= 2M). Now when t = to > 0, 


as 
< Keto 


lup| = |B, sin ms en Antt 


because 


_ ANX s : A 
sin es = 1 and the exponential function decreases in a monotone fash- 


ion as t increases. From this, 


Ou. 
ie = |-A,7n| = An 7|ta| <A_2Ke~*"* ~=when t= ta: 
ft 
= cnTr ; 
Consider >) A,,2Ke7*"", Since A, = —— , the test ratio is 
Te Te L 
n=1 


pe Fe +1\? 2 
eras ean = exp , ne we (7 exp | ~(2n + (2) o| set) 
exp 0. n 


as n —> ©, and the series converges. From this and the Weierstrass test it follows that 


0 
pee — converges uniformly and, by Theorem 4, has the sum oe etc. 
t t 


SOLUTIONS TO CHAPTER 14 REVIEW, Page 767 


16. 
20. 


24, 


26. 


28. 


30. 


zl —z, R=1 18. R= 
R=4 22. e~-”, R.=0 
g22 2E\r* 7 
(.- is) as 
et = ere gr) + wi = ete —hri) SUS) ~( aa dai)"; R=. 
: n=o 72 
1 _ 1 


+3-4i)? © : go 8 
~ 4i)?} 1+ 
Coay | da 


ke 1)" —~—_ 


as Al dz ; 3 aie 
-2 + oe = (7 = s 
z 


——. -— VCE" a+ y 


n=0 
Cs) 
z 
25 
the distance of 3 + 4i from z = 0. 
In3 + 3(z — 3) -$@- 3? +dG-3)8 ----; R=3 


and 


25 
<1, k< = =5, R=5, 


ee rea eer a oa 
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32. 1 — 4i(z — i) — 6(z — i)? + 4i(z — i)® + (z — i), a binomial expansion also read- 
ily obtainable from Taylor’s theorem. 


1 1 i ee anne: | po 
34. —(2 -—a) + —-[z-— a7] -\ze- > 5 ie 
(: 7) “(: a] “(: | 
1 
= —sin a 
3 


36. [30 + 10i| = V1000 > |31 — 6i| = V997. No, by Theorem 1 in Sec. 14.2. Smaller 
numbers serving the same purpose are 5 + 4i and 6 + 2i; then \5 + 4i| = V4l > 
l6 + 2i| = V‘40. 

38. |r, =7- 6, 6>0 

40. R = 0, the series converges only at the center z = —1, so that uniformity of conver- 
gence loses its meaning. 


Soda tat pee stele oy tee 


CHAPTER 15 Laurent Series, Residue Integration 


Major Change 


Laurent series, formerly in the previous chapter, have now been placed into this chapter, 
because of their main application, which is residue integration. 

Applications to real integrals has been’ shortened because their practical importance 
seems to have decreased. , 


SECTION 15.1. Laurent Series, page 770 


Purpose. Next in importance after power series are Laurent series, converging in an an- 
nulus, and we explain here their theory and technique of application. 

Comment on Content 

The Laurent series of a given function in a given annulus is unique; this is essential in 
view of our various methods and tricks of derivation. Because of our later work (residue 
integration!), two facts should be emphasized: (i) a function may have different Laurent 
series in different annuli with the same center, and (ii) the series converging in an im- 
mediate neighborhood of a singularity (except at the singularity itself) is of particular 
interest because it will give the residue (defined as the coefficient of the term of the 
power 1/z). 


SOLUTIONS TO PROBLEM SET 15.1, page 775 


2. Divide the Maclaurin series of sin 7z by z” to obtain the answer 


5 7 

Tr a ae 

~~ atta F-—P4----s) Qehbl<w. 

Z 3! 5! 7! KI 
4. Using the sum formula for the geometric series, we obtain the answer 

1 
meal ae ead Sas 0< |e<1. 

6. z-> — 52-4 + 2-3 _ WB-2 4... 0<(el<a 


8. Using the sum formula for the geometric series, we obtain 


] | fo a} zm fo a) 7 1 [ool Tt 1 7 
of fae eee ee 22 
€ £ ag n=0 ae m=0 
ee, 2 ree see we 5 O0<h<1 
My ae ae as , AS 


10. The function is the same as in Prob. 8, but we now have the center z = 1. (In Prob. 
8 the center was 0.) We obtain 


—e@-Dt1 ae = as 
G=DGeE=D) g=1" zon ( - 1) 
La Se sc ate 
=> ~ 4)” 
7% (2 m! Je : 
eS = ae aa | ee Sapeiee —1%+—-...]- R=1 
PEN eee ee 3@-) g&— : =], 


CRE ea 
I 


Sty mre sc 


| 
| 
| 
1 
| 
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12. 1 + z z 
: z-1 (z — 1)? 
1 
14. sinz = sin(z — 3a + Gm) = Vy ‘sin (z — 4m) + cos (z — 47)). This gives the 
answer 
1 
vg le any? + @ — amy? — 4-3 -fm td —jo?t-: +) R=. 
16. e®[(z — b) 1 +a + gaz — b) + 4a°(z — b)? +++ °J; R= 
18. The answer is the Laurent series, which is the sum of the two series 
1 1 1 i 1 i 
— aa eS ag ee (\z| > 1) 
and 
1 -1 
z—2i  2i(1 — 2/2i) 


20. The answer is the Taylor series that is the sum of the two series 


= gi + ge — giz? — age? + apie te le] <2). 


1 
-=Htig+)-he+iP -—4e +9? + H+ H)*+--- 
z—i 
and 
Sg ee Be ae 


22. TEAM PROJECT. (a) Let > Anf{Z — Zp)” and >> cy(z — %)" be two Laurent 


series of the same function f(z) in the same annulus. We multiply both series by 

(z — z)~*~1 and integrate along a circle with center at Zo in the interior of the an- 

nulus. Since the series converge uniformly, we may integrate term by term. This yields 

Qiia, = 27ic;,. Thus, a, = cp, for all k = 0, +1,---. 

(b) No, because tan (1/z) is singular at 1/z = +27/2, +377/2,---, hence atz = +2/7, 
+2/3,- ++, which accumulate at 0. 

(c) These series are obtained by termwise integration of the integrand. The second 
function is Si(z)/z?, where Si(z) is the sine integral [see (40) in Appendix A3.1]. 


Answer: 
ns Sh gh es 8 ae 
Zz 212 -3!3 4!4 , 
1 1 za 
2 33°55 7 


SECTION 15.2. Singularities and Zeros. Infinity, page 776 


Purpose. Singularities just appeared in connection with the convergence of Taylor and 
Laurent series in the last sections, and since we now have the instrument for their classi- 
fication and discussion (i.e., Laurent series), this seems the right time for doing so. We 
also consider zeros, whose discussion is somewhat related. 


ede eared 


bene cles a 


Main Content, Important Concepts 
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Principal part of a Laurent series convergent near a singularity 
Pole, behavior (Theorem 1) 

Isolated essential singularity, behavior (Theorem 2) 

Zeros are isolated (Theorem 3) 

Relation between poles and zeros (Theorem 4) 

Point ©, extended complex plane, behavior at 0 


Riemann number sphere 


SOLUTIONS TO PROBLEM SET 15.2, page 780 


2. 
4. 


10. 
12. 
14. 


16. 
18. 


+1, +2; fourth order 
(1 + 2n)2i/4 (second order) because 


cosh 2z = 3(e% + ee) =0, e#@ =-1, 4z= In(—1) = (1 + 2n)ai. 


. 3a + In, n = 0, 1,--~;: tenth order 


- TEAM PROJECT. (a) f(z) = (z — Zo)"2(Z) gives 
f'@ = n@ — z)"*g@) + — w)"g'(2), 
which implies the assertion because &(Z) # 0. 

(b) f(z) as in (a) implies 1/f(z) = (¢ — z)~"h(z), where A(z) = 1/g(z) is analytic at 
2 because g(Z) # 0. , 

(c) f(z) — k = Oat those points. Apply Theorem 3. 

(d) f3(z) — f(z) is analytic in D and zero at each 2n Hence its zeros are not iso- 
lated because that sequence converges. Thus it must be constant since otherwise 
it would contradict Theorem 3. And that constant must be zero because it is zero 
at those points. Thus f(z) and f2(z) are identical in D. 

+1, +3, £5, +--+ (simple poles); © (essential singularity) 

© (essential singularity) 

+2i (essential singularities). These are the solutions of z7>+4=0. Also, fd) = 

cosh [w?/(1 + 4w)] is analytic at w = 0. Hence the given function is analytic at , 

—i (essential singularity) 

m/4 + nar (simple poles). These are the points where the sine and cosine curves in- 

tersect. They have a different tangent there, hence their difference cos Z — sin z can- 

not have a zero derivative at those points; accordingly, those zeros are simple and 


give simple poles of the given function. To make sure that no further zeros of 
cos Z — sin z exist, one must calculate 


. _ fil aie se 1 * oe oe 0 
cos z — sinz = 2 af? 71> )e = 
and by simplification, 


“ , 7 
ett = 7 z= tne, n=0,1,---, 


so that we get no further solutions beyond those found by inspecting those two curves. 


ee ae OR REA TR 
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20. For |z| small enough we have [1 + 2 > 1/V2, |1 — z| > 1/V2; hence 


|1 — z7| = [1 + 2 [1 — z| > 1/2 and 
ae ee 
3 Z ~ {8 


z 
This motivates the proof. 
To prove the theorem, let f(z) have a pole of mth order at some point z = Zp. Then 


bn Dm-1 
Say". eam) 
a b. 
=—2 14+ cat], bn #9. 
Ge “=| bn oe 
For given M > 0, no matter how large, we can find a 6 > 0 so small that 


1 
1-2 > ge > © as (0. 


f{@= 


\Brnal Din 1 
as >2M ~~ and 1+—_= be —™1 % — xm) +- ar 


for all |z — zo| < 6 Then 
lel > Sat Pn Pal | 97M. 


Hence |f(z)| > © as z > Z. 


SECTION 15.3. Residue Integration Method, page 781 
Purpose. To explain and apply this most elegant integration method. 
Main Content, Important Concepts 


Formulas for the residues at poles 
Residue theorem (several singularities inside the contour) 


Comment 
The extension from the case of a single singularity to several singularities (residue theo- 


rem) is immediate. 


SOLUTIONS TO PROBLEM SET 15.3, page 786 


2. 0 (at 0) 
4. —1 (at Qn + 1)7/2,n = 0, +1, +2,---) 
6. (-1)"*? (at Qn + 1)/2, n = 0, +1, £2,° ++) 
8. —18; (at 21), 4i (at —i) 

(e*)" ss 1 
10. Sma 


12. 


Z2=72 
22 ~ 42 —5 = (z + 1)(z — 5). Simple poles at —1 [residue (—1 — 23)/(—1 — 5) 
= 4 by (4)] and 5 [residue (5 — 23)(5 + 1) = ~—3], both inside C. Answer: 
27i(4 — 3) = 27. 


14. Simple poles at +3. By (4) the residues are 


opt 
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This gives the answer 
2mi[g 2 sing + 3(—2) sin (—3)] = dai sin}. 
16. Simple poles at —1, 0, 1. Equation (4) gives (e* + z)/(3z2 — 1), hence (e~! — 1)/2, 


—1, (e + 1)/2, respectively. Answer: 27i(cosh 1 — 1). 
18. Simple pole at z = i/2 with residue 


. sinhz _ sinhgi_ i 
-mind—-i2 | SND 
Answer: — 7m sind = —1.506. 


20. sin 4z = 0 at 0, +77/4 (inside C), +7/2,- ++ (outside C). This gives three simple 
poles at — 77/4, 0, 7/4 to be taken into account, with residues 


—22 e720" en ie 1 Pm 
Res — = ES 7.7," 
z=z sin 4z 4 cos 4z 4 4°. 4 


respectively, and by the residue theorem the answer 


= (1 — 2e-77/18) = 9.1245). 


SECTION 15.4. Evaluation of Real Integrals, page 787 


Purpose 1. To show that certain classes of real integrals over finite or infinite intervals 
of integration can also be evaluated by residue integration. 
Comment on Content 


Since residue integration requires a closed path, one must have methods for producing 
such a path. We see that for the finite intervals in the text, this is done by (2), perhaps 
preceded. by a translation and change of scale if another interval is given. (This is not 
shown in the text.) In the case of an infinite interval, we start from a finite one, close it 
by some curve in complex (here, a semicircle; Fig. 360), blow it up, and make assump- 
tions on the integrand such that we can prove (once and for all) that the value of the in- 
tegral over the complex curve added goes to zero. 


Purpose 2. Extension of the second of the two methods just mentioned to integrals of 
practical interest in connection with Fourier integral representations (Sec. 10.8) and to 
discuss the case of singularities on the teal axis. 


SOLUTIONS TO PROBLEM SET 15.4, page 793 
2. The denominator is 
25 — 24 cos 8 = 25 — 12 + z7*) = ~1227'(2 — 287 + 1) 
= ~12e"He ~ $2 - 9. 
Two simple poles, at z = 4/3 (outside the contour) and at z = 3/4 (inside). From this 
and d@ = dz/iz we obtain the answer 
i 1 2a 
12 3/4 — 4/3 7 


SEEN eee 
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4. Using (2), we obtain for the integral 


f 4(z + 1/2) ee sk | 
c 3 + (1/22 — Ie)liz c 2z2 + 6iz — 1] 


-§ oe eee 
c Uz — 2)(Z — Z%) . 


The residue at the simple pole z = 0 is 1/(—1) = —1. The two other poles are at 
Z4=(-3 + V8)i inside the unit circle and z. = (~3 — V8)i outside the unit cir- 
cle. From (3), Sec. 15.3, we obtain at z, the residue 


yeti — -(-3+V82+1  -16+6V8 
z(Zy — 2) (—3 + V8)i-2V8i 16+ 6V8 
Answer: 0. 


This also follows by noting that the integral from-0 to $2 equals minus the inte- 
gral from $7 to 7 (set 6 = a — @*) and the integral from 7 to 377 equals minus the 


integral from 32r to 27. 
6. Using (2), we obtain for the integral 


§—_# ___-*§ @  __*f__@ __ 
c. 3 1 ae 6 10. 3 Jo (z — 3i(z — i/3) ° 
iz}5 - —|z-— Zoom ize il 
2i Z 3 


The residue at the pole at i/3 is 


Answer: 27i(—}i) = $7. 
8. The integral equals 


1 14+ 2%z¢+274 1 f 277 +24+2 
Te “Tra AP eh) TG Pe aL eee eas 
i Jo 17 -— 4@ + 27] =4i Jo lz — ue — 22) 


where z, = 1/4 (inside the unit circle) and z. = 4 (outside) give simple poles. The 
residue at z = 0 is 2/z,z = 2, and at z = 1/4 it is 


26+ U4+2 _ 38 


qéyi4—4) 15° 
This gives the answer 

2ni (38) _ 

—4j 15 15° 


10. Simple poles at z, = (2 + 2i)/V2 and z = (—2 + 2i)/V2 in the upper half-plane 
(and at (+2 — 2i)/V2 in the lower half-plane). From (4) in Sec. 15.3 we obtain the 


residues 


1/4z,3 = (-1 — )/(32V2), 1/4203 = (1 — i)/32'V2). 


Answer: 7/ (8V2). 


Se ae ene: OE 


Instructor’s Manual 209 


12. Third-order pole at z = i (and at z = —i in the lower half-plane) with residue 


+ 1 u = 6 
2LG@+)* Ji Qd* 
Answer: 27 « 6/(2i)? = 37/8. 


14. Second-order pole at z,; = 1 + 2i in the upper half-plane (and at z. = 1 — 2i in the 
lower) with residue 


1 i Se ee ee 
L@-14+ 2? fn Gey 4D? 321 
Answer: 27i(1/32i) = 7/16. 
16. Simple poles at i and 3i in the upper half-plane (and at —i and —3i in the lower) with 


residues 
1 a 1 ll 
Z+DP+O) | 1? C+D +30 sg ABE 


Answer: 27i(1/16i — 1/48i) = 7/12. 
18. Simple pole at z, = 3(—1 + V3) (and at }(—1 — i'V3 in the lower half-plane), with 


residue 
er e-V3 
= —— (cos 1 — isin 1). 
V3 5 


Answer: —2me-V3(sin 1)/V3 [by (10)]. 


20. Second-order poles at 2, = iand z, = —i (in the lower half-plane). By (5), Sec. 15.3, 
we get the residue 


eri U ez e72 
Par = ae ae Ey = ——5 (-6) = —3e77i/4. 
c+ 3 | a ae Nf eg rt 
Multiplying the imaginary part —3e~2/4 by —27 gives the answer 
3me7/2 = 0.6378. 


22. 2” — 2iz = xz — 2i) shows that we have simple poles at 0 and 2: with residues [by 
(3), Sec. 15.3] 


1 i 1 i 
zZ— 2i ge a ae 2 |e 
The answer is 
ai(i/2) + 2ai(—i/2) = w/2. 
24. z? — 1 = O has the solutions 2, = 1, 2 = —1 on the real axis, 23 = i in the upper 


half-plane (and —i in the lower). By (4), Sec. 15.3, the residues at the first three of 
these four simple poles are 


1 1 1 
~—.y= — —(-18 = --, —_ = 
46D 4 


teatime aa 
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26. TEAM PROJECT. (b) The integral of e* along C is zero. Writing it as the sum 
of four integrals over the four segments of C we have 
a b “a 0 
if en dx + ie~® J ed? -2ayi dy + ob? J et Rib gy + je ® J ev *2avi dy = 0), 
-a ta) a b 
Let a — ©. Then the terms having the factor ee approach zero. Taking the real part 
of the third integral, we thus obtain 
-{ e~*” cos 2bx dx = 2{ e~*” cos 2bx dx = er en dx = e ON a. 
foo} 0) —oo 
Answer: 4e—?-Vrr. 
(c) Use the fact that the integrands are odd. 


SOLUTIONS TO CHAPTER 15 REVIEW, page 794 


22. 67ri because C contains only the pole at z = 3 in its interior. 
24. 22 — 9z = ez + 3\(z — 3) = Oatz = —3,0,3 gives simple poles, all three inside 
C: |z| = 4. From (4), Sec. 15.3, we get the residues 
15z +9 15z + 9 —36 


Res ———— = —>—— =—_ = -2 
z=-3 73-97 377 -9],--3 18 


and similarly, at 0 the value 9/(—9) = —1 and at 3 the residue 54/18 = 3. Since all 


three poles lie inside C, by the residue theorem we have to take the sum of all three 
residues, which is zero. Answer: 0. 

26. Simple poles at z = —1/2, 1/2 with residues [by (4), Sec. 15.3] 

Zz sin z Zo” Sin Z9 1 ; 1 1 


— Ae | ae SR eae 


Answer: 277i + 2+ 5 sin} = }i sin 3 = 0.3765i. 
28. z® exp z* = G exp z*)’, so that indefinite integration (because of independence of 
path) gives, with (1 + i)* = —4, 
1 1 1 
— exp z* = —(e-—e*). 
4 1+i 
Answer: (e — e7*)/4 = 0.6750. No. 
30. From the Maclaurin series of sin z we see that the residue is 0 for odd m and 


= 


(—1)*”2/(n — 1)! for.n = 2, 4,- ++. Multiplication by 27 gives the answer. 
32. Simple pole at 0, residue [by (4), Sec. 15.3] 
coshz _ 
(sinh z)’ 
Answer: 277i. 
34. The integral equals 
f (z — Wz)/2i ie zl 
ce ii3 +4@+ vay c zz7 + 6z + dere ei 
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36. 
38. 


40. 


At the simple pole at z = 0 the residue is ~1 (not counting the minus in front of the 
integral). At the simple pole at —3 + V8 (inside the unit circle) the residue is 
(-3 + V8)? -—1 _ 
(-3 + V8)2/8 

Answer: 0. 
77/60 
Simple pole at z; = i/2 in the upper half-plane (and at —i/2 in the lower) with residue 
1/(8z,) = —i/4. Answer: 27i(—i/4) = w/2. 
Poles at z; = —3 + iV3/2 and z, = —2 — iV’3/2 (both simple). We need, using (3) 
in Sec. 15.3, 

jz iy 
f= VIA — is) V3) 


egy 
z=, (Z — ZZ — 2) ZZ %. 
= ~ie -V2(c — isy/V3, 


where c = cos} and s = sin}. Taking 27 times the real part of this, we get the 
answer 


~2me~V3?2 (sin b)/V3 = 0.7315. 


aa 


CHAPTER 16 Complex Analysis Applied to Potential Theory 
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This seems perhaps the most important justification for teaching complex analysis to en- 
gineers, and it also provides for nice applications of conformal mapping. 


SECTION 16.1. Electrostatic Fields, page 799 


Purpose. To show how complex analysis can be used to discuss and solve two-dimen- 
sional electrostatic problems and to demonstrate the usefulness of complex potential, a 
major concept in this chapter. 


SOLUTIONS TO PROBLEM SET 16.1, page 802 


2. F(z) = 20z + 300 
4. ® = 100(y + $x), F(z) = 100(§ — i)z 
6. 1100n 7)/In 2 = 159 In r (with r measured in cm) 
8. ®(r) = 200n 7)/In 2 — 10, 3) = 21.70 > 20 
10. Yes, because near a source line its effect is much stronger than that of the other source 
line, and for a single source line, the equipotential lines are exactly concentric cir- 
cles. 
12. ® = 110 — 50xy 
14. Compare the formulas for cos~* and cosh~! in Team Project 30, Sec. 12.8, and note 
that v = const in u + iv = cos? z represents ellipses. 
16. CAS PROJECT. (a) x2 - y2?=c,xy=k 
(b) xy = c, x® — y? = k; the rotation caused by the multiplication by i leads to the 
interchange of the roles of the two families of curves. 
(c) x/(x? + y?) = c gives (x — 1/2c)? + y® = 1/4c. Also, —y/(x? + y) = k gives 
the circles x? + (y + 1/2k)? = 1/4k?. All circles of both families pass through the 
origin. 


(d) Another interchange of the families, compared to (c), (y — 1/2c)® + x? = 1/4c?, . 


(x — 1/2k)? + y? = 1/4k?. 


SECTION 16.2. Use of Conformal Mapping, page 804 


Purpose. To show how conformal mapping helps in solving potential problems by map- 
ping given domains onto simpler ones or onto domains for which the solution of the prob- 
lem (subject to the transformed boundary conditions) is known. 


SOLUTIONS TO PROBLEM SET 16.2, page 807 


2. Figure 315, Sec. 12.6, shows D (a semi-infinite horizontal strip) and D* (the upper 
half of the unit circular disk); and ® = 2e* cos y e” sin y = e?* sin2y = Oony = 0 
and y = 7, and sin 2y on the vertical boundary x = 0 of D. 

4, ® = 2 sinxcos x cosh y sinh y = § sin 2x sinh 2y = 0 if x = Oorx =4ao0ry = 0, 
and 3 sin 2x sinh 2 if y = 1. 
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8. TEAM PROJECT. We map 0+> 7, 2c > —ro, obtaining from (2) with b = zy the 


conditions 
—Zo 2¢ — Z% 2c — ro 
 =—- —— = %, Ojo soe eS 
—1 2z%c—-1 2rc-1 
hence 


1 
= 5,0 - V1 —- 4c). 


ro is real for positive c = 4. Note that with increasing c the image (an annulus) be- 


comes slimmer and slimmer. 

10. & = 100(1 — (1/m) Arg (z — 1)), F@) = 100(1 + (i/m) Ln(z — 1) 

12. +i are fixed points, and straight lines are mapped onto circles (or straight lines). From 
this the assertion follows. (It also follows by setting x = 0 and calculating |w].) 


14, The function z = Z” maps the first quarter of |Z| = 1 onto the upper half of the unit 
disk |z| = 1, the segments 0 S X = 1 and 0 S Y S 1 being mapped into the x-axis, 
where the potential is zero (Fig. 372a). From this the result follows. 


SECTION 16.3. Heat Problems, page 808 


Purpose. To show that previous examples and new ones can be interpreted as potential 
problems in time-independent heat flow. 

Comment on Interpretation Change 

Boundary conditions of importance in one interpretation may be of no interest in another; 
this is about the only handicap in a change of interpretation. 


SOLUTIONS TO PROBLEM SET 16.3, page 811 


2. By inspection, 
T(x, y) = 10 + 7.5(y — x), 
the real part of 
F(z) = 10 — 7.5(1 + i)z. . 
A systematic derivation is as follows. The boundary and boundary values suggest that 
T(x, y) is linear in x and y, 
T(x, y) = ax + by +. 


From the boundary conditions, 


(1) T(x, x — 4) = ax + D(x — 4) +c = —20, 
2) T(x, x + 4) =ax+ bx + 4) +c = 40. 
By addition, 


2ax + 2bx + 2c = 20. 
Since this is an identity in x, we must have a = —b and c = 10. From this and (1), 
—bx + bx ~ 4b + 10 = —20. 


Hence b = 7.5. This agrees with our result obtained by inspection. 
4. T= 10 + 105(Arg 2)/a 
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6. The lines of heat flow are perpendicular to the isotherms, and heat flows from higher 


to lower temperatures. Accordingly, heat flows from the portion of higher tempera-_ 


ture of the unit circle |Z| = 1 to that kept at a lower temperature, along the circular 
arcs that intersect the isotherms at right angles. 

Of course, as temperatures on the boundary we must choose values that are phys- 
ically possible, for example, 20°C and 100°C. 

8. TEAM PROJECT. (a) Arg zor Arg wis a basic building block when we have jumps 
in the boundary values. To get it as the real part of an analytic function (a logarithm), 
we have to multiply the logarithm by —i. Otherwise we just incorporate the real con- 
stants that appear in T(x, y). Answer: 


Ts: = T. 
F*(w) = T, — i Law — a), 
ms 


T*(u, v) = Re F*(w) = T, + date Arg (w — a). 
7 


T, T, 
(b) T* = — arg (w — 1) — = Arg (w + 1). This is the real part of 
T, 
F*(w) = Se [Ln (w — 1) — Ln(w + 1). 


On the u-axis both arguments are 0 for u > 1, one equals 7 if —1 < u < 1, and 
both equal 7, giving 7 — 7 = Oifu < —1. 
(c) w — a = 2. Hence Arg (w — a) = Arg 2? = 2 Arg z. Thus (a) gives 


2 
T; a T,) Arg z 


and we see that T = T, on the x-axis and T = Tz on the y-axis are the boundary 
data. 

Geometrically, the a in w = a + z” is a translation, and z? opens the quadrant 
up onto the upper half-plane, so that the result of (a) becomes applicable and 
gives the potential in the quadrant. 


10. (400/7) Arg z. This is quite similar to Example 3 because the smaller circular bound- 


ary is a line of heat flow, as it must be for an insulated part of the boundary. 
12. The answer is 
0 2 2 
— [Arg @? — 1) — Arg @ + 0] 
because w = z” maps the first quadrant onto the upper half-plane with 1 +> 1 and 
it> —1. The figure shows the transformed boundary conditions. The temperature is 


10 10 2 2 
— [Arg w — 1) — Arg (w + 1) = — [Arg @ — 1) — Arg(z? + 1), 


in agreement with Team Project 8(b) with Ty = 10. 
14. (200 Arg z)/a 


T=0C -1 T= 10°C 1 T=0°°C 
Section 16.3. Problem 12 
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SECTION 16.4. Fluid Flow, page 812 
Purpose. To give an introduction to complex analysis in potential problems of fluid flow. 
Important Concepts 


Stream function VY, streamlines Y& = const 

Velocity potential ©, equipotential lines ® = const: 
Complex potential . F=@+iVv 

Velocity V = F F(a 

Circulation (6), vorticity, rotation (9) 

Trrotational, incompressible 

Flow around a cylinder (Example 2, Team Project 14) 


SOLUTIONS TO PROBLEM SET 16.4, page 817 


2. F(z) = (1 — i)Kz/V2, K positive real . 
4. F(z) = iz? = i(x® — y*) — 2xy gives the streamlines 
x? — y® = const. 
The equipotential lines are 
XY = const. 
The velocity vector is 
V=F' = ~2iz = —2y — 2ix. 
See the figure. 


Section 16.4. Problem 4 


6. F(z) = iz® = iG? + 3ix?y — 3xy? — iy?) = ~3x2y + y? + i(x3 — 3xy?) gives the 
streamlines 


x(x? — 3y?) = const. 


This includes the three straight-line asymptotes x = 0 and y = +x/V3 (which make 
60° angles with one another, dividing the plane into six angular regions of angle 60° 
each), and we could interpret the flow as a flow in such a region. This is similar to 

_ the case F(z) = z”, where we had four angular regions of 90° opening each (the four 
quadrants of the plane) and the streamlines were hyperbolas. In the present case the 
streamlines look similar but they are “squeezed” a little so that each stays within its 
region, whose two boundary lines it has for asymptotes. 


eer ret REL et ee eee 
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The velocity vector is 
= —6xy + 3i(y? — x?) 
so that V, = 0 on y = x and y = —x. See the figure. 


<i 
Als 


Section 16.4. Problem 6 


8. This rotates the whole flow pattern about the origin through the angle a. 

10. F(z) = 27 + We?, V = (7? — Ir?) sin 26 = 0 if r = 1 (the cylinder wall) or @ = 0, 
+ 7/2, m. The unit circle and the axes are streamlines. For large |z| the flow is simi- 
lar to that in Example 1. For smaller |z| it is a flow in the first quadrant around a quar- 
ter of |z| = 1. Similarly in the other quadrants. 

12. w = cosh! z implies 

z= x + iy = cosh w = cos iw = sin (iw + 47). 


Along with an interchange of the roles of the z- and w-planes, this reduces the pre- 
sent problem to the consideration of the sine function in Sec. 12.7 (compare with Fig. 
316). Instead of (16), Sec. 12.7; we now have the hyperbolas 


2 y? 
sin?c cos? 


where c is different from the zeros of sine and cosine, and as limiting cases, the 
y-axis and the two portions of the aperture. 


14. TEAM PROJECT. (b) We have 
ik 
27 


Hence the streamlines are circles 


ee ae ee 
= A Pe Oe tan a 


K 
=—In|z| = const, thus —_[z| = const. 
20 
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The formula also shows the asserted increase of the potential 


K 
P(x, y) = On MEE 


if arg z is increased by 27. 


(d) 


(e) 


1 1 
F(z) = Qn In (z + a) (source). F(z) = te In (z — a) (sink). The minus sign 


has the consequence that the flow is directed radially inward toward the sink be- 
cause the velocity vector V is 


Ve Rie oe age ee Py eres Saree 
27 Z-a 27 x—iy-a 


1 _x-aty 
27 (x—at+y?” 
For instance, at z = a + i (above the sink), 
Ge i 
Dar? 
which is directed vertically downward, that is, in the direction of the sink at a. 
The addition gives 


1 ik 
F@)=z+—-~—Inz 
Zz 27 


x K 
=x+ Feuer + ily - 


en 

x2 + y2 a 
K 

Every), 
T 


Hence the streamlines are 


x? + y? 


Wo, y) = Im F(z) = y — ~~ — an Vx? + y? = const. 
x+y 27 
In both flows that we have added, |z| = 1 is a streamline, hence the same is true 
for the flow obtained by the addition. 
Depending on the magnitude of K, we may distinguish between three types of 
flow having either two or one or no stagnation points on the cylinder wall. The 


speed is 
1 i ik 
2 277% 


We first note that |V| — 1 as |z| > ©; actually, V > 1, that is, for points at a 
great distance from the cylinder the flow is nearly parallel and uniform. The stag- 
nation points are the solutions of the equation V = 0, that is, 


= IF’! = IF’) = 


iK 
(A) @-—2-1=0. 


We obtain 
iK —K? 


, rea rma 
4r 167” 


cana ee 


anatint 


Instructor’s Manual 


If K = 0 (no circulation), then z = +1, as in Example 2. As K increases from 0 
to 47, the stagnation points move from z = +1 up on the unit circle until they 
unite at z = i. The value K = 47 corresponds to a double root of equation (A). 
If K > 47, the roots of (A) become imaginary, so that one of the stagnation points 
lies on the imaginary axis in the field of flow while the other one lies inside the 
cylinder, thus losing its physical meaning. 


SECTION 16.5. Poisson’s Integral Formula, page 819 


Purpose. To represent the potential in a standard region (a disk |z| = R) as an integral 
(5) over the boundary values; to derive from (5) a series (7) that gives the potential and 
for |z| = R is the Fourier series of the boundary values. 

Comment on Footnote 6 

Poisson’s discovery (1812) that Laplace’s equation holds only outside the masses (or 
charges) resulted in the Poisson equation (Sec. 11.1). _ publication on the Poisson dis- 
tribution (Sec. 22.7) appeared in 1837. 


SOLUTIONS TO PROBLEM SET 16.5, page 822 


2. ® =2—rcos 9 
4. ® = r*cos 46 — r? cos 26 
6. ® = 2 + 47" cos 26 + dr* cos 40 


re ) 
8 D=7-2 (rsin 0 + > sin26 + “3 sin 30 +: | . 
Note that ®(1, 4) is neither even nor odd, but ®(1, 6) — zr is odd, so that we get 
a sine series plus the constant term 7. 


1 2 ; Dg: os A Pe i 
10. ® = —+ — [rsind+ —r’sin36+ —r’sin5@0+--:- 
2 Tw 3 5 


14. TEAM PROJECT. (a) r = 0 in (5) gives BC) = [— eh @(R, a) da. Note that 
the interval of integration has length 277, not 27R. 


1 1 
(b) V2u = 0, u = g(nh(0), g"h + — 18 h+e=> oe gh" = 0, hence by separating 

variables 

g” g’ h 

rP=—+r-—=n?, ~—=-n*, h=a,cosnO+ b, sinnd. 

g g h 

Also, 
rg + rg’ —n?g=0. A solution is r/R”. 


(c) By the Cauchy—Riemann equations, 


1 cy let 
v,= a 0,=-> oe (—a,, sin n@ + b,, cos n6)n, 
n=1 


v= V0) + > (z) (—b,, cos nO + a, sin n@). 


n=1 


ees Rae ea ER EOR ERT AE OPER | 


ae na a BS 


abies a 
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(d) From the series for ® and V we obtain by addition 


oo} n 
F@ =a +i¥O+ d (z) [(a, — ib) cos nO + i(ap — ib,) sin n6] 
n=1 
= a + iV¥(O) + > (z) (ay, — ib,,e”®, 
n=1 R 


Lie 
Ay, ~ ib, = — J @(R, ale“ da. 
T ~0 


Using z = re**, we have the power series 


F(@) = ay + 7¥(0) + Me on 


n=1 


SECTION 16.6. General Properties of Harmonic Functions, page 822 


Purpose. We derive general properties of analytic functions and from them correspond- 
ing properties of harmonic functions. 


Main Content, Important Properties 
Mean value of analytic functions over circles (Theorem 1) 
Mean value of harmonic functions over circles, over disks (Theorem 2) 
Maximum modulus theorem for analytic functions (Theorem 3) 
Maximum principle for harmonic functions (Theorem 4) 
Uniqueness theorem for the Dirichlet problem (Theorem 5) 


Comment on Notation 
Recall that we introduced F to reserve f for conformal mappings (beginning in Sec. 16.2), 
and we continue to use F also in this last section of Chap. 16. 


SOLUTIONS TO PROBLEM SET 16.6, page 825 
2. From (2) we obtain 


1 iv : 
a a 4 fia = 
F(Q) 2m Jy Sr*e™* da = 0, 
as expected. 


4, No, because |z| is not analytic. 
6. z=1+ e% x= 1+ cos 6, y = sin @ gives 


1/27 1 
Pood) 29 cin ay a = 
ea (1 + 2cos 6 + cos* 6 — sin? 6) dé an CT tOt+a m7) = 1, 
1 2a 1 1 1 
_ ®r dr d@ = — | 2n-rdr=1. 
=a i =i 


8. x= 1+ cos 6,y = 1 + sin 6, ® = 3(1 + cos 6)°(1 + sin 6) — (1 + sin 6)°. Inte- 
grate over 6 from 0 to 27, divide by 277. This gives 2 = ®(1, 1). 
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10. 


12. 


14. 


TEAM PROJECT. (a) (i) Polar coordinates show that |F(z)| = |z|? assumes its max- 
imum at the boundary point 4 + 7i, namely, 65,-but at no interior point. (ii) Use the 
fact that |e*| = e” is monotone. 

(b) F(z) is not analytic. 

(c) From (7), Sec. 12.7, we obtain in a small disk with center at 7/2 


2 
T T 
sin{— +i = sin? — + sinh? 
(3 | 2 
= 1+ sinh? y>1 (ly| > 0). 


This shows that the maximum of |sin z| is taken on the boundary of the disk at 
1 + ir, r the radius of the disk, and equals 


[1 + sinh? 7]}2. 


The extension is simple. Since the interior D of C is simply connected, Theorem 
3 applies. The maximum of |F(2)| is assumed on C, by Theorem 3, and if F(z) 
had no zeros inside C, then, by Theorem 3, it would follow that [Fe (z)| would also 
have its minimum on C, so that F(z) would be constant, contrary to our as- 
sumption. This proves the assertion. 

The fact that |F(z)| = const implies F(z) = const for any analytic function F(z) 
was shown in es 3, Sec. 12.4. 

F(z) = z, z”, 2°, + + + furnish examples. 
e* = e°, e* = e° only at x = b, cosy S 1, cosy = 1 only at y = 0, 27, and (b, 0) 
and (b, 277) lie on the boundary. 
® = exp (x” — y”) cos 2xy, D: |z| S$ 1, x = 0, y 2 O. Yes, (uy, vy) = (1, 0) is the 
image of (x;, y,) = (1, 0); this is typical. (u,, v1) is found by noting that on the bound- 


ary (semicircle), * = e% cos (V1 — u?) increases monotone with u. Similarly for D. 


(d 


Nee 


SOLUTIONS TO CHAPTER 16 REVIEW, page 826 


16. 
18. 


20. 
22. 


24, 


® = 20(11 — x + y), F = 20 — 2001 +: dz 

cnet ee ay me — c)? = 2c, circles through the origin with 
eae Ae? (x — 0) + (y—- cc) c“, circles throug! g 
center on y = x. 

® = exp (x2 — y?) sin 2xy 

Isotherms are the rays Arg z = const. Heat flows along circular arcs from the higher 
to the lower temperature. 

43.22°C, which is obtained as follows. We have 


T(r) =alnr+b 


® = 


and at the outer cylinder, 
(1) T(10) = aln10 + b = 20 
and from the condition to be achieved 
(2) T(5) = aln5 + b = 30. 
(1) subtracted from (2) gives 
adn 5 — In 10) = 10, a = 10/In3 = —14.43. 


inet bt in cts elite etn Feet eee Hee 


26. 
28. 
30. 


32. 


34, 
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From this and (1) 
b = 20 — aln 10 = 53.22. 


Hence on the inner cylinder we should have 
T(2) = aln2 + b = 43.22, 
VY =x + y = const, V = 1 — i, flow between parallel plates sloping downward (45°) 
V=z7+1=x4+1-iy 
F(z) = 2/2 + 2/z 
200 1 1 
50 — —— [rcos 6 - > r*®cos30+ =r°cos5@—+--: 
T 3 5 | 


V = F’(z) = 2% — 2/2 = 0; solutions +1, +i 


PART E. NUMERICAL METHODS 


The subdivision into three chapters has been retained. All three chapters have been up- 
dated in the light of computer requirements and developments. A list of suppliers (with 
addresses etc.) has been included on p. 829 of the book. 


CHAPTER 17 Numerical Methods in General 


222 


Major Changes 


Updating of this chapter consists of the inclusion of ideas, such as error estimation by 
halfing, changes in Sec. 17.4 on splines, the presentation of adaptive integration and 
Romberg integration, and further error estimation techniques in integration. 


SECTION 17.1. Introduction, page 831 


Purpose. To familiarize the student with some facts of numerical work in general, re- 
gardless of the kind of problem or the choice of method. 


Main Content, Important Concepts 


Floating-point representation of numbers, overflow, underflow, 
Rounding 

Stability 

Sources of errors - 


Error, relative error, error propagation 


Short Courses. Mention the round-off rule and the definitions of error and relative error. 


SOLUTIONS TO PROBLEM SET 17.1, page 836 


2. —0.89217 X 107, 0.50000 x 10°, —0.22137 x 107? 
6. 29.9666, 0.0334; 29.9666, 0.0333705 
8. —99.980, —0.020; —99.980, —0.020004 
10. Use the last formula in (12), Appendix A3.1. Avoiding small differences of large 
numbers or expressions that may become nearly 0/0 is an important task in the de- 
sign of algorithms. The problem illustrates that often a simple change in a formula 
may help. 
12. —0.126 X 1072, —0.402 x 107%; —0.267 x 1076; —0.849 x 1077 
14, 65.425 + 17.05905 = 82.48405 = S$ S 65.435 + 17.05915 = 82.49415 
16. 2-(9.5-19.5 + 19.5 - 29.5 + 29.5 - 9.5) = 2081.5 SA S 2321.5 [cm?] 
18. The proof is practically the same as that in the text. With the same notation we get 


lel = |x +y -—- +H 
=|@-H+0- 
= |e, + €| S le,| + lel S Bi + Bo. 
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20. Since x2 = 2/x, and 2 is exact, |€,(x2)| = |e,(x,)| by Theorem 1b. Since X, is rounded 
to 4S, we have |e(x,)| S 0.005, hence 


le,(x,)| S 0.005/39.95. 
This implies 
|e(x2)| = |e,(x2)x2] = |e,(x)x9| 
= (0.005/39.95) - 0.0506 
< 0.00001. 


22, 61.2 — 7.5-+15.5 + 11.2-+3.94 + 2.80 = 61.2 — 116 + 44.1 + 2.80 = —7.9 


(@& — 7.5)x + 11.2)x + 2.8 = (—3.56 + 3.94 + 11.2)3.94 + 2.80 
= (—14.0 + 11.2)3.94 + 2.8 = —11.0 + 2.80 


= —82 
Exact: —8.336016 


SECTION 17.2. Solution of Equations by Iteration, page 838 


Purpose. Discussion of the most important methods for solving equations f(x) = 0, a 
very important task in practice. 


Main Content, Important Concepts 
Solution of f(x) = 0 by iteration (3) Xnt1 = BX) 
Condition sufficient for convergence (Theorem 1) 
Newton (-Raphson) method (5) 
Speed of convergence, order 
Secant, bisection, false position methods 


Comments on Content 
Fixed-point iteration gives the opportunity to discuss the idea of a fixed point, which is 
also of basic significance in modern theoretical work (existence and uniqueness of solu- 
tions of differential, integral, and other functional equations). 

The less important method of bisection and method of false position are included in the 
problem set. 


SOLUTIONS TO PROBLEM SET 17.2, page 847 
2. x9 = 1, xy = 0, x, = 1, x3 = 0,--- 
Xp = 0.5, xy = 0.875, x. = 0.330,--- 
Xo = 2,%1 = —7, x2 = 344, x3 = —40 707 583,--- 
4.x = 3x? + 1.01 + 1.88/x); 1, 0.778, 0.806347, 0.798340, 0.800447, 0.799881, 
0.800032, 0.799991, 0.800002, 0.799999, 0.800000 (exact) 


6. x = I/cosh x; 1, 0.64805, 0.82140, 0.73706, - - - approaches 0.76501 (5S exact, 16 
steps) in a nonmonotone fashion. 
8. x = x/(e* sin x); 0.5, 0.63256, 0.56838, - - - converges to 0.58853 (5S exact) in 14 
steps. 
10. CAS PROJECT. (a) This follows from the intermediate value theorem of calculus. 
(b) Roots r; = 1.56155 (6S-value), 2 = —1 (exact), rz = —2.56155 (6S-value). (1) 
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r1, about 12 steps, (2) r,, about 30 steps, (3) convergent to ra, divergent, (4) con- 
vergent to 0, divergent, (5) rs, about 7 steps, (6) re, divergent, (7) r1, 4 steps; this 
is Newton. 


12. f@) =x* — ec, Xpor =n — On — cx Mk 


sig 1 2 c 
7 kpot kx kat 


In each case, x4 is the first value that gives the desired accuracy, 1.414 214, 
1.259 921, 1.189 207, 1.148 698. 


14. 0.906180 (6S exact, 4 steps, x» = 1), also obtainable exactly by solving a quadratic 


equation in x”. 


16. 2, 2.452, 2.473; temperature 39.02°C 
18. 21, 21.20870, 21.20575, 21.20575. A good xo is essential. x9 = 20 would give a zero 


near 2.36, which has no meaning for Bessel functions since such an x is too small for 
the asymptotic formula considered. 


20. f(x) = fil) — fo(x) = 0; 3, 2.498, 2.472, 2.473 
22. 0.7, 0.577094, 0.534162, 0.531426, 0.531391 
24. TEAM PROJECT. (a) 


ALGORITHM REGULA FALSI (f, ao, bo, €, N). Method of False Position 
This algorithm computes an interval [a,, b,] containing a solution of f(x) = 0 
(f continuous) or a solution c,,. 

INPUT: Initial interval [ao, bo], tolerance ¢, maximum number of iterations N. 

OUTPUT: Interval [a,,, b,,] containing a solution, or a solution c,, or message 

of failure. 

Forn = 0,1,---,N—1do: | 

anf (bn) — bnf(Gn) 
fbn) — f@n) 


If f(Cn) = 0 then OUTPUT c,,. Stop. [Successful completion] 
Else continue. 
If f(a,)f(cn) < 0 then set a,.4 = ad, and b,44 = Cy. 
Else set 4,41 = Cc, and by.1 = Dy. 
If byia — Qne1 = € then OUTPUT [a,,.;, 6,1]. Stop 
[Successful completion] 
Else continue. 


Compute c, = 


End 
OUTPUT [ay, by] and message “Failure”. Stop. 
[Unsuccessful completion; N iterations did not give an interval of length not ex- 
ceeding the tolerance.] 
End REGULA FALSI 
(b) 2.68910, (c) 0.64171, 1.55715 


SECTION 17.3. Interpolation, page 848 


Purpose. To discuss methods for interpolating (or extrapolating) given data (x9, fo), 
"+, On, fn), all x; different, arbitrarily or equally spaced, by polynomials of degree not 
exceeding n. 
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Main Content, Important Concepts 


Lagrange interpolation (4) (arbitrary spacing) 


Error estimate (5) 


Newton’s divided difference formula (10) (arbitrary spacing) 


Newton’s difference formulas (14), (18) (equal spacing) 


Short Courses. Lagrange’s formula briefly, Newton’s forward difference formula (14). 


Comment on Content 

For given data, the interpolation polynomial Pr{X) is unique, regardless of the method by 
which it is derived. Hence the error estimate (5) is generally valid (provided f isn + 1 
times continuously differentiable). 


SOLUTIONS TO PROBLEM SET 17.3, page 860 


2. 


This parallels Example 3. From (5) we get 


€,(9.3) = (& — 9)\(x — 9.5) fe = = 
z=9.3 


2 


where 9 = t = 9.5. Now the right side is a monotone function of t, hence its extrema 
occur at 9.0 and 9.5. We thus obtain 


0.00033 = a — @ = 0.00037. 
This gives the answer 
2.2300 S a S 2.2301. 


2.2300 is exact to 4D. 
From (5) we obtain 


(In 2)” 0.036 


6 Ia=9.2 i 


€(9.2) = (x — 9)(x — 9.5) ~ 11) 


The right side is monotone in t, hence its extreme values occur at the ends of the in- 
terval 9 = t S 11. This gives 


0.000 027 = (9.2) = a — & = 0.000 050 
and by adding @ = 2.2192 
2.2192 3 a S 2.2193. 


. From 


Lo(x) = x? — 20.5x + 104.5, 


1 
= —— (-x? + = 
Ly(x) = dag (—x? + 20x — 99), 


1 
L(x) = Zs (x? ~ 18.5x + 85.5) 


and the 5S-values of the logarithm in the text we obtain 
Po(x) = —0.005 233x? + 0.205 017x + 0.775 950. 
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This gives the values and errors 
2.2407, error 0 
2.3028, error —0.0002 
2.3517, error —0.0003 
2.4416, error 0.0007 
2.4826, error 0.0023. 


It illustrates that in extrapolation one may usually get less accurate values. po(x) would 
change if we took more accurate values of the logarithm. 


» Lo = —§ — D& — 2) — 3), Ly = 3x — 2) — 3), Ly = —dx(x — DO — 3), 


Lz = @x(x — 1) — 2). From this and the data we obtain 
p3(x) = 1 + 0.039740x — 0.335187x? + 0.060645x 


and p3(0.5) = 0.943654 (6S exact 0.938470), p3(1.5) = 0.510116 (6S exact 0.511828), 
D3(2.5) = —0.047993 (6S exact —0.048384); see Ref. [1], p. 390, in Appendix 1. 


From (5) we obtain 


i mt ( t) 


6 x=0.75 


€,(0.75) = (x — 0.25) — 0.5)(x — 1) = —0.005208f'"(2) 


where, by differentiation, 


"t) re = Gh 2t2)e-*, 


Another differentiation shows that f” is monotone on the interval 0.25 = t S 1 be- 


cause 


. 8t 
= —~—— (-3 + 22%)e” #0 


Var 


on that interval. Hence the extrema of f” occur at the ends of the interval, so that we 


obtain 
—0.00433 = a — @ S 0.00967 


and by adding a = 0.70929 


0.70496 = a = 0.71896. 


Exact: 0.71116 (SD). 
The difference table is 


Ist Diff. 2nd Diff. 3rd Diff. 


1.0 0.94608 

0.37860 
1.5 1.32468 —0.09787 

0.28073 —0.01002 
2.0 1.60541 —0.10789 

0.17284 


1.77825 


The interpolating polynomials and errors are 
P,(1.25) = f(1.0) + 0.5 - 0.37860 = 1.13538 (€ = 0.01107) 


14, 


16. 
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0.5(—0. 
po(1.25) = p,(1.25) + oa) * (-0.09787) = 1.14761 (e = -0.00116) 


P3(1.25) = po(1.25) + 


0.5(—0.5)(— 1. 
ONS) - (—0.01002) = 1.14699 (« = 0.00054) 


Note the decrease of the error. 
The divided difference table is 


Flag, +1 +2] 


Fx X42] 


9.0 2.1972 : 
0.1082 
9.5 2.2513 —0.0053 
0.0977 


11.0 2.3979 © 


This gives by (10) 
Dox) = 2.1972 + (& — 9.0) - 0.1082 + (x — 9.0)(x — 9.5)(—0.0053) 
= —0.0053x? + 0.2062x + 0.7702, 


the discrepancies being due to round-off, as can be seen by using one or two addi- 
tional digits in the computations. 


With the change in j the difference table is 


f; = cosh 4G 


3 OS 1.127 626 
0.057 839 
2 06 1.185 465 0.011 865 
0.069 704 
-1 07 1.255 169 
(0.082 266) 


From this and (18) we obtain 
P3(x) = 1.337 435 + 0.082 266 - 


x - 0.8 


0.1 
(x — 0.8)@ — 0.7) 
0.01 - 2! 


+ 0.000 697 - & = 0-8) — 0.7) = 0.6) 
0.001 - 3! 


+ 0.012 562 - 


and with x = 0.56 this becomes 
1.337 435 + 0.082 266(—2.4) + 0.012 562(—2.4)(—1.4)/2 
+ 0.000 697(—2.4)(—1.4)(—0.4)/6 = 1.160 945, 


This agrees with Example 5. The correct last digit is 1 (instead of 5 here or 4 in Ex- 
ample 5). 
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18. The difference table is 


Xj J. 1%) A A? A3 At AS 
0.0 0.00000 
9950 
0.2 0.09950 —297 
9653 —289 
0.4 0.19603 ~—586 22 
9067 —267 5 
0.6 0.28670 —853 27 
8214 —240 
0.8 0.36884 — 1093 
7121 
1.0 0.44005 


From this and (14) we get by straightforward calculation 
ps(x) = 0.00130x° + 0.00312x* — 0.06526x? + 0.00100x? + 0.49988x. 
This gives as the values of J,(x), x = 0.1(0.2)0.9, 
0.04993, 0.14832, 0.24227, 0.32899, 0.40595, 


the errors being 1, 0, 0, 1, 0 unit of the last given digit. 


20. TEAM PROJECT. (a) For p;(x) we need 
Ig =—— 2 = 19-2, Ly = 2 = -18 + 2x 
Xo — Xy xX, — Xo 


py(x) = 2.19722(19 — 2x) + 2.25129(-18 + 2x) = 1.22396 + 0.10814x, 
D(9.2) = 2.21885. 
Exact 2.21920, error 0.00035. For pz we need 


Ly = 104.5 — $x + x? 
L, = -132 + Bx -— 4 
Ly = 28.5 — 32x + 3x? 
This gives (with 10S- values for the logarithm) 
Po(x) = 0.779466 + 0.204323x — 0.0051994x?, 
hence po(9.2) = 2.21916, error 0.00004. The error estimate is 
P2(9.2) — p (9.2) = 0.00031. 


(b) Extrapolation gives a much larger error. The difference table is 


0.2 0.9980 
—0.0294 

0.4 0.9686 —0.0949 
—0.1243 

0.6 0.8443 —0.1842 
—0.3085 

0.8 0.5358 —0.2273 
—0.5358 


1.0 0.0000 
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The differences not shown are not needed. Taking x = 0.6, 0.8, 1.0 gives the best 
result. Newton’s formula (14) with r = 0.1/0.2 = 0.5 gives 


0.8443 + 0.5 + (—0.3085) + 2205) * (—0.2273) = 0.7185, 

e = —0.0004. 
Similarly, by taking x = 0.4, 0.6, 0.8 we obtain 
0.9686 + 1.5 - (—0.1243) es * (—0.1842) = 0.7131, € = 0.0050. 


Taking x = 0.2, 0.4, 0.6, we extrapolate and get a much poorer result: 


2.5°1.5 
0.9980 + 2.5 - (—0.0294) + a as (—0.0949) = 0.7466, = —0.0285. 


(e) 0.386 4185, exact to 7S. 


SECTION 17.4. Splines, page 861 


Purpose. Interpolation of data (0, fo), ** +, Gn» fn) by a (cubic) spline, that is, a twice 
continuously differentiable function that in each of the intervals [Xo, x1], [x1, x2], ++ + is 
given by a polynomial of third degree at most. 


Short Courses. This section may be omitted. 


Comments on Content 


Higher order polynomials tend to oscillate between nodes—P,(x) in Fig. 402 is typical— 
and splines were introduced to avoid that phenomenon. This motivates their application. 

If we impose the additional condition (3) with given kg and k,,, then for given data the 
cubic spline is unique. 


SOLUTIONS TO PROBLEM SET 17.4, page 867 
2. Writing f(x;) = Fi, $41) = fj x — xj = Fx — x34, = G we get (6) in the form 
PAX) = fjcPG(1 + 2c)F) 
+ fyrcPFP( — 2c;G) 
+ kc? FC" 
+ kj3077F*G, 
If x = x;, then F = 0, so that because Cj = W(xj41 — 3), 
PAR) = FieP 05 — X41) = fy 
Similarly, if x = Xj+1, then G = 0 and 


Pj(%j4-1) = fire? C541 7 x;)° = f. j+1+ 
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This verifies (4). By differentiation, 
Pix) = fieP[2GU + 2cjF) + 2c;G?| 
+ fj41¢7[2FU. — 2cj;G) — 2c;F* 
+ kjc?7|G? + 2FG| 
+ kja1¢7[2FG + F?]. 
If x = x;, then F = 0 and in the first line 
2G(1 + ¢G) = Ax; — wy) (1 + ua) = 0. 
Xj41 ~ A 
There remains 
BAG) = KyeP(aj41 — HY = & 
Similarly, if x = x;,1, then G = O and 
PHq41) = FjrreP [Aegra — %) — 2e(G41 — 4)" 
+ Kare? (41 — 35)? 
= Kya 
because [- - :] = 0. This verifies (5). 
This is simple and straightforward. 
aj can be seen from (7), and a; follows directly as indicated in the text after (14). 
Polx) = x2. [f(x) — po(x)]’ = 4x3 — 2x = 0 gives the points of maximum deviation 
x = +1/V2 and by inserting this, the maximum deviation itself, 
FQV2) — pa(dV2)| = Ig - 3] = 2 
For the spline g(x) we get, taking x = 0, 
[f@) — g(x)’ = 4x3 + 2x — 6x? = 0. 
A solution is x = 1/2. The corresponding maximum deviation is 
FQ) — 2@) = B-CA+ 2D =H 
which is merely 25% of the previous value. 
Since the third derivative of a cubic polynomial is constant and g(x) consists of cu- 
bic polynomials, g’"(x) is always piecewise constant. Since g”(x) is assumed to 
be continuous, g"(x) = M = const throughout the entire interval. By integration 
p(x)” = Mx + Aj. Since g"(x) is always continuous, A; = A = const for all j. This 
idea and two more integrations show that g(x) is just one cubic polynomial through- 
out the whole interval. 
pox) = 1 — 2x + 2) + & + 2)3, px®) = 5 + 10x + 6x? — 423 
Polx) = x*, px) = 1+ 3@— 1) + 3@- 1? -@- 1, 
pox) = 6 + 6(x — 2) — 2x — 238 
Po = —3(x + 2)? + 8x + 2)2 = 3 + 6x + Px? + 3x3 
pi = 8 ++ 3+ * —- 964+ DF =1-h? - BF 
Po =1- $+ Be 
ps = —8x — 1) + 8@& — 1)? — 9@ — 18 = 3 — 6x + Be? — BF. 
The interpolation polynomial is (Fig. 405) 


px) =1- 374+ 4 
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18. f(0) = 5 (instead of 1) was chosen to avoid fractions 2 throughout. Equation (12) 
gives ky = —1, kg = 4, kg = 0, ky = —4, ks = 1. From this and (13)—(14) we ob- 
tain 

Po = (x + 3)? — & + 3)3 = -18 — 21x — 8x2 ~ x3 

Pr = —@ + 2) — 2@ + 2)? + 3@ + 2)3 = 14 + 27x + 16x2 + 3x3 
Po = 4x + 1) + 7@ + 1)? — 6@ + 18 = 5 — 11x? — 63 

D3 = 5 — 11x? + 6x3 

Pa = ~4x — 1) + 7 - 1)? — 3@ — 1)? = 14 — 27K + 16x2 — 3x3 
Py =x —2—- 2a — 2)? + @ — 2)8 = —18 + Qix — 8x? + x3. 


ll 


Note that this is an even function, and so is the interpolation polynomial 


P(x) = 5 — 6.80556x” + 1.94444x* ~ 0.138889 


Polynomial 


Section 17.4. Cubic spline versus polynomial of 6th degree in Problem 18 


20. TEAM PROJECT. 
(b) x() = gt + Br? — 28, yo) = dr + GV3 - DP +4- 4V/3)13 
©) xQ =1+ 2? — 2°, 9 =2+ V3 - 2) +1 -4V3)8 


SECTION 17.5. Numerical Integration and Differentiation, page 869 


Purpose. Evaluation of integrals of empirical functions, functions not integrable by ele- 
mentary methods, etc. 


Main Content, Important Concepts 
Simpson’s rule (7) (most important), error (8), (10) 
Trapezoidal rule (2), error (4), (5) 
Gaussian integration 
Adaptive integration with Simpson’s rule (Example 6) 
Numerical differentiation 


Short Courses. Discuss and apply Simpson’s rule. 
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Comments on Content 
The range of numerical integration includes empirical functions, as measured or recorded 
in experiments, functions that cannot be integrated by the usual methods, or functions that 
can be integrated by those methods but lead to expressions whose computational evalua- 
tion would be more complicated than direct numerical integration of the integral itself. 
Simpson’s rule approximates the integrand by quadratic parabolas. Approximations by 
higher order polynomials are possible, but lead to formulas that are generally less 
practical. 
Numerical differentiation can sometimes be avoided by changing the mathematical 
model of the problem. 


SOLUTIONS TO PROBLEM SET 17.5, page 880 

2. A=J=B,A = hiA;, B = h&B,, A; and B; being lower and upper bounds for f in 
the jth subinterval. 0.681 = J = 0.808. 

4. h = 1, J, = 0.5; h = 0.5, Jog = 0.28125, €.5 = $(0.28125 — 0.5) = —0.07292 (ac- 
tual error —0.08125); h = 0.25, Jo.o5 = 0.22070, €p.25 = 3(0.22070 — 0.28125) = 
—0.02018 (actual error —0.02070). The agreement is very good. The same is true in 
Prob. 5, where we integrate a trigonometric function (instead of a single power of x). 

6. hlkeg + ey +--+ + €,-1 + $€,| S[( — a)/njnu = (b — a)u. This is similar to the 
corresponding proof for Simpson’s rule given in the text. 

8. 0.693150. Exact to 6D: In 2 = 0.693147 

10. 0.07392 8162. Exact to 9D: 0.07392 8106 
12. 0.78539 8153. Exact to 9D: 0.78539 8163 
14. C = —0.54/90 in (9), —0.000695 = « = —0.000094 (actual error —0.000292). 
In (10), 
€o.5 ~ 75(0.864956 — 0.868951) = —0.000266. 


Note that the absolute value of this is less than that of the actual error, and we must 
carefully distinguish between bounds and approximate values. 


16. 0.946146, 0.946083. Exact to 6D: 0.946083. A modest table is included in Appendix 
5. See Ref. [1] for larger tables. 


18. 0.4716. Exact to 4D: 0.4615. For tables, see Ref. [1]. 


20. 0.91973 (exact to 5D). For a table, see the end of Ref. [A7], the standard book on 
Bessel functions. 


22. (a) Mz = 2, M,* = 1/4, hence by (4) and the accuracy requirement, 


which gives n = 183. 
(b) From (9) with f” = 24/x°, M, = 24, and the accuracy requirement, 


24 1 
=—. 1075, 


\CMal = 739; (Qmt 2 


which gives 2m = 14. 
24. TEAM PROJECT. The factor 2* = 16 comes in because we have replaced h by 3h, 
giving for h? now (4h)* = igh”. In the next step (with h/8) the error €43 has the fac- 
tor 1/(28 — 1) = &, etc. 
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For f(x) = e~* the table of J and e values is 


Sy = 1.135335 


€, = —0.066596 
Jo, = 0.935547 : Joo, = 0.868951 
€1 = —0.017648 2 = —0.000266 
Jo, = 0.882604 Jaq = 0.864956 Jz = 0.864690 


J33 is exact to 4D. 


For f(x) = }ax* cos darx the Romberg table is 


Ju, = 0 
€ = 0.185120 
Joy = 0.555360 Joa = 0.74048 
€1 = 0.168597 €32 = 0.003262 
Jay = 1.06115 Jag = 1.22975 Jag = 1.26236 
€4, = 0.049142 €42 = 0.001864 €43 = ~0.00004 
Jay = 1.20857 Jag = 1.25771 Jag = 1.25958 Jag = 1.25953 


26. 


28. 


Jg4 is exact to SD. 

0.240, which is not exact. It can be shown that the error term of the present formula 
is hf (6/12, whereas that of (15) is h*f(€/30, where x. — h < E<x+hIn 
our case this gives the exact value 0.240 + 0.016 = 0.256 and 0.256 + 0 = 0.256, 
respectively. 


Differentiating (14) in Sec. 17.3 with respect to r and using dr = dx/h we get 
d - 3r? — 6r +2 
TO = hl (e) ~ Mfg + arg, ¢ SPF? apg, 
dr 2! 3! 


Now x = Xo gives r = (x — x9)/h = O and the desired formula follows. 


SOLUTIONS TO CHAPTER 17 REVIEW, page 882 


22. 


24. 
26. 
28. 


30. 


32. 
34. 
36. 
38. 
40. 
42. 


iw) 


44, 


0.14910 x 10, —0.91842 x 1071, 0.30303 x 104, —0.81818 x 107, 
0.97656 X 10-8 

8.2586, 8.258, 9.90, impossible 

26.855 = d S 26.965 

In multiplication, relative errors add (see the proof of Theorem 1 in Sec. 17.1). 


Multiply numerator and denominator by V x7 + 16 + 4, so that the given expression 
takes the form x2/(V x7 + 16 + 4). 

Because |g’ (x)| is small (0.038) near the solution 0.739085. 
0.641714 

0.450184 

0.4, 0.085 

2.969 

3+ 3@+ 1)-6@ + 1)? + 2@+ 1 if-1 SxS 1, 
1+ 3@-1)+ 6%-—1?-(@- 1 if1 sx 33, ; 
23 + 1S@ — 3) -(« - 3 if3 Sxs5 

Jos = 0.90266, Jo25 = 0.90450, €p 25 = 0.00012 


CHAPTER 18 Numerical Methods in Linear Algebra 
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SECTION 18.1. Linear Systems: Gauss Elimination, page 886 


4 


Purpose. To explain the Gauss elimination, which is a solution method for linear systems 
of algebraic equations by systematic elimination (reduction to triangular form). 


Main Content, Important Concepts 
Gauss elimination, back substitution 
Pivot equation, pivot, choice of pivot 
Operations count, order [e.g., O(n*)] 


Comments on Content 
This section is independent of Chap. 6 on matrices (in particular, Sec. 6.3, where the Gauss 
elimination is also considered). 

Gauss’s method and its variants (Sec. 18.2) are the most important solution methods 
for those systems (with matrices that do not have too many zeros). 

The Gauss—Jordan method (Sec. 18.2) is less practical because it pequies more opera- 
tions than the Gauss elimination. 

Cramer’s rule (Sec. 6.6) would be totally impractical in numerical work, even for sys- 


tems of modest size. 


SOLUTIONS TO PROBLEM SET 18.1, page 893 


2. X_ = (25/42)x,, x, arbitrary 

4. x, = 3.1, x, = —5.2 

6. x; = 120, xg = 0.3 

alae: Agr oe 

10. x, = —3xg, X2 = 3X3, Xg arbitrary; rank A = 2 
12. No solution; the matrix obtained at the end is 


>» 3 1 2 


14. x, = -$,% =4%=-2 
16. x, arbitrary, x. = 3x, — 5, x3 = —5x, + 14; rank A 
18. x, = 4.2, x2 = 0, x3 = —1.8, x4 = 2.0 
20. TEAM PROJECT. (a) @) a # 1 to make D = a — 1 # O; Gi) a = 1, b = 3; 
(iii) a = 1, b # 3. 
(b) x, = 3(3xg — 1), % = 4(—5xg + 7), xg arbitrary is the solution of the first sys- 
tem. The second system has no solution. 
(c) det A = 0 can change to det A # 0 because of round-off. 
(d) (1 — Ieé)xg = 2 — I/e eventually becomes x2/e ~ I/e, x. = 1, 
Xx, = (1 — x2)/e ~ 0. The exact solution is x; = 1/(1 — ©), x2 (1 — 2€/11 — ©. 
We obtain it if we take x, + x2 = 2 as the pivot equation. 


Il 
wo 
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(e) The exact solution is x, = 1, X2 = —4. The 3-digit calculation BiVES Xy = —4.5, 
x, = 1.27 without pivoting and x. = —6, x, = 2.08 with pivoting. This shows 
that 3S is simply not enough. The 4-digit calculations ive x. = —4.095, x, = 
1.051 without pivoting and the exact result %2 = —4, x; = 1 with pivoting. 


SECTION 18.2. Linear Systems: LU-Factorization, Matrix inversion, 
Page 894 


Purpose. To discuss Doolittle’s, Crout’s, and Cholesky’s methods, three methods for solv- 
ing linear systems that are based on the idea of writing the coefficient matrix as a prod- 
uct of two triangular matrices (“LU-factorization”). Furthermore, we discuss matrix in- 
version by the Gauss—Jordan elimination. 


Main Content, Important Concepts 
Doolittle’s and Crout’s methods for arbitrary square matrices 
Cholesky’s method for positive definite symmetric matrices 


Numerical matrix inversion 


Short Courses. Doolittle’s method and the Gauss—Jordan elimination. 


Comment on Content 


L suggests “lower triangular” and U “upper triangular.” For Doolittle’s method, these are 
the same as the matrix of the multipliers and of the triangular system in the Gauss elim- 
ination. 

The point is that in the present methods, one solves one equation at a time, no systems. 


SOLUTIONS TO PROBLEM SET 18.2, page 899 
2. | 1 ae if] X= 4,25 
—2 JL 0 4)? x = -3.67 


4. [1 0 o7f2 2 = 
2 1 Offo 1 5S|,n= 2 
5 4 i410 0 34 x =-1 


aN 
x 
| 
| 
es 


10. 1 0 0 
1 0 
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12. x"(—A)x = —x"Ax < 0, no; x'A™x = (x'A™x)’ because this is a scalar; this gives 
xTAT'x™T = xTAx > 0, yes. A + B is positive definite; A — B is not. 
14. TEAM PROJECT. (a) The formulas for the entries of L = {J;,] and U = [w,] are 


ly = a fHlort sn 
tay, = at k=2,---,n 
hy 
k-1 
lig = Gj. — Dy Uistse JH k22 
s=1 
1 i 
ed Coy kK=jtl-ccin jf B2. 
i] s=1 
(v) ie le | x =4 
6 1}L0 Sl’ x= 
1 0 o7f1 —4 27] x, = 278 
—4 9 O10 1 §],%= 41 
2 12 .4/L0 0O 1) x, = —16.5 


(c) To get the Doolittle factorization, take the transpose of Crout’s factorization. The 
Cholesky factorization is 


1 0 ovf1 -4 2 

—-4 3 07]; 0 3 4 

2 2110 2 
oe: il 
16. |—-7 33 
1-44 
2 -—2 1 

18. > t.. -2. Qe sar Hence = A is orthogonal. 

2 { -=2 


20. det A = 0 as given, but rounding makes det A # 0 and may completely change the 
situation with respect to existence of solutions of linear systems, a point to be watched 
for when using a CAS. In the present case we get (a) —0.00000035, (b) —0.00001998, 
(c) —0.00028189, (d) 0.002012, (e) 0.0002. 


SECTION 18.3. Linear Systems: Solution by Iteration, page 900 


Purpose. To familiarize the student with the idea of solving linear systems by iteration, 
to explain in what situations that is practical, and to discuss the most important method 
(Gauss-Seidel iteration) and its convergence. 


Main Content, Important Concepts 
Distinction between direct and indirect methods 


Gauss-Seidel iteration, its convergence, its range of applicability 
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Matrix norms 
Jacobi iteration 


Short Courses. Gauss-Seidel iteration only. 


Comments on Content 
The Jacobi iteration appeals by its simplicity but is of no practical value. 

A word on the frequently occurring sparse matrices may be good. For instance, we have 
about 99.5% zeros in solving the Laplace equation in two dimensions by using a 
1000 X 1000 grid and the usual five-point pattern (Sec. 19.4). 


SOLUTIONS TO PROBLEM SET 18.3, Page 905 


2. The exact solution 3, —9, 6 is reached at Step 8, rather quickly due to the fact that 
the spectral radius of C is 0.125, hence rather small. 

4. Interchange the first equation and the last equation. Then the exact solution —2.5, 2, 
4.5 is reached at Step 11, the spectral radius of C being 1/V/15 = 0.258199. (The 
eigenvalues are complex conjugates, and the third eigenvalue is 0, as always for the 
present C.) 

6. The exact solution is 2, 0, 1. Step 10 gives [2.00144 —0.00221311 0.999779)". 
The spectral radius (2)?” = 0.544331 of C is relatively large. 

8. In (a) we obtain 


C= -d+L)U 


1 0 07] [0 0.1 0.1 
=-; —-0.1 1 0; |0 0 0.1 
—0.09 —-0.1 1 0 0 


0 -0.100 -—0.100 
0 0.010 —-—0.090 


0 0.009 0.019 


and ||C|| = 0.2 < 1 by (11), which implies convergence by (8). 
In (b) we have 


1 1 10 
10 1 1j/=d+L+U 
1 10 1 
1 0 0 10 
= | 10 1 O}; + 0 
1 10 1 0 0 


From this we compute 
I 0 07] [0 1 10 


C = -(+ L)“1U = —| -10 1 0; {0 
99 -—10 1 0 0 0 
0 1 10 
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10. 


Developing the characteristic determinant by its first column, we obtain 
jae —99 | 
99 —A + 980 


which shows that one of the eigenvalues is greater than 1 in absolute value, so that 
we have divergence. 


= A(A? — 970A + 1), 


1 5.5 2.5625 3.3125 2.94531 3.03906 
1|,| —10.75 |, | —7.75 |, | —9.21875 | , | —8.84375 | , | —9.02734 
1 8.5 5.5625 6.3125 5.94531 6.03906 


Step 5 of the Gauss-Seidel iteration gives the better result 
[2.99969 -—9.00015 5.99996]". Exact: [3 —9 6]'. 


12. [1 —1.8125 —2.29583 —2.63594 —2.51691 —2,53287 
1], 2.58333 | , 2.81875 | , 2.14931 | , 2.07710 | , 1.96657 
1 1.7 3.95 4.33667 4.60875 4.51353 


14. 


16. 


Step 5 of the Gauss—Seidel iteration gives thé more accurate result 
[-2.49475 1.99981 4.49580]". Exact: [-2.5 2 4.5]. 


The eigenvalues of I — A are 0.5, 0.5, —1. Here, A is 4 times the coefficient matrix 
of the given system. 


V52 = 7.2, 6, 6 18. 3a, 3a, 3a 20. V300 = 17.32, 10, 10 


SECTION 18.4. Linear Systems: IIl-Conditioning, Norms, page 906 


Purpose. To discuss ill-conditioning quantitatively in terms of norms, leading to the con- 
dition number and its role in judging the effect of inaccuracies on solutions. 


Main Content, Important Concepts 


Iil-conditioning, well-conditioning 
Symptoms of ill-conditioning 
Residual 

Vector norms 

Matrix norms 

Condition number 


Effect of inaccuracies of coefficients on solutions 


Comment on Content 
Reference [E8] in Appendix 1 gives some help when A~}, needed in «(A), is unknown 
(as is usual in practice). 


SOLUTIONS TO PROBLEM SET 18.4, page 912 


2. 12, V50 ~ 7.07, 5, [0.6 0.8 —1) 
4.5,V5~224,1,f1 1 1 1 1) 
6.1,1,1,f0 0 0 1 Of 
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8. 2,2;2°2=4,2-2 = 4, Inverse 


—0.75 = 1.25 
1.25  —0.75 


10. 5.5, 5.5; 5.5 + 136 = 748, 5.5 - 136 = 748, ill-conditioned. Inverse 


10 -60 60 
3.12. ° 10 
—-12 64 -60 
12. 19, 21; 19- 13 = 247, 21 - 13 = 273. Inverse 
6 4 3 
4 3 2 
3 4 2 


14. x, = 1, x2 = 1; x, = 0.845455, X2 = 1.27273 (6S); «(A) = 4.7 - 42.7273 = 200.8 

16. The residual is [0.145 0.120]", whereas the approximate solution deviates from the 
true solution by a factor 5 (the first component) and 33. This is a consequence of the 
fact that the system is very ill-conditioned. 


18. By (12), 1 = |[I|| = JAA7*|] S [Al] ||A~2]] = «(A). For the Frobenius norm, 
Vn = |lIl| S K(A). 
20. TEAM PROJECT. (a) Formula (18a) is obtained from 
max |x] = & |x| = |x|, S n max [x] = n|fxl|.. 


Equation (18b) follows from ( 18a) by division by n. 


(b) To get the first inequality in (19a) consider the square of both sides and then take 
Square roots on both sides. The second inequality in (19a) follows by means of 
the Cauchy-Schwarz inequality and a little trick worth remembering, 


Lhl= Viki s [Sx |S we = valle 


To get (19b), divide (19a) by Vn. 

(c) Let x # 0. Set x = |[x|ly. Then |ly|] = |[x|l/||x|] = 1. Also, Ax = A(([x\ly) 
= ||x|| Ay since [|x|] is a number. Hence |Ax||/|[x|| = ||Ay|], and in (9), instead 
of taking the maximum over all x # 0, since |ly|| = 1 we only take the maxi- 
mum over all y of norm 1. Write x for y to get (10) from this. 


(d) These “axioms of a norm” follow from (3), which are the axioms of a vector 
norm. 


SECTION 18.5. Method of Least Squares, page 914 


Purpose. To explain Gauss’s least Squares method of “best fit” of straight lines to given 
data (Xp, Yo), ** * , (Xs Yn) and its extension to best fit of quadratic polynomials, etc. 


Main Content, Important Concepts . 
Least squares method 
Normal equations (4) for straight lines 
Normal equations (8) for quadratic polynomials 
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mn 


Short Courses. Discuss the linear case only. 


Comment. Normal equations are often ill-conditioned, so that results may be sensitive 
to round-off. For another (theoretically much more complicated) method, see Ref. [E3], 
p. 201. 


SOLUTIONS TO PROBLEM SET 18.5, page 916 


2. 
4. 


18. 


20. 


3.68 — 1.22x. Note the considerable change of the slope. 

95.26 — 0.574t, where t = 0 [min] corresponds to 12:00. This is a cooling process 
following Newton’s law of cooling, an exponential decrease of temperature; this ex- 
plains the better fit in Prob. 5. 


. Sx; = 2950, Ex? = 1822500, Ly; = 7010, 


Xx;y; = 4490 000; this gives the normal equations 
Sbo + 2 950 by = 7010 
2950 by + 1822 500 b, = 4 490 000. 
The solution is by) = —1145.79, by = 4.32. Answer: 
y = —1145.79 + 4.32x. 


. SF) = 0.033 + 0.314F, k = Fls = 1/0.314 = 3.185 
. 0.955 — 1.159x + 0.932x2 

. 1660 + 656x — 32x? 

. 5.9 — 0.05x; 5.9 — 0.95x + 0.23x” 


bon + bykxz + dex? + bgix;? = Xy; 

botxjy + byix? + bgix? + bsdx;* = Uxjyj 

beta? + byBxP + beXxj* + bgdx;? = Ixy; 

bo&x;? + byXaxj* + bydxjP? + bgdx® = Xx;*y; 

—0.15 + 0.35x; 0.09 + 0.35x — 0.14x?; —0.03 — 1.54x — 0.11%? + 0.57x*. Note 
the large x?-term, which had to be expected from the position of the given points. 


TEAM PROJECT. (a) We substitute F,,,(x) into the integral and perform the square. 
This gives 


If — Frll ~ [Pte 230[ ard > aya | vod 


j=0 k=0 


This is a quadratic function in the coefficients. We take the partial derivative with re- 
spect to any one of them, call it a,, and equate this derivative to zero. This gives 


b mm b 
0-2f fyrdxt+ 2D; J yovax =0. 
a j=0 


Dividing by 2 and taking the first integral to the right gives the system of normal 
equations, with / = 0,---, m. 
(b) In the case of a polynomial we have 

b 


b- 
i yy, dx = J xI*! dy, 
a a 
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which can be readily integrated. In particular, if a = 0 and b = 1, integration 
from 0 to 1 gives 1(j +14 1), and we obtain the Hilbert matrix as the coef- 
ficient matrix. 

(c) In the case of an orthogonal system we see from (4), Sec. 4.8, with p(x) = 1 (as 
for the Legendre polynomials, or with any weight function p(x) corresponding to 
the given system) and J instead of m that a, = by/lly,I}?. 


SECTION 18.6. Matrix Eigenvalue Problems: Introduction, page 917 


Purpose. This section is a collection of concepts and a handful of theorems on matrix 
eigenvalues and eigenvectors that are frequently needed in numerical methods; some of 
them will be discussed in the remaining sections of the chapter and others can be found 
in more advanced or more specialized books listed in part E of Appendix 1. 

The section frees both the instructor and the student from the task of locating these 
matters in Chaps. 6 and 7, which contain much more material and should be consulted 
only if problems on one or the other matters are wanted (depending on the background 
of the student) or if a proof might be of interest. 


SECTION 18.7. Inclusion of Matrix Eigenvalues, page 920 


Purpose. To discuss theorems that give approximate values and error bounds of eigen- 
values of general (square) matrices (Theorems 1, 2, 4, Example 2) and of Special matri- 
ces (Theorem 6). 


Main Content, Important Concepts 


Gerschgorin’s theorem (Theorem 1) 

Sharpened Gerschgorin’s theorem (Theorem 2) 
Gerschgorin’s theorem improved by similarity (Example 2) 
Strict diagonal dominance (Theorem 3) 

Schur’s inequality (Theorem 4), normal matrices 

Perron’s Theorem (Theorem 5) 

Collatz’s theorem (Theorem 6) 


Short Courses. Discuss Theorems 1 and 6. 
Comments on Content 


It is important to emphasize that one must always make sure whether or not a thoerem 
applies to a given matrix. Some theorems apply to any real or complex Square matrices 
whatsoever, whereas others are restricted to certain classes of matrices. 

The exciting Gerschgorin’s theorem was one of the early theorems on numerical meth- 
ods for eigenvalues; it appeared in Bull. Acad. Sciences de l’URSS (Classe mathém, 7-e 
série, Leningrad, 1931, p. 749), and shortly thereafter in the German Zeitschrift fiir ange- 
wandte Mathematik und Mechanik. 


SOLUTIONS TO PROBLEM SET 18.7, page 924 


2. Symmetric matrix; hence we get intervals on the real axis, 9.7 S A = 10.3, 
3.9 SA S6.1,2.8 SA S 3.2. The eigenvalues (6S-values) are 10.0082, 5.99751, 
2.99429. 
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4. i, 0,3 + 4i, radii 0.5 + V2, V2 + V5, 2. 
Spectrum (6S-values) —0.0933282 + 1.061i, —0.403385 — 0.72446i, 3.49671 + 4.66346: 


6. 0, 0.2, 1.2, radii 1.3, 2, 0.1, or, by taking the transpose, centers as before, radii 1.1, 
0.5, 1.8, and we can take the smaller of the two in each case. 
Spectrum 0.108609 + 0.742484i (absolute value 0.750386), 1.182781. 


8. T with t,; = tog = 1, t = 34 gives 
1 0 0 10 0.1 —0.2 1 0 
TAT =| 0 1 0 0.1 6 0 0 1 0} = 
0 0 a —0.2 0 3 0 0 34 


10 01 -68 
01 6 0 
=< 0 8 


Note that the disk with center 3 is still disjoint from that with center 10. 
10. An example is 


The eigenvalues are —1 and 1, so that the entire spectrum lies on the circle. A 
similar-looking 3 X 3 matrix or 4 x 4 matrix, etc., can be constructed with some or 
all of its eigenvalues on the circle. 

12. This is a “continuity proof.” Let S = D, U Dz U- - + U D, without restriction, where 
D, is the Gerschgorin disk with center ay. We write A = B + C, where B = 
diag (a,,) is the diagonal matrix with the main diagonal of A as its diagonal. We now 
consider , 


A, =B+tC forO Stl. 


Then Ay = B and A, = A. Now by algebra, the roots of the characteristic polyno- 
mial f,(A) of A, (that is, the eigenvalues of A,) depend continuously on the coeffi- 
cients of f,(A), which in turn depend continuously on t. For ¢t = 0, the eigenvalues 
ate A414, °° * » Ann, If we let t increase continuously from 0 to 1, the eigenvalues move 
continuously and, by Theorem 1, for each t lie in the Gerschgorin disks with centers 
aj and radii 
tr; where "5 = > |ajze- 
kj 
Since at the end, S is disjoint from the other disks, the assertion follows. 
14. These proofs follow readily from the definition of these classes of matrices. 
16. A2(A2)" = AAATAT = AATAAT = - -- ATATAAS yes. (AB)(AB)' = (AB)'(AB) if 
and only if B'A = AB’; no, in general. CC’ — C'C is symmetric, hence normal. 
18. 29 = A S 37. It is interesting that the second starting vector gives the same interval. 
The third gives 31.66 = A = 33.00. 
In practice, one would compute several steps and use the last two vectors for de- 
termining an interval that contains an eigenvalue. See Example 4 in the text. 
20. CAS PROJECT. (a) The midpoint is an approximation for which the endpoints give 
error bounds. 
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(b) Nonmonotone behavior may occur if by chance you pick an initial vector close 
to an eigenvector corresponding to an eigenvalue that is not largest in absolute 
value. 


SECTION 18.8. Eigenvalues by Iteration (Power Method), page 925 


Purpose. Explanation of the power method for determining approximations and error 
bounds for eigenvalues of real symmetric matrices. 


Main Content, Important Concepts 


The iteration process of the power method 
Rayleigh quotient (the approximate value) 
Improvement of convergence by a spectral shift 
Scaling (for eigenvectors) 


Short Courses. Omit spectral shift. 


Comments on Content 


The method is simple but converges slowly, in general. 
Symmetry of the matrix is essential to the validity of the error bound (1). The method 
as such can be applied to more general matrices. 


SOLUTIONS TO PROBLEM SET 18.8, page 928 


1 —101 
This illustrates that the error bounds € need not be a monotone function of the step. 
They are large. This indicates that we are still far away from an eigenvalue (7 in the 
present case). 
4. ¢ = 11.3333, 11.9802, 11.9994; |e] = 2.4944, 0.4446, 0.0742. 
The rapid convergence to the absolutely largest eigenvalue, 12, results from the 
fact that the other eigenvalues, 2 and —2, are much smaller in absolute value. 
6. g = 10.5000, 11.1303, 11.1831; le] S 2.95804, 1.36886, 0.96374 
8. We get the vectors 


2, Ey Bi | real q = ~1, 2.76471, 5.81101; |el $ 4, 4.94118, 3.23670. 


1 8 88 
1], 14 |, 172 
1 12 144 


and from them the following. From the first two, Collatz gives8 SAS 14, thus, if 
one wishes, the approximation 11 and error bound 3. Our Theorem 1 gives g = 11.33 
(a bit closer to the exact A = 12) and |e| S 2.5, which is of the same order of mag- 
nitude as Collatz’s bound. 

From the second and third vectors, Collatz gives 11 S A S 12.286, say, the ap- 
proximation 11.643 and error bound 0.643. Theorem 1 gives g = 11.98, which is 
much closer to 12, and |e| S 0.45, about of the same quality as the bound by Collatz. 

Remember that Collatz assumes Positivity of the matrix entries, whereas in Theo- 
rem 1 we require symmetry of the matrix; in that sense the two theorems are not com- 
parable. Theorem 1 uses all components of the vectors involved, and that tends to 
give better results than those from methods that use only one or two components. 
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a 


Note further that Theorem 1 requires more operations (not excessively many, how- 


ever). 
10. The eigenvalues are A = +5. Corresponding eigenvectors are 


and I have chosen Xg as 
3 
Xo = EI = Z or Zo, 


x, = 5a — a) = (5 15] 
Xq = 25(z, + Ze), 


so that 


etc. From this, 
XX, = 0 


and for the error bound we get 


x,'x | 250 
a aie oe 
Xo Xo 


and similarly in all the further steps. This shows that our error bound is the best 
possible in general. 
12. The scaled vectors 


; —0.6 1 1 } 1 1 
1 |’ | 0.030303 |’ | —0.517949]° | —0.260014 |’ | —0.365776 


approach their limit [1 —1/3]' (corresponding to A = 7) in a somewhat irregular 
way during these first steps, indicating that the sequence begins with a linear combi- 
nation of the two eigenvectors with a substantial contribution of each. The other eigen- 
vector is [1/3 1]", corresponding to A = —3. 

14. The eigenvalues are 11.2321, 4.28275, 0.44156, —7.95637, so the speed of conver- 
gence is determined by the ratio 11:8, approximately. The approximations obtained 


are 
0.466667 0.57047 | . 0.494303 
1 1 1 
0.6 4 0.651007 | ’ 0.582203 
0.733333 0.973154 0.798155 


SECTION 18.9. Tridiagonalization and QR-Factorization, page 929 


Purpose. Explanation of an optimal method for determining the whole spectrum of a real 
symmetric matrix by first reducing the matrix to a tridiagonal matrix with the same spec- 
trum and then applying the QR-method, an iteration in which each step consists of a fac- 
torization (5) and a multiplication (6). 

Comment on Content 

Householder steps correspond to similarity transformations; hence the spectrum is pre- 
served. The same holds for QR. 
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SOLUTIONS TO PROBLEM SET 18.9, page 937 
2. v=[0 0.92388 -—0.382683]", hence 


1 0 0 6 5.09117 0 
P={]0 —0.707107 0.707107 | , B = | 5.09117 9.6 0 
0 = 0.707107 0.707107 0 0 —0.8 
6 —4.12311 0 0 
4.B —4.12311 8.70588 7.24175 0 
7 0 7.24175 2.18908 3.87609 
0 0 3.87609 7.10504 
5 —4,24264 0 0 
6. B= —4.24264 6 1.41421 0 
: 0 1.4142] 5 0 
0 0 0 2 
14.2004 0.0444 0 14.2005 —0.0197 0 
8. | 0.0444 —63046 -—0.0668 | , —0.0197 —6.3052 0.0223 
0 —0.0668 2.1042 0 0.0223 2.1047 


14.2005 0.00875 0 
0.00875 —6.30524 —0.00744 
0 —0.00744 2.10475 


6S-values of the eigenvalues are 14.2005, —6.30525, 2.10476. Hence the diagonal 
entries are more accurate than one would expect by looking at the size of the off-di- 
agonal entries. 


0.6463 —0.1471 0 0.6988 —0.0848 0 
10. | —0.1471 0.4201 0.0630 | , —0.0848 0.3804 0.0152 | , 
0 _ 0.0630 0.1036 0 0.0152 0.0908 


0.7145 -—0.0443 0 
—0.0443 0.3655 0.0037 
0 0.0037 0.0901 


The spectrum is 0.72, 0.36, 0.09. 


SOLUTIONS TO CHAPTER 18 REVIEW, page 938 


16. x; = 4, x2 = 2x5 18. x, = 3,%, = 3x, +2 20. 4 = 4,%, = —-1,x5 =2 
22. All the entries of the triangular matrices are 1. 
1 48 -8 -6 
24. —— | -8 39 1 
228 26). di 39 
10 —10 —10 


26. | —2.99240 3.18590 2.95784 
—5.66690 5.96406 5.97097 
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28. Reorder to get convergence. Equation 1 becomes 2, 2 becomes 3, 3 becomes 1. So- 
lution x; = —2, %. = 8, x3 = —1. The iteration gives 


—1.50667 —2.01927 — 1.99925 
8.17533 | , 7.99250 | , 8.00029 
— 1.08464 —0.996747 —1.00013 
30. 2, V2, 1 32. 24, V 136, 8 34, 2.4, V2.48, 1.2 
36. 11 38. 9.1 


40. 8.8 - 19.15 = 168.5. The matrix is ill-conditioned. 
42. y = 2.89 + 0.505x 
44. y = 1.95 — 2.217x + 1.067x? 


CHAPTER 19 Numerical Methods for Differential Equations 


Major Changes 


These include automatic variable Step size selection in modern codes, the discussion of 
- the Runge-Kutta-Fehlberg method, and the extension of Euler and Runge-Kutta methods 
to systems and higher order equations. 


SECTION 19.1. Methods for First-Order Differential Equations, page 942 


Purpose. To explain three numerical methods for solving initial value problems 
y’ = f@ y), ¥%o) = Yo by stepwise computing approximations to the solution at 
xy = Xo + h, Xy = xX + 2h, etc. 


Main Content, Important Concepts 
Euler’s method (3) 
Automatic variable step size selection 
Improved Euler method (7) 
Classical Runge-Kutta method (Table 19.4) 
Error and step size control 
Runge~Kutta—Fehlberg method 


Comments on Content 


Euler’s method is good for explaining the principle but is too crude-to be of practical 
value. 
The improved Euler method is a simple case of a predictor—corrector method. 
The classical Runge-Kutta method is of order h* and is of great practical importance. 
Principles for a good choice of h are important in any method. 
f in the equation must be such that the problem has a unique solution (see Sec. 1.9). 


SOLUTIONS TO PROBLEM SET 19.1, page 951 


2. y = sin $x. Since the values obtained give yg = 1.01170 > 1, y49 comes out com- 
plex and is meaningless. 


Xe. 8 Yn Error X 10° 
0.1 0.15708 —65 
0.2 0.31221 —319 
0.3 0.46144 —745 
0.4 0.60079 —1301 
0.5 0.72636 —1926 
0.6 0.83433 —2531 
0.7 0.92092 —2991 
0.8 0.98214 —3109 
0.9 1.01170 —2401 
1.0 — — 


er 
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4. y = tanx — x (special Riccati equation; set y + x = u, then u’ = uv? + 1, etc.). The 


computation gives 


Xn, Yn 


0.1 0.000 000 
0.2 0.001 000 
0.3 0.005 040 
0.4 0.014 345 
0.5 0.031 513 
0.6 0.059 764 
0.7 0.103 292 
0.8 0.167 820 
0.9 0.261 488 
1.0 0.396 393 


6. y = 1/1 + e-*). The given Verhulst equation is a special Bernoulli equation; see 


Sec. 1.6. 


Y@%n) 


0.000 335 
0.002 710 
0.009 336 
0.022 793 
0.046 302 
0.084 137 
0.142 288 
0.229 639 
0.360 158 
0.557 408 


Error X 108 


335 
1710 

4 296 

8 448 
14 789 
24 373 
38 996 
61 818 
98 670 
161 014 


Yn. Error X 108 


0.1 0.524969 


0.2 0 
0.3 0 


549813 
574411 


0.4 0.598645 
0.5 0.622407 
0.6 0.645593 
0.7 0.668114 
0.8 0.689890 
0.9 0.710855 
1.0 0.730955 


8. y = tan 2x. Note that the error is first negative and then positive and rapidly increasing, 


due to the behavior of the tangent. 


10. The error of y(1) is —0.0036, hence comparable to that in Prob. 7. The error of y(2) 
is +0.0067, hence twice that in Prob. 7 and of the opposite sign. , 


12. y = 0, 0.2055, 0.4276, 0.6587, 0.8924; error 0, 0.0101, 0.0221, 0.0322, 0.0409. Hence 


the error is about 20% less. 


Yn Error X 10° 
0.10050 -17 
0.20304 —33 
0.30981 —48 
0.42341 —62 
0.54702 —72 
0.68490 —76 
0.84295 —66 
1.02989 —25 
1,25930 +86 
1.55379 362 


14, 


16. 


18. 


20. 
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y = 0, 0.1033, 0.2134, 0.3280, 0.4456, 0.5650, 0.6852, 0.8058, 0.9261; error 0, 0.0011, 
0.0022, - - - , 0.0071; about 15% of that in Prob, 11. 

For instance, x = 0.5, y = 0.632 114762 (error 0.58 - 10-5); x = 1, 
y = 0.864 660 452 (error 0.43 - 10-5); hence the error is substantially less, and it is 
interesting that it is not increasing: for x = 0.1,--- » 1.0, it is 0.26, 0.42, 0.52, 0.57, 
0.58, 0.57, 0.54, 0.51, 0.47, 0.43 times 1075. 

Errors —0.004, —0.008, —0.011, -0.015, —0.017, —0.019, —0.021, —0.021, —0.021, 
—0.021. For the improved Euler method, the errors times 10° are 0.8, 1.6, 2.2, 2.5, 
2.5, 1.8, +0.4, -1.9, —5.1, —9.3. 


Se 
Xn Vn Error Estimate (10) X 10° Error X 10° 
0.1 1.20033 46725 3.0 —0.4 
0.2 1.40271 00374 : 3.7 -1.9 
0.3 1.60933 62546 5.9 —5.0 
0.4 1.82279 32298 9.4 —11.0 
0.5 2.04630 25124 ; 13.1 —22.5 
0.6 2.28413 68531 14.4 —44,7 
0.7 2.54228 84689 +5.0 —88.4 
0.8 2.82963 87346 —38.8 —177.6 
0.9 3.16015 85865 —191.1 —369.0 
1.0 3.55740 85377 , —699.9 —813.0 


SECTION 19.2. Multistep Methods, page 952 


Purpose. To explain the idea of a multistep method in terms of the practically important 
Adams—Moulton method, a predictor—corrector method that in each computation uses four 
preceding values. 


Main Content, Important Concepts 
Adams-Bashforth method (5) 
Adams—Moulton method (7) 


Short Courses. This section may be omitted. 


SOLUTIONS TO PROBLEM SET 19.2, page 955 


2. 


TO 


Starting Predicted Corrected 
n 5 % Exact 
Yn Yn Yn 


1.000 000 


oO 
fo) 
i) 


1 0.1 1.105 171 

2 0.2 1.221 403 

3 0.3 1.349 859 

4 0.4 1.491 821 1.491 825 1.49] 825 

5 0.5 1.648 717 1.648 722 1.648 721 

6 0.6 1.822 114 1.822 120 1.822 119 

7 0.7 2.013 748 2.013 754 2.013 753 

8 0.8 2.225 536 2.225 543 2.225 541 

9 0.9 2.459 598 2.459 605 2.459 603 
10 1.0 2.718 277 2.718 285 2.718 282 
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6. Solution y2 — x? = 8. 


Yn 


0 
0.104394 
0.215563 
0.331199 
0.449688 
0.569871 
0.690911 
0.812198 
0.933284 


Exact 


0 
0.104394 
0.215563 
0.331199 
0.449886 
0.569867 
0.690907 
0.812195 
0.933280 


Yn 


3.07246 
3.15595 
3.24962 
3.35261 
3.46410 
3.58330 
3.70945 
3.84188 
3.97995 
4.12311 


Error X 10° 


8. y = tanx + x + 1. tan x approaches infinity as x > 377. 
2 y= e*’. Some of the values and errors are: 


Kg Yn (h = 0.05) Error X 10° Yn (h = 0.1) Error X 10° 
0.1 1.010050 1.01005 

0.2 1.040817 -6 1.040811 

0.3 1.094188 -14 1.094224 —50 
0.4 1.173535 —24 1.173623 —112 
0.5 1.284064 —38 1.284219 —194 
0.6 1.433388 —58 1.433636 —307 
0.7 1.632404 —87 1.632782 —466 
0.8 1.896612 =131 1.897175 —694 
0.9 2.248105 —197 2.248931 —1023 
1.0 2.718579 —297 2.719785 —1503 


The errors differ by a factor 4 to 5, approximately. 
14. y, = 4.002707, yo = 4.022789, yg = 4.084511, yq = 4.230685, ys = 4.559046, 


ye = 5.364224, yz = 8.060954. Exact: y = tanx —x +4 


SECTION 19.3. Methods for Systems and Higher Order Differential 
Equations, page 956 


Purpose. Extension of the methods in Sec. 19.1 to first-order systems and to higher or- 
‘der equations. 


Sutin ei te, 
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Content 
Euler’s method for systems (5) 
Classical Runge-Kutta method extended to systems (6) 
Runge—Kutta—Nystrém method (7) 


SOLUTIONS TO PROBLEM SET 19.3, page 961 


2. See Fig. 82 in Sec. 3.3. The discussion in Sec. 3.3 is not needed for the present pur- 
pose. The computation gives: 


x J1 y2 
0 0 4 
0.2 0.8 3:2 
0.4 1.28 2.4 
0.6 1.504 1.664 
0.8 1.536 1.0304 
1.0 1.43488 0.51712 


4. y = 0, —0.15, —0.3, —0.44925, —0.596996, —0.742481. The error increases 
monotone from 0 to 0.0081. 
6. Much more accurate values. 


—- ee 


x y(x) 10° X Error of y(x) y' (x) 

0.1 0.804837 —8 — 1.90484 
0.2 0.618731 —15 — 1.81873 
0.3 0.440818 —20 — 1.74082 


8. We had to choose x9 # 0 because of the factor 1/x. Those initial values were taken 
from Ref. [1] in Appendix 1. 


-—@@—“mm oS SSSSFSSSSFFFFMMMmfMseFs 


x Jo(x) Jo(x) 10° x Error of Jo(x) 
1 0.765198 -  —0.440051 0 
15 0.511903 —0.558002 —76 
7) 0.224008 —0,576897 —117 
2.5 —0.048289 —0.497386 —95 
3 —0.260055 —0.339446 +3 
3.5 —0.380298 —0.137795 170 


" Exact 
10. In, Yn Yn Yn (48) Error 
a et 
0 0 0 I 0 0 
0.2 0.02 0.2 1.21 0.0214 0.0014 


0.4 0.0842 0.4420 1.4631 0.0918 0.0076 
0.6 0.2019 0.7346 1.7682 0.2221 0.0202 
0.8 0.3842 1.0883 2.1362 0.4255 0.0413 


a a 
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_ OO rr 


12. T'(2/3) = (3/2)1(5/3) by (25); now use interpolation in Table A2, etc. 
a ee 8 


6 

14. 7 i a ka : i 10 nap 
ae i A a Fa Oe. 
1.0 0.765 198 -—0.081287 -—0.056989 -—0.061848 —0.034 604 0 
1.5 0.511819 -—-0.034970 -—0.007296 -—0.011250 +0.015 740 +9 
2.0 +0.223946 +0.016098 +0.041840 +0.038 979 0.061 098 —55 
2.5  —0.048 241 0.061 767 0.080 770 0.079 042 0.092 562 —143 
3.0 —0.259 845 0.093 218 0.102 154 0.101 466 0.104 389 —207 
3.5  —0.379 914 ; —214 


In the present case the errors of the two methods are of the same order of magnitude. 


An exact comparison is not possible since the errors change sign in a different fash- _ 


ion in each method. 


SECTION 19.4. Methods for Elliptic Partial Differential Equations, 
page 962 


Purpose. To explain numerical methods for the Dirichlet problem involving the Laplace 
equation, the typical representative of elliptic equations. 
Main Content, Important Concepts 
Elliptic, parabolic, hyperbolic equations 
Dirichlet, Neumann, mixed problems 
Difference analogs (7), (8) of Poisson’s and Laplace’s equations 
Coefficient scheme (9) 
Liebmann’s method of solution (identical with Gauss-Seidel, Sec. 18.3) 
Peaceman-Rachford’s ADI method (15) 


Short Courses. Omit the ADI method. 


Comments on Content 
Neumann’s problem and the mixed problem follow in the next section, including the mod- 
ification in the case of irregular boundaries. 

The distinction between the three kinds of equations (elliptic, parabolic, hyperbolic) is 
not merely a formal matter because the solutions of the three types behave differently in 
principle, and the boundary and initial conditions are different; this necessitates different 
numerical methods, as we shall see. 


SOLUTIONS TO PROBLEM SET 19.4, page 969 


2. 6 steps. Some results are 


(93.75 90.625 65.625 64.0625] (Step 2) 
[87.8906 87.6953 62.6953 62.5977] (Step 4) 
[87.5244 87.5122 62.5122 62.5061] (Step 6) 


{87.5001 87.5 62.5 62.5] (Step 10) 


4. 


10. 
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The values obtained by the Gauss elimination agree with those of the exact solution 
of the problem, u(x, y) = x* — 3xy?. Gauss-Seidel would need 14 steps to produce 
6S-values or 9 steps for 3S-values. 

This shows the importance of good starting values; it then does not take long until 
the approximations come close to the solution. A rule of thumb is to take a rough es- 


timate of the average of the boundary values at the points that enter the linear sys- - 


tem. By starting from 0 we obtain 


[0.094722 0.101487 0.317994 0.321376] 
{0.107407 0.107830 0.324337 0.324548] 


(Step 3) 
(Step 5). 


» Uy, = 92.86, ua, = 90.18, wy2 = 81.25, ugg = 75.00, uyg = 57.14, 


Yaz = 47.32, Ug, = yy, etc., by symmetry. 

All the isotherms must begin and end at a corner. The diagonals are isotherms u = 
25, because of the data obtained and for reasons of symmetry. Hence we obtain a 
qualitative picture as follows. 


Ww 
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Section 19.4. Problem 10 


12. (a) uy, = —Uy. = —66 
(b) By symmetry, we can reduce the problem to four equations in four unknowns. 
Solution: 
Uyy = Ugy = —Uy5 = —Ug5 = —92.92 
Uo = ~lhes = —87.45 
Uyg = Ugg = —Uyg = —Ugg = —64.22 
Ugo = —Uo4 = —53.98 
4ui3g = Ueg = Ugg > 0 
14. First step. First come rows j = 1, j = 2; for these, (14a) is 
J=1, f= 1. ugy ~ 404, + Ua, = —y9 — Wy 
i= 2. Uy — 4Ugy + Ugy = —U29 — Ug 
J=2, t= 1. og — 4uyy + Ugg = Uy, — Ug 
i=2. Uyg — Ago + Ugo = —Ug1 — Ugg. 


Six of the boundary values are zero, 


and the two on the upper edge are u43 = uo3 = 
V3/2 = 0.866 025. Also, on the right we substitute the starting values 0. With this, 
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our four equations become 
—4u,4, + Ug, = 0. 
Uy, — 4ug; = 0 
—4uyo + Ugg = —0.866 025 
Uyg — 4ugq = —0.866 025. 
The solution is from the first two equations 
uy, = 9, Un, = 0 
and from the other two equations 


Uyp = 0.288.675, Ugg, = 0.288 675. 


First step. Now come columns; for these, (14b) is 


i p=, Wyo — 4Uy, + Uy = —Ugy — Yay 
pH7. Uy, — 4uyg + Ug = —Ugg — Uo 
i=2, j=l. Ugg — 4Ugy + Ugg = Uy, — Ugi 
j= 2. Ug, — 4gz + Wag = —Uy2 — Ugo. 


With the boundary values and the previous solution on the right, this becomes 
—4uy; + uy = 0 
Uy, — 44 = —0.866 025 — 0.288 675 
—4uo, + ugg = 0 . 
Ug, — 4Ug = —0.866 025 — 0.288 675. 
The solution is 
Uy, = 0.076 98 
Ug, = 0.076 98 
Uyo, = 0.307 92 
Ugg = 0.307 92. 


Second step. Rows. We can use the previous equations, changing only the right sides: 


—4u4, + Uo) = —0.307 92 


Uy, ~ 4ug, = 
—4uyo + Ugg = 


Uy — Ago = 


—0.307 92 
—0.866 025 — 0.076 98 
—0.866 025 — 0.076 98 


Solution: 
U44 = Ug, = 0.102 640, Uyg = Uog = 0.314 335. 


Second step. Columns. The equations with the new right sides are 
—4u4, + Uy = —0.102 640 
U4, — 4uyg = —0.866 025 — 0.314 335 
—4ug, + Ugg = —0.102 640 
Ug, — 4ueg = —0.866 025 — 0.314 335. 
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Final result (solution of these equations): 


U1 = 0.106 061 
Uzi = 0.106 061 
U2 = 0.321 605 


Ugg = 0.321 605. 
Exact 3D values: 


Uy, = Ug, = 0.108, Uyo = Ugo = 0.325. 
16. CAS PROJECT. (b) The solution of the linear system (rounded to integers), with 
the values arranged as the points in the xy-plane, is 
160 170 157 110 
138. 145 125 75 
138 145 125 75 
160 170 157 110 


Twenty steps gave accuracies of 3S—5S, with slight variations between the compo- 
nents of the output vector. 


SECTION 19.5. Neumann and Mixed Problems. Irregular Boundary, 
page 971 


Purpose. Continuing our discussion of elliptic equations, we explain the ideas needed for 
handling Neumann and mixed problems and the modifications required when the domain 
is no longer a rectangle. 


Main Content, Important Concepts 


Mixed problem for a Poisson equation (Example 1) 
Modified stencil (6) (notation in Fig. 428) 


Comments on Content 


Neumann’s problem can be handled as explained in Example 1. 
In all the cases of an elliptic equation we need only one boundary condition at each 
point (given u or given u,,). 


SOLUTIONS TO PROBLEM SET 19.5, page 975 


1 
2. 0= “01,2 = Pyke! = u_1i) gives Yi = 444. Similarly, Ua, = Uo, + 3 from the 


condition on the right edge, so that the equations are 


—4ug; + 2u44 = 1 
Ugy — 4u4, + Uo = —0.25 + 0.75 = 0.5 
Uy, — 44g, + ug, = —1 


2Uo1 <> 4us, = —2.25 — 1.25 — 3= —6.5. 


“on = —0.25, uy, = 0, ua; = 0.75, ug, = 2; this agrees with the values of the exact 
solution u(x, y) = x? — y? of the problem. 


[nents eae ante tate teen 
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4. The exact solution of the Poisson equation is u = xy”. The approximate solution re- 


14. 


sults from Au = b, where 


—4 1 0 1 0 0 4 
1 —4 1 0 1 0 10 
0 2 —4 0 0 1 8 
A= q b= 
1 0 0 -4 1 0 1 
0 1 0 1 -4 1 —20 
0 0 1 0 2 -4 —103 


where the six equations correspond to P1;, P21, P31, P12, Poo, P32, in our usual or- 
der. The components of b are of the form a — c with a resulting from 2(x? + y?) 
and c from the boundary values; thus, 4 — 0 = 4, 10 — 0 = 10, 20 — 12 = 8, 
10 — 9 = 1, 16 — 36 = ~—20, 26 — 81 — 48 = —103. The solution of this system 
agrees with the values obtained at the P,, from the exact solution, #4, = 1, ue, = 
Uy = 4, uaa = 16, and ug, = 9, Ugg = 36 on the boundary. ug, = ua; + 12 and uso 
= Ug + 48 produced entries 2 in A and —12 and —48 in b. 


. Exact solution u = 9y sin 47rx. Linear system Au = b, where 


—4 1 1 0 0 0 a 
1 -4 0 1 0) a 
1 0 -4 1 1 0 2a 

A= ; b= 
0 1 1 -4 0 1 2a 
0 0 2 0 -4 1 3a+ec 
0 0 oO 2 1 —4 3at+ec 
a = —8.54733, c = —V 243 = —15.5885. The solution of this system is (exact val- 


ues of uv in parentheses) 
Uy, = Ug, = 8.46365 (exact 3V3 = 7.79423) 
Uyy = Ugg = 16.8436 (exact 9V3 = 15.5885) 
Uy3 = Wag = 24.9726 (exact V3 = 23.3827). 
Let v denote the unknown boundary potential. Then v occurs in Au = b, where 


—4 1 1 0 0 
1 -4 0 1 —v 
A = 5 b — 
1 0 -4 1 —v 
0 2 2-4 —8y 


v 
The solution of this linear system is u = Toh 10 10 16)". From this and 


5v/19 = 100 (the potential at P,,) we have v = 380 as the constant boundary po- 
tential on the indicated portion of the boundary. 


16. Two equations are as usual: 


—4uy, + Uo. + uy — 2=2 


Uyy 4u1 -05=2 
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where the right side is due to the fact that we are dealing with the Poisson equation. 
The third equation results from (6) with a = Pp =4q = 1 and b = 1/2. We get 


Yoo | Mis | Yor | Way 3/2 
4+ 8h 4 = 2, 
@ | ee) a MY, es Ta 


The first two terms are zero and upp = —2; these are given boundary values. There 
remains 

4 = 

34141 — 6u42 = 4, 
Our three equations for the three unknowns have the solution 


ayy = —-1.5, Ug, = fad be ujg = —1. 


SECTION 19.6. Methods for Parabolic Equations, page 976 


Purpose. To show the numerical solution of the heat equation, the prototype of a para- 
bolic equation, on the region given by 0 SxS 1,12 0, subject to one initial condition 
(initial temperature) and one boundary condition on each of the two vertical boundaries. 


Content 
Direct method based on (5), convergence condition (6) 
Crank—Nicolson method based on (8) 
Special case (9) of (8) 

Comment on Content 


Condition (6) restricts the size of time steps too much, a disadvantage that the Crank— 
Nicolson method avoids. 


SOLUTIONS TO PROBLEM SET 19.6, page 981 


4. The first tern in (10), Sec. 11.5, gives exp [-y45a] = 0.1, = 100 (In 10/7? = 
23.3. The other terms decrease much more rapidly and contribute practically nothing. 
6. u(x, 0) = u(1 — x, 0) and the boundary conditions imply u(x, 2) = u(1 — x, 2) for all 
t. The calculation gives 
(0, 0.2, 0.35, 0.35, 0.2, 0) 
(0, 0.1875, 0.3125, 0.3125, 0.1875, 0) 
(0, 0.171875, 0.28125, 0.28125, 0.171875, 0) 
(0, 0.15625, 0.253906, 0.253906, 0.15625, 0) 
(0, 0.141602, 0.229492, 0.229492, 0.141602, 0) 
8. We have k = 0.01. The boundary condition on the left is that the normal derivative 
is zero. Now if we were at an inner point, we would have, by (5), 
Yo,j+1 = 2U4,j + 3uo; + Burj. 


Here, by the central difference formula for the normal derivative (partial derivative 
with respect to x) we get 
OUo ; 1 
= ae = 5p i — 4U_4,;) 


| 
| 


258 


10. 


12. 


Instructor’s Manual 


so that the previous formula gives what we need, 
=i 
Uo, j+1 = 205 + Uy,)- 


The underlying idea is quite similar to that in Sec. 19.5. The computation gives 


t x=0 x= 0.2 x=04 x= 0.6 x= 0.8 x=1 


0 0 0 0 0 0 0 

0.01 0 0 0 0 0 0.5 ! 
0.02 0 0 0 0 0.125 0.866 025 | 
0.03 0 0 0 0.031 0.279 1 
0.04 0 0 0.008 0.085 0.397 0.866 025 
0.05 0 0.002 - 0.025 0.144 0.437 0.5 

0.06 0.001 0.007 0.049 0.187 0.379 0 i 
0.07 0.004 0.016 . 0.073 0.201 0.236 —0.5 —a 
0.08 0.010 0.027 0.091 0.178 0.043 —0.866 025 
0.09 0.019 0.039 0.097 0.122 —0.601 -1 
0.10 0.029 0.048 0.089 —0.065 —0.520 —0.866 025 
0.11 0.039 0.054 0.040 —0.140 —0.493 —0.5 H 
0.12 0.046 0.047 —0.002 —0.183 —0.406 0 


r=kh? =1,k = 1,2 steps. The series in Sec. 11.5 gives (with L = 10, t = 2, 
b, = 2.58012, b. = 0, bg = 0.09556) 


u = by sin 0.1x exp (— 77/50) + bg sin 0.3x exp (—92r7/50). 


The values for t = 2 and x = 0, 1,---, 10 are (exact values in parentheses) 0 (0), 
0.6691 (0.6546), 1.2619 (1.2449), 1.7212 (1.7135), 2.0075 (2.0143), 2.1043 (2.1179), 
2.0075 (2.0143), etc. (symmetric). 

CAS PROJECT. u(0, 4) = u(l, 2) = 0, u(0.2, = u(0.8, D, u(0.4, = u(0.6, 2), 
where 


x=02 x= 04 
t=0 0.587785 0.951057 


0.393432 0.636586 Explicit 
t = 0.04 0.399274 0.646039 CN 
0.396065 0.640846 Exact (6D) 


0.263342 0.426096 
t = 0.08 0.271221 0.438844 | 
0.266878 0.431818 i 


0.176267 0.285206 
t= 0.12 0.184236 0.298100 
0.179829 0.290970 


0.117983 0.190901 
t = 0.16 0.125149 0.202495 
0.121174 0.196063 


0.078972 0.127779 
t= 0.2 0.085012 0.137552 i 
0.081650 0.132112 | 
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SECTION 19.7. Methods for Hyperbolic Equations, page 982 


Purpose. Explanation of the numerical solution of the wave equation, the prototype of a 
hyperbolic equation, on a region of the same type as in the last section, subject to initial 
and boundary conditions that guarantee the uniqueness of the solution. 
Comments on Content 
We now have two initial conditions (given initial displacement and given initial veloc- 
ity), in contrast to the heat equation in the last section, where we had only one initial con- 
dition. 

The computation by (6) is simple. Formula (8) gives the values of the first time steps 
in terms of the initial data. 


SOLUTIONS TO PROBLEM SET 19.7, page 984 


2. Note that the curve of f(x) is no longer symmetric with respect to x = 0.5. The so- 
lution was required for 0 = tS 1. We present it here for a full cycle 0 StS 2: 


-_ 


t x= 0.2 x=04 x= 0.6 x= 0.8 
0 0.032 0.096 0.144 0.128 
0.2 0.048 0.088 0.112 - 0.072 
0.4 0.056 0.064 0.016 —0.016 
0.6 0.016 —0.016 —0.064 —0.056 
0.8 —0.072 —0.112 —0.088 —0.048 
1.0 —0.128 —0.144 —0.096 —0.032 
1.2 —0.072 —0.112 —0.088 —0.048 
14 0.016 —0.016 —0.064 —0.056 
1.6 0.056 0.064 0.016 —0.016 
1.8 0.048 0.088 0.112 0.072 
2.0 0.032 0.096 0.144 0.128 


7 
4. By (14), Sec. 11.4, with c = 1 the left side of (6) is 
(A) Wija1 = uh, (J + Dh) = B[fGh + (i + DA) + fGh - G+ DA] 
and the right side is the sum of the six terms 
ui—15 = aLf(i — Dh + jh) + fi -— Dh — jn], 
Wing = alf@ + Dh + jh) + f(i + Dh — jn), 
—Ui,j—-1 = —3[f Gh + (j — Dh) + fGh - G — Dhl. 


Four of these six terms cancel in pairs, and the remaining expression equals the right 
side of (A). 
6. From (13), Sec. 11.4, with c = 1 we get the exact solution 


xz+ct J 
sin ms ds = on [cos w(x — ct) — cos a(x + cf]. 


u(x, ft) = =f 


x—ct 


- From (8) we have kg; = 0.1g; = 0.1 sin 0.1 7i. Because of the symmetry with respect 
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to x = 0.5 we may list only the following values an the exact values in parenthe- 
ses): 


t x=0.1 x = 0.2 x = 0.3 x=04 x= 0.5 
0.0 0 0 0 0 0 
01 0.030 902 0.058779 0.080 902 0.095 106 0.100 000 
: (0.030 396) (0.057 816) (0.079 577) (0.093 549) (0.098 363) 
02 0.058 779 0.111 804 0.153 885 0.180 902 0.190 212 
, (0.057 816) (0.109 973) (0.151 365) (0.177 941) (0.187 098) 
03 0.080 902 0.153 885 0.211 804 0.248 991 0.261 804 
, (0.079 577) — (0.151 365) (0.208 337) (0.244 914) (0.257 518) 
04 0.095 106 0.180 902 0.248 991 0.292 706 0.307 770 


(0.093 549) (0.177 941) (0.244 914) (0.287 914) (0.302 731) 


8. Since u(x, 0) = f(x), the derivation is immediate. Formula (8) results if the integral 
equals 2kg;. 

10. Exact solution: u(x, f) = (x + #)”. The values obtained in the computation are those 
of the exact solution. 441, Uo1, 431, U4, are obtained from (8) and the initial condi- 
tions u;9 = (0.2i)", g; = 0.2i. In connection with the left boundary condition we can 
use the central difference formula 


1 
Oh (uy,5 — u_y,;) = u,(0, jk) = 2jk 


to obtain u_,,; and then (8) to compute uo, and (6) to compute up, ;1. 


SOLUTIONS TO CHAPTER 19 REVIEW, page 984 


22. y = e*. Computed values are 


Xn Vn yn) Error X 10° Error in Prob. 21 
0.01 1.010 000 1.010 050 50 
0.02 1.020 100 1.020 201 101 
0.03 1.030 301 1.030 455 154 
0.04 1.040 604 1.040 811 207 
0.05 1.051 010 1.051 271 261 
0.06 1.061 520 1.061 837 316 
0.07 1.072 135 1.072 508 373 
0.08 1.082 857 1.083 287 430 
0.09 1.093 685 1.094 174 489 
0.10 1.104 622 1.105 171 549 0.005 171 


We see that the error of the last value has decreased by a factor 10, approximately, 
due to the smaller step. 
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24, y = 2e~* + x? 4+ 1, 


26. y=e""; 0,7-10-°, 


Xn Yn Error X 104 
pe 
0.1 2.8205 —8 
0.2 2.6790 —15 
0.3 2.5738 —22 
0.4 2.5033 —27 
0.5 2.4662 —32 
0.6 2.4612 —36 
0.7 2.4871 —39 
0.8 2.5429 —42 
0.9 2.6276 —44 
1.0 2.7404 —46 


7: 10°°, 4-107", 10-6, 5 - 10-6 


28. From y’ = x + y and the given formula we get, with h = 02: 
, ky = 0.2@, + y,) 
ka = 0.2[x, + 0.1 + y, + 0.100, + Yn)| 


= 0.2[1. 16%, 


+ y,) + 0.1] 


k3 = 0.2[xq + 0.2 + Yn ~ 0.2 + yn) + 0.4[1.1Gy + yn) + 0.1]] 
= 0.2[1.24Gn + yn) + 0.24] 


and from this 


Yn+1 = Yn + 8[1.328 (eq, + Yn) + 0.128]. 


The computed values are 


30. Solution y = tanx — x 


oe 


x Yn Error X 108 
0.0 0.000 000 0 
0.2 0.021 333 69 
0.4 0.091 655 170 
0.6 0.221 808 311 
0.8 0.425 035 506 
1.0 0.717 509 7712 
+ 4. 
-_ OC 
Xe Yn Error X 10° 
0.8 4.22969 —52 
1.0 4.55686 +548 


The starting values were obtained by classical Runge-Kutta. 

34. y, = 2, 2, 1.68,---, —3.30955; ye = 0, -1.6, —3.2,- ++ , 5.17403. Exact solution 
4y,” + yo” = 16 (ellipse). 

36. y, = ~—6e% + 3e57, y, = —269 — 3%. errors of yy: —1 X 1073, -3 x 1073, 
—7 X 107%; errors of yo: —3 X 1074, —10 x 1074, —25 x 1074 
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38. The computed values are 


40. 
42. 
44, 


Xn Yn 

0.0 0 

0.1 —0.3 

0.2 —0.597 

0.3 —0.884 985 
0.4 —1.157 910 
0.5 —1.409 698 


! 
Yn 
=3 
= 
—2.94 
—2.819 700 
—2.638 796 


Yexact 


0 
—0.299 
—0.592 
—0.873 
—1.136 
—1.375 


Error 


0 

0.001 
0.005 
0.011 985 
0.021 910 
0.034 698 


u(Py1) = u(Py2) = 105, u(P21) = 155, u(P22) = 115 


1.96, 7.86, 29.46 


t 
Yexact 
=—3 
—2.97 
—2.88 
—2.73 
—2.52 
—2.25 


Error 


0 

0.03 

0.06 
0.089 7 
0.118 796 


From the 3D-values given below we see that at each point x > 0 the temperature os- 
cillates with a phase lag and a maximum amplitude that decreases with decreasing x. 


x 
| 
° 


t 


j=) 

fod 

nN 
ooocooocoocooocoo 


x=0.2 


ooooco 


0.031 
0.054 
0.086 
0.095 
0.094 
0.068 
0.034 
—0.009 


x= 04 


x= 0.6 


x= 0.8 


x=1.0 


0 
0.5 
0.866 025 
1 
0.866 025 
0.5 
0 
-0.5 
—0.866 025 
-1 
—0.866 025 
-0.5 
0 


PART F. OPTIMIZATION. GRAPHS 


CHAPTER 20 Unconstrained Optimization. 
| Linear Programming 


Major Change 


The simplex method of linear programming has been completely rewritten in the spirit of 
matrix techniques, without making reference to other chapters (6 or 18). 


SECTION 20.1. Basic Concepts. Unconstrained Optimization, page 990 


Purpose. To explain the concepts needed throughout this chapter. To discuss Cauchy’s 
method of steepest descent or gradient method, a popular method of unconstrained opti- 
mization. 
Main Content, Important Concepts 

Objective function 

Control variables 

Constraints, unconstrained optimization 


Cauchy’s method 


SOLUTIONS TO PROBLEM SET 20:1, page 993 
2. f(x) = ( — 3)? + 4%, — 1)? — 13. Calculation gives 


x1 Xo 
3.73846 1.04615 


3.11077 0.889231 
3.0818 1.00511 


4. f(x) = 0.8, + 1.4)? + 0.35(%_ + 0.3)? + const. Steps 1-3 give 


xy Xo 
— 1.48804 0.979908 
1.29286 —0.261496 
— 1.40147 —0.278573 


SE Sen eee 


6. f(x) = x1? — x gives 
zQ)=x- ¢[2x, —-1]= [CQ — 20x41, x2 + t], 
hence 
a(t) = (1 — 28)?x,? — x2 ~ 1, 
g'() = -4(1 — 2x2 — 1 =0. 
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For this ¢, 
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Pe an oer ee 
i 4x? 9? 27 Bx? |] 


From this, with x, = 1, x2 = 1, we get successively 


Za) =([-4, 1+3+ 4], 
Zo =[1, 1+2-:$4+3+ 2], 
Za) = [-1, | +3-24+2-242], etc. 


The student should sketch this, to see that it is reasonable. The process continues in- 
definitely, as had to be expected. 
8. The calculation gives for steps 1—S 


xy x2 
— 1.33333 2.66667 
—3.55556 —1.77778 
2.37037 —4,74074 
6.32099 3.16049 
—4.21399 8.42798 


This is the beginning of a broken line of segments spiraling away from the origin. At 
the corner points, f is alternatingly positive and negative and increases monotone in 


absolute value. 


CAS PROJECT. (c) For f(x) = x1" + x94 the values converge relatively rapidly to 


[Oo oy: 


Similarly for f(x) = xy* + x91: 


1 x2 
0.410245 —0.589755 
—0.00977922 —0.16973 
0.007137 —0.152814 
—0.00550786 —0.140169 
0.00441861 —0.130242 
—0.00364745 —0.122176 
xy X92 
—0.352941 0.705882 
—0.249135 —0.124567 
0.043965 ~ —0.08793 
0.0310341 0.0155171 
—0.00547661 0.0109532 


—0.00386584 —0.00193292 


Tr ait EN at tanta tLe na eden ne egy coe ge + Aliens 
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SECTION 20.2. Linear Programming, page 994 
Purpose. To discuss the basic ideas of linear programming in terms of very simple ex- 
amples. 
Main Content, Important Concepts 
Linear programming problem 
Its normal form. Slack variables 
Feasible solution, basic feasible solution 
Optimal solution 


Comments on Content 

Whereas the function to be maximized (or minimized) by Cauchy’s method was arbitrary 

(differentiable), but we had no constraints, we now simply have a linear objective func- 

tion, but constraints, so that calculus no longer helps. : 
No systematic method of solution is discussed in this section; these follow in the next 

sections. 


SOLUTIONS TO PROBLEM SET 20.2, page 997 


2. No. For instance, f = 5x, + 2x9 yields maximum profit f = 12 for every point on 
the segment AB. 

6. Ordinarily a vertex of a region is the intersection of only two straight lines given by 
inequalities taken with the equality sign. Here, (5, 4) is the intersection of three such 
lines. This may merit special attention in some cases, as we discuss in Sec. 20.4. 

8. The first inequality could be dropped from the problem because it does not restrict 
the region determined by the other inequalities. Note that that region is unbounded 
(stretches to infinity). This would cause a problem in maximizing an objective func- 
tion with positive coefficients. 

10. f(9, 4) = 270 + 40 = 310 is the maximum. 

12. No solution because the region is unbounded 

14. fax = f(9, 6) = 360 

16. f = x1 + x2, 2x, + 4xq S 800, 5x, + 2x2 = 600, x, = 50, x2 = 175, 
fmax = f(50, 175) = 225 

18. x, = Number of days of operation of kiln I, X2 = Number of days of operation of 
kiln Il. Objective function f = 400x, + 600x.. Constraints: 


3000x, + 2000x. = 9000 (Grey bricks) 
2000x, + 5000x2 = 17000 (Red bricks) 
300x; + 1500x2 = 4500 (Glazed bricks). 


fmin = f(1, 3) = 2200, as can be seen from a sketch of the region in the x,x5-plane 
resulting from the constraints in the first quadrant. Operate kiln I one day and kiln I 
three days in filling that order. Note that the region determined by the constraints in 
the first quadrant of the x,x»-plane is unbounded, which causes no difficulty because 
we minimize (not maximize) the objective function. 
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20. x, units of A and x, units of B cost f = 1.5x, + 2x9. Constraints are 


10x, + 35x, 2 100 (Protein) 
700x, .+ 500x2 = 3100 (Calories). 


From a sketch of the region we see that fin = f(3, 2) = 8.50. Hence the minimum 
cost diet consists of 3 units A and 2 units B. 


SECTION 20.3. Simplex Method, page 998 


Purpose. To discuss the standard method of linear programming for systematically find- 
ing an optimal solution by a finite sequence of transformations of matrices. 


Main Content, Important Concepts 

Normal form of the problem 

Initial simplex table 

Pivoting, further simplex tables (augmented matrices) 
Comment on Concepts and Method 
The given form of the problem involves inequalities. By introducing slack variables we 
convert the problem to the normal form. This is a linear system of equations. The initial 
simplex table is its augmented matrix. It is transformed by first selecting the column of 
a pivot and then the row of that pivot. The rules for this are entirely different from those 
for pivoting in connection with the solution of a linear system of equations. The selec- 
tion of a pivot is followed by a process of elimination by row operations similar to that 
in the Gauss—Jordan method (Sec. 6.7). This is the first step, leading to another simplex 
table (another augmented matrix). The next step is done by the same rules, and so on. The 
process comes to an end when the first row of the simplex table obtained contains no 
more negative entries. From this final simplex table one can read the optimal solution of 


the problem. 


SOLUTIONS TO PROBLEM SET 20.3, page 1001 


2. The normal form is 


The calculation is 


T=10 2 4 +1 O- 800 
0 5 2 0 1 600 


800/2 = 400, 600/5 = 120, pivot 5 


1 o-2 O 2. 120 Row 1 + 3 Row 3 
T.=|0 oO #% 1 -2 560 Row 2 — 2 Row 3 
0 Do 2 Oo 1 600 
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56048 < 600/2, pivot 16/5 


1 0 0 % 2 225 Row 1 + 3 Row 2 
T2={/0 0 # 1 -2 560 
0 5 0 -2 8 250 Row 3 — 2 Row 2 


% = 250/5 = 50, x2 = 560/78 = 175, tmax = f(50, 175) = 225. 
. The matrices and pivot selections are 


Sr Ses 04: 30 0 
To={}9 3 4 1 0 550 
0 0 650 
550/3 > 650/5, pivot 5 
1 0 -f 0 #£ 130 Row 1 + 3 Row 3 
Ty={/0 0 8 1 -2 160 Row 2 — 3 Row 3 
Oy 5 1. 650 


1 0 0 3 ¢ 150 Row 1 + 4 Row 2 
T.=;0 O 8 1 -2 160 
0 5 O -8 8 250 Row 3 — 3 Row 2 


fmax = 150 at x, = 250/5 = 50, x. = 160/(8/5) = 100. 
. The matrices and pivot selections are 


1 -90 -50 0 0 0 0 
0 1 3 1 O O0O 18 
To = 
0 1 1 0 1 OO 10 
0 3 1 O O 1 24 
pivot 3 in row 4 
1 0-20 0 0 30 720 
0 0 g 1 oO -2 10 
Ty = 2 1 
0 0 2 0 1-3 2 
0 3 1 0 oO 1 24 
pivot 2/3 in row 3 
1 0 0 0 30 2 780 
‘fi o 0 0 1-4 41 2 
ee bee ae ae 2 
0 3 0 oO -€ 8 21 
fax = 780 at x; = 21/3 = 7, x2 = 2/2 = 3. 
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8. The matrices and pivot selections are 


1 —4 10 20 0 0 0 0 
0 3 4 a 1 0 0 60 
To = 
0-2 1 0 0 1 0 20 
0 2 0 3 0 0 1 30 
60/4 = 15 < 20/1 = 20, pivot 4 
1 -2 0 2-8 0 O —150 
0 3 es ee | 0 0 60 
Por 0 5 O: 22. 
4 je a a 5 
0 2 0 3 #0 0 1 30 
60/5 > 30/3, pivot 3 
1 -8B 0 0 -§ O -8 —225 
T= oO --— 4 0 1 O -8 10 
o 8 0 0-4 1 ¥ a5 
0 2 0 3. 0 0 1 30 
fmin = —225 at x1 = 0, x2 = 10/4 = 2.5, x3 = 30/3 = 10. 


SECTION 20.4. Simplex Method: Degeneracy, Difficulties in Starting, 
page 1002 


Purpose. To explain ways of overcoming difficulties that may arise in applying the sim- 
plex method. 
Main Content, Important Concepts 
_ Degenerate feasible solution 
Artificial variable (for overcoming difficulties in starting) 


SOLUTIONS TO PROBLEM SET 20.4, page 1007 


2. In the second step in Prob. 1 we had a choice of the pivot, and in the present prob- 
lem, due to our rule of choice, we took the other pivot. The result remained the same. 


The calculation is 


fo s6 So <0. 8. 0 
Oo Sf age A, OF. me: A 
Ty = 
0 6 2 0 0 1:7 
0 0 1 0 1 0 4 
i OO 1 “6: 0.8 <4 R1 + 6 R2 
ee 0 1 O 1 0 0 4 R2 
0 0 2-6 0 1 48 R3 — 6 R2 
0 0 1 1 0 4 R4 


T, = 


oo fF 


0 


This gives x, = 4, x. = 48/12 = 4, x3 = 
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0 oO Oo 
1 0 1 
0 12 -6 
0 o 43 


4. The calculation is as follows. 


1 

_ 10 
To = 0 
0 

1 

T, = 
0 

0 

1 

_ {0 
Tz = ; 
0 


-300 -500 0 O 0 
2 8 1 0 0 
2 tr O: h- @ 
4 4 0. 0 1 
0 -350 0 150 0 
0 ae oa ae 
2 1 0 1 0 
0 2 0-2 1 
0 0 O ~200 175 
0 oOo 1 6 —% 
2? 30) 2 -4 
Oo 2 © =2 4 
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R1 + R3 
R2 
R3 
R4—2R3 


0, x4 = 0, x5 = 0, f(4, 4) = 72. 


R1 + 150 R3 
R2 — R3 

R3 
R4-2R3 
R1 + 175 R4 
R2-2R4 
R3 —2R4 
R4 


z = 4500 is the same as in the step before. But we shall now be able to reach the 
maximum f(10, 5) = 5500 in the final step. 


T; = 


a 


oO °oclcOoOlF 


0 oOo 2 
0 <0. 4 
2 o-3 
0 2 2 


0 


0 
0 


175, 


| 


Ale wi NIN 6 


5500 
30 


R1 + 2 R2 
R2 

R3 —2R2 
R4+4R2 


We see that x, = 20/2 = 10, x2 = 10/2 = 5, x3 = 0, x4 = 30/6 = 5, x5 = 0, 


z = 5500. 


Problem 5 shows that the extra step (which gave no increase of z = f(x)) could 
have been avoided if we had chosen 4 (instead of 2) as the first pivot. 


6. The maximum f(0, 2.4, 0) = 2.4 is obtained as follows. 


Ty = 


T, = 


1 


oo 


~1 -1 -1 
4 5 8 
8 4 
ae 
0 § 6 
8 5 4 
0 o 2 
0 8 6 
8 0 -8 


0 
1 


ro] 


| 
NS) 


0 


— Nie Cole 


NO he S- 


R1+2R3 
R2 —2R3 
R3 
R1 + $R2 
R2 
R3 — 2R2 
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From Tz we see that x, = 0/8 = 0, x» = 6/3 = 12/5, x3 = 0, x4 = 0, x5 = 0, 
z= 12/5. 

Maximize f= —2x, + x9. The result is — fin = fmax = f(2, 3) = —1, hence 
fmin = 1. The calculation is as follows. An artificial variable xg is defined by 


x3 —5 + xy + Xq + Xp. 
A corresponding objective function is 
f= f- Mxg = (-2 + M)x, + (1 + M)xe — Mx — 5M. 


The corresponding matrix is 


12-~M -1-M M 0 0 -5M 
0 1 1 -1 0 O 
Tyo = ; 2 
0 -1 1 0 1 0 41 
0 5 4 0 oO 1 40 
From this we obtain 
i 0-3. 2 © 0 <i0 RI + (M — 2)R2 
ee | ee ee ge oe a R2 
Nie Oe Ba ot Oe 6 R3 + R2 
0 O-1 5 0 1 45 R4—5R2 
and 
1 0 0 § 8 O -1 R1 +3R3 
ee 0 1 0 -% - oO 2 R2 —4R3 
2" {0 oO 2-1 1 0 6 R3 
0 0 0 & 3 1 48 R4+2R3 


We see that x, = 2/1 = 2, xg = 6/2 = 3, x3 = 0, x4, = 0, x5 = 18, f= == 1, 
An artificial variable xg is defined by 


Xg =X, + 2xg —64 Xe 
and a corresponding objective function by 
f = 2x, + xg — Mxg = 2x, + xo — M(xg — x1 — 2xg + 6) 
= (2 + M)x, + (1 + 2M)xy — Mxg — 6M. © 


This gives the matrix 


1 -2-M -1-2M 0 M 0 -6M 

0 2 1 1 0 0 2 
To = 

0 1 2 0 -!il 0 6 

0 1 1 0 Oo 1 4 
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and from it 
1 0 -§M@ 1+4M M 0 2~-5y R1+(1+4MR2 
0 2 1 1 0 0 v3 R2 
T= 
0 o 8 -2 -1. 0 5 R3 — 3R2 
0 0 4 -3 0 1 3 R4 —2R2 
and from this 
1 3M 01+2M M 0 2-2 Ri + 2M R2 
VO 2 1 0 oO 2 R2 
ney eh -2 -1 0 2 R3 — 3R2 
Se GB: sy 0 1 2 R4—4R2 


which still contains M. 


SOLUTIONS TO CHAPTER 20 REVIEW, page 1007 
12. 9 steps give the solution [—1, 2] to 6S. Steps 1—5 give 


4 x2 
~—1.01462 3.77669 
—0.888521 2.07432 
— 1.00054 2.06602 
—0.995857 2.00276 
— 1.00002 2.00245 

14. The values obtained are 
xy Xo 


— 1.04366 0.231924 
—0.758212 1.51642 


~ 1.01056 1.5725 
—0.941538 1.88308 
— 1.00255 1.89664 


Gradients (times a scalar) are obtained by calculating differences of subsequent val- 
ues. Orthogonality follows from the fact that we change direction when we are tan- 
gent to a level curve and then proceed perpendicular to it. 

16. Replace —Vf by Vf. 

24, fax = f(6, 3) = 180 


CHAPTER 21 Graphs and Combinatorial Optimization 


SECTION 21.1. Graphs and Digraphs, page 1010 
Purpose. To explain the concepts of a graph and a digraph (directed graph) and related 
concepts, as well as their computer representations. 
Main Content, Important Concepts 
Graph, vertices, edges 
Incidence of a vertex v with an edge, degree of v 
Digraph 
Adjacency matrix 
Incidence matrix 
Vertex incidence list, edge incidence list 


Comment on Content 

Graphs and digraphs have become more and more important, due to an increase of sup- 
ply and demand—a supply of more and more powerful methods of handling graphs and 
digraphs, and a demand for those methods in more and more problems and fields of ap- 
plication. Our chapter, devoted to the modern central area of combinatorial optimization, 
will give us a chance to get a feeling for the usefulness of graphs and digraphs in gen- 
eral. 


SOLUTIONS TO PROBLEM SET 21.1, page 1014 
4, _ oN 


0 1 1 1 1 
0 1 1 1 
1 0 1 1 1 : 
1 0 1 1 
6. | 1 1 0 oO 90 8. 
1 1 0 1 
1 1 0 oO QO 
1 1 1 0 
1 1 0 oO QO 
0 1 0 oO O 
0 0 1 1 1 
10.);0 0 oO oO 0 
0 1 0 60 1 
0 1 0 1 0 
16. Join vy to Vg, ++ * , Up, then Veg tO Us, * ++, Uy, then Us to U4, + °° , Up, etc.; then take 


thesum1+2+-::+m-1)= n(n — 1), the number of edges you have used 
in that process. 
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1 : 0 ‘ 0 ; 0 Vertex Incident Edges 
<2 1 0 1 0 4 0O 41 RS ET = 
1%.53/0 i #1 0 0 09 9 20. 5 i 5 
alr 0% 20s. Bo. ae, ee ie 3 eo, —e3 
5LO 0 0 0 0 1 4 ul 4 


SECTION 21.2. Shortest Path Problems. Complexity, page 1015 


Purpose. To explain a method (by Moore) of determining a shortest path from a given 
vertex s to a given vertex ¢ in a graph, all of whose edges have length 1. 


Main Content, Important Concepts 
Moore’s algorithm (Table 21.1) 
BFS (Breadth First Search), DFS (Depth First Search) 
‘Complexity of an algorithm 
Efficient, polynomially bounded 


Comment on Content 


The basic idea of Moore’s algorithm is quite simple. A few related ideas and problems 
are illustrated in the problem set. 


SOLUTIONS TO PROBLEM SET 21 -2, page 1019 
2. There are 3 shortest paths, of length 4 each: 


s s $ 
t t : 
(A) (B) (C) 


~ Which one we obtain in backtracking depends on the numbering (not labeling!) of 
the vertices and on the backtracking rule. For the rule in Example 1 and the num- 
bering shown in the following figure we get (B). 


If we change the rule and let the computer look for largest (instead of smallest) 
numbers, we get (A). 


apo 


aca ne 
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4. n — 1. If it had more, a vertex would appear more than once and the corresponding 
cycle could be omitted. One edge. 

6. This is true for ] = 0 since then v = s. Let it be true for an] — 1. Then A(v;_,) = 
1 — 1 for the predecessor v,;_, of v on a shortest path s — v. We claim that when 
V,_1 gets labeled, v is still unlabeled (so that we shall have A(v) = J as wanted). In- 
deed, if v were labeled, it would have a label less than /, hence distance less than | 
by Prob. 5, contradicting that v has distance /. 


8. No 


10. 


12. Delete the edge (2, 4). 

14,.1-2-3-4-5-3-1, 1345.73 = 2-4 

16. Let T: s— s be a shortest postman trail and v any vertex. Since T includes each edge, 
T visits v. Let T,: s — v be the portion of T from s to the first visit of v and Ty: 
uv — s the other portion of T. Then the trail v — v consisting of T, followed by T, 
has the same length as T and solves the postman problem. 


SECTION 21.3. Bellman’s Optimality Principle. Dijkstra’s Algorithm, 
page 1020 : 


Purpose. This section extends the previous one to graphs whose edges have any (posi- 
tive) length and explains a popular corresponding algorithm (by Dijkstra). 
Main Content, Important Concepts 
Bellman’s optimality principle, Bellman’s equations 
Dijkstra’s algorithm (Table 21.2) 
Comment on Content 
Throughout this chapter, one should emphasize that algorithms are needed because most 


practical problems are so large that solution by inspection would fail, even if one were 
satisfied with approximately optimal solutions. 


SOLUTIONS TO PROBLEM SET 21.3, page 1023 


2. Let j be the vertex that gave k its present label L;, namely, L; + 1. After this label 
was assigned, j did not change its label, since it was then removed from J&L. Next, 
find the vertex that gave j its permanent label, etc. This backward search traces a path 
from 1 to k, whose length is exactly L,,. 

4. The algorithm gives 
1. L, = 0,2, =2,0, = 6,0, =8,1, = © 
2. Lg = 2,k =2 
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3. Lg = min {6,2 + log} = 5 
Lg = min {8,2 + lg} = 8 
Ls = min {%, 2 + «} = 0 

2. L3 = 5,k = 3 

3. L4 = min {8, 5 + Is4} = 8 
Ls = min {%, 5 + 0} = o 

2.1,=8,k=4 

. Ls = min {~, 8 + ys} = 28 

2. Ls = 28,k = 5, 
so that the answer is 


ww 


(1, 2), (1, 4), (2, 3), (4, 5); Lz = 2,13 = 5, Ly = 8, Ls = 28. 


. Dijkstra’s algorithm gives 
1. Ly = 0,2, = 15,23 = 2,7, = 10,2, = 6 
vi ee 
3. Le = min {15, 2 + Ig9} = 15 
L4 = min {10, 2 + Is4} = 10 
Ls = min {6,2 + Iss} = 5 


a ee 
3. Ly = min {15,5 + Igo} = 15 
L, = min {10, 5 + gg} = 9 

2.14=9 
3. Ly = min {15,9 + ly} = 14 
Oe a 


The answer is (1, 3), (2, 4), (3, 5), 4,5); Le = 14,L3 =2,1,=9, Ls = 5. 


. Dijkstra’s algorithm gives : 
1. L, = 0,2, = 8,23 = 10, Lg = ©, T, = 5, £5 = 
21. ='5 
3. Lg = min {8,5 + Ign} = 7 
L3 = min {10, 5 + J53} = 10 
Lg = min {©, 5 + I54} = 10 
Le = min {~, 5 + I5g} = 7 
ae Pe 
3. Lg = min {10,7 + bs} =9 
L4 = min {10,7 + lo4} = 10 
Lg = min {7, 7 + log} = 7 
i ee 
3. Ls = min {9,7 + Iga} = 9 
L4 = min {10,7 + leg} = 8 


2. i, =8 
3. Ls = min (9, 8 + yg} = 9 
2. Ls = 9. 


The answer is (1, 5), (2, 3), (2, 5), (4, 6), (5,6); La = 7,Ly = 9, Ly = 8, Ls = 5, 
Lg = 7. 
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ee 
SECTION 21.4. Shortest Spanning Trees. Kruskal’s Greedy Algorithm, 


-page 1024 


Purpose. After the discussion of shortest paths between two given vertices, this section 
is devoted to the construction of a tree in a given graph that is spanning (contains all ver- 
tices of the graph) and is of minimum length. 


Main Content, Important Concepts 


Tree 


Cycle 
Kruskal’s greedy algorithm (Table 21.3) 
Comment on Content 


Figure 459 illustrates that Kruskal’s algorithm does not necessarily give a tree during each 
intermediate step, in contrast to another algorithm to be discussed in the next section. 


SOLUTIONS TO PROBLEM SET 21.4, page 1027 


3 
2. 2—1— a 
5 
6—5 
a 
4.7—8 1 
Wz 
4—3 
Note that trees, just as general graphs, can be sketched in different ways. 
2—6 
6. 4— ac 
5—1 


10. 


14. 


16. 


18. 


. Order the edges in descending order of length and delete them in this order, retain- 
ing an edge only if it would lead to the omission of a vertex or to a disconnected . 


graph. 

Order the edges in descending order of length and choose them in this order, reject- 
ing an edge when a cycle would arise. 

Let Py: u—> v and Pp: u — v be different. Let e = (w, x) be in P, but not in Po. 
Then P, without e together with P, is a connected graph. Hence it contains a path 
Ps: w > x. Hence Ps together with e is a cycle in T, a contradiction. 

True for n = 2. Assume truth for all trees with less than n vertices. Let T be a tree 
with n = 2 vertices, and (u, v) an edge of T. Then T without (u, v) contains no path 
u— v, by Prob. 14. Hence this graph is disconnected. Let G,, Gz be its connected 
components, having n, and ng vertices, hence n; — 1 and nz — 1 edges, respectively, 
by the induction hypothesis, so that Ghasn, ~— 1 + ng -—1+ 1=n— 1 edges. 


Extend an edge e into a path by adding edges to its ends if such exist. A new edge » 


attached at the end of the path introduces a new vertex, or closes a cycle, which is 
impossible. This extension terminates on both sides of e, yielding two vertices of de- 


gree 1. 


enti BAe eee Sak 
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20. If G is a tree, it has no cycles, and has n — 1 edges by Prob. 16. Conversely, let G 

have no cycles and n — 1 edges. Then G has 2 vertices of degree 1 by Prob. 18. Now 

_ Prove connectedness by induction. True when n = 2. Assume true forn = k — 1. 

Let G with k vertices have no cycles and k — 1 edges. Omit a vertex v and its inci- 
dent edge e, apply the induction hypothesis and add e and v back on. 


SECTION 21.5. Prim’s Algorithm for Shortest Spanning Trees, page 1028 


Purpose. To explain another algorithm (by Prim) for constructing a shortest spanning tree 
in a given graph whose edges have arbitrary (positive) lengths. 


Comments on Content 
In contrast to Kruskal’s greedy algorithm (Sec. 21.4), Prim’s algorithm gives a tree at 
each intermediate step. 

The problem set illustrates a few concepts that can be fit into the present cycle of ideas. 


SOLUTIONS TO PROBLEM SET 21 -5, page 1030 


2. In Step 2 we first select a smallest 1,; for the n — 1 vertices outside U; these are 
n — 2 comparisons. Step 3 then requires n — 2 updatings (pairwise comparisons). In 
the next round we have n — 3 comparisons in Step 2 and n — 3 updatings in Step 3, 
and so on, until we finally end up with 1 comparison and 1 updating. The sum of all 
these numbers is (n — 2)(n — 1) = O(n?). 

4. An algorithm for minimum spanning trees must examine each entry of the distance 
matrix at least once, because an entry not looked upon might have been one that 
should have been included in a shortest spanning tree. Hence, examining the relevant 
given information is already O(n?) work. 

6. The algorithm gives 


oO 


Relabeling 


Initial SS 
Vertex Label qd) (I) (e119) 
2 is=6 i= 
3 L3= 
4 eo Izq = 10 laq = 10 I54 =2 
5 hs=15 yg =15 gg = 9 


We see that we got 
(1, 3), (3, 2), (2, 5), (5,4); L = 15. 
The tree has the length L = 15. 


To visualize the effect of the algorithm, use the graph (the figure) and for each step 
circle U and then go along the “circle” and look for the shortest edge that crosses it, 
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8. The algorithm gives 


bs Relabeling 
Initial 
Vertex Label ¢0) dl) (Il) (IV) (V) (VI) 
2 ly =3 
3 eo log =4 
5 oo i) Igg = 5 gg = 5 Igg = 5 
6 a log = 10 Is = 2 
7 00 log = 7 Ig7 = 6 Ig7 = 6 Ig7 = Ig7 = 6 
8 lig = 8 log =7 log = log ao log = log =7 log =7 
We see that we got 
(1, 2), (2, 3), G, 6), 6, 4), (3, 5), 3, 7) (2, 8). 
The length is L = 28. 
10. The algorithm proceeds as follows. 
. Relabeling 
Initial a er ey ee 
Vertex Label @ (618) (Im) (IV) 
2 hie = 20 hye _ 20 I3o =4 Igo =4 
3 © Ig = 
4 oO I54 = 12 I3q =2 
5 lis _ 8 
6 hie = 30 lig = 30 lig = 30 lie = 30 log = 10 


Hence we got successively 
(1, 5), 6, 3), B, 4, @, 2), (22,6; L = 30. 
In Prob. 6 of Sec. 21.4 we got the same edges, but in the order 
(3, 4), (2, 3), (3, 5), (1, 5), (2, 6). 


12. We obtain, in this order, the tree 


(1, 2), (2, 8), (8, 7), (8, 6), (6, 5), (2, 4), (4, 3). 
The length is 40. 


14. TEAM PROJECT. (a) €(1) = 16, €(2) = 22, €(3) = 12. 


(b) d(G) = 24, r(G) = 12 = e(3), center {3}. 

(c) 20, 14, center {3, 4} 

(e) Let T* be obtained from T by deleting all endpoints (= vertices of degree 1) to- 
gether with the edges to which they belong. Since for fixed u, max d(u, v) oc- 
curs only when v is an endpoint, e(u) is one less in T* than it is in T. Hence the 
vertices of minimum eccentricity in T are the same as those in T*. Thus T has 
the same center as T*. Delete the endpoints of T* to get a tree 7** whose cen- 
ter is the same as that of T, etc. The process terminates when only one vertex or 
two adjacent vertices are left. 
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(f) Choose a vertex u and find a farthest Uy. From v, find a farthest vg. Find w such 
that d(w, v1) is as close as possible to being equal to $d(v,, vs). 


SECTION 21.6. Networks. Flow Augmenting Paths, page 1031 


Purpose. After shortest paths. and spanning trees we discuss in this section a third class 
of practically important problems, the optimization of flows in networks. 


Main Content, Important Concepts 
Network, source, target (sink) 
Edge condition, vertex condition 
Path in a digraph, forward edge, backward edge 
Flow augmenting path 
Cut set, Theorems 1 and 2 
Augmenting path theorem for flows 
Max-flow min-cut theorem 


Comment on Content 
An algorithm for determining flow augmenting paths follows in the next section. 


SOLUTIONS TO PROBLEM SET 21 6, page 1037 
2. T = {2, 4, 6}, cap (S,T) = 20+ 10+ 4 + 13 +3 = 50 
4. T = {3, 4, 5, 6, 7}, cap (S,T) =7+8=15 
6. T = {4,5, 6, 7}, cap (S, T) =7+10=17 
8. One is interested in flows from s to t, not in the opposite direction. 
10. Aus _ 6, Aas — 3, Aso = 1, Ass = 3. Ase =7 
12. Aye = 5, Ava = 8, Aas = 2; Aye _ 5, Aos = 3; Ais = 4, Ags = 9. 
From these numbers we see that flow augmenting paths are 
Py: hata Shs = 2 
Po) 1-2-5, Af =3 
Pz) 1-3-5, Af =4. 
14. Flow augmenting paths are 
Pe 1-2=-4=6, Af =1 
Pa: b>3—5§— 6, Af =1 
Ps) 1-2-3~5-6,Af=1 
Pay 1-2-3~-4-5-—6, Af = 1, etc. 
16. The maximum flow is f = 14. It can be realized by fi2 = 8, fig = 6, foa = 8, 
fas = 4, fas = 10, fas = 4. 
18. The maximum flow is f = 4. It is realized by 
fiz = 2, fig = 2, fog = 1, fog = 1, fg5 = 1, faa = 2, fas = 0, 
fas = 3, fog = 1. 


280 Instructor’s Manual 
OE a er es ee a ee Pe 


f is unique, but the way in which it is achieved is not, in general. In the present case 
we can change f45 from 0 to 1, f4g from 3 to 2, f5¢ from | to 2. 


20. If 0 <fij <c. 


SECTION 21.7. Ford—Fulkerson Algorithm for Maximum Flow, page 1038 


Purpose. To discuss an algorithm (by Ford and Fulkerson) for systematically increasing 
a flow in a network (e.g., the zero flow) by constructing flow augmenting paths until the 
maximum flow is reached. 


Main Content, Important Concepts 


Forward edge, backward edge 
Ford—Fulkerson algorithm (Table 21.8) 
Scanning of a labeled vertex 


Comment on Content 
Note that this is the first section in which we are dealing with digraphs. 


SOLUTIONS TO PROBLEM SET 21.7, page 1040 
2. Scanning the vertices in the order of their numbers, we get a flow augmenting path 
Py: 1-2-4-6 
with A; = 1 and then 
Po: 1-—3-4-6 
with A, = 1, but no further flow augmenting path. Since the initial flow was 2, this 


gives the total flow f = 4. 
4. The given flow equals 9. We first get the flow augmenting path 


Py: Pa 25 with A, = 2, 
then the flow augmenting path 
Po: fon 3°= 5 with A, = 5, 
and finally the flow augmenting path 
P3: P2235 with A, = 1. 


The maximum flow is9 +2+5+1= 17. 

6. No. This follows from Theorem 4 in Sec. 21.6. 

8. Not more work than in Example 1. Steps 1—7 are similar to those in the example and 
give the flow augmenting path 


Py: 1-2-3-6, 


which augments the flow from 0 to 11. 

In determining a second flow augmenting path we scan 1, labeling 2 and 4 and get- 
ting A. = 9, A, = 10. In scanning 2, that is, trying to label 3 and 5, we cannot la- 
bel 3 because cy = Co3 = fig = fog = 11, and we cannot label 5 because fso = 0. 
In scanning 4 (i.e., labeling 5) we get A; = 7. In scanning 5 we cannot label 3 be- 
cause f35 = 0, and we further get Ag = 3. Hence a flow augmenting path is 
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Po: 1-4-5-6 
and A, = 3. Together we get the maximum flow 11 + 3 = 14 because no further 
flow augmenting paths can be found. The result agrees with that in Example 1. 


10. The forward edges of the set are used to capacity; otherwise one would have been 
able to label their other ends. Similarly for the backward edges of the set, which carry 
no flow. 


12. Let G have k edge-disjoint paths s —> f, and let f be a maximum flow in G. Define 
on those paths a flow f by f(e) = 1 on each of their edges. Then f =k = Ff since f 
is maximum. Now let G* be obtained from G by deleting edges that carry no portion 
of f. Then, since each edge has capacity 1, there exist f edge-disjoint paths in G*, 
hence also in G, and f S k. Together, f = k. 

14. Since (S, T) is a cut set, there is no directed path s — t in G with the edges of (S, T') 
deleted. Since all edges have capacity 1, we thus obtain 

cap (S, T) = g. 


Now let Eo be a set of g edges whose deletion destroys all directed paths s —> t, and 
let Gp denote G without these q edges. Let Vy be the set of all those vertices v in Gp 
for which there is a directed path s —> v. Let V, be the set of the other vertices in G. 
Then (Vo, V;) is a cut set since 5 € Vo and t € Vj. This cut set contains none of the 
edges of Go, by the definition of Vo. Hence all the edges of (Vo, V3) are in Eo, which 


has q edges. Now (S, T) is a minimum cut set, and all the edges have capacity 1. 
Thus, 


cap (S, T) S cap (Vo, Vi) S q. 
Together, cap (S, T) = q. 


SECTION 21.8. Assignment Problems. Bipartite Matching, page 1041 


Purpose. As the last class of problems, in this section we explain assignment problems 
(of workers to jobs, goods to storage spaces, etc.), so that the vertex set V of the graph 
consists of two subsets S and T and vertices in § are assigned (related by edges) to ver- 
tices in T. 


Main Content, Important Concepts 
Bipartite graph G = (V, E) = (S, T; E) 
Matching, maximum cardinality matching 
Exposed vertex 
Alternating path, augmenting path 
Matching algorithm (Table 21.9) 


Comment on Content 


A few additional problems on graphs, related to the present circle of ideas as well as of 
a more general nature, are contained in the problem set. 


SOLUTIONS TO PROBLEM SET 21 8, page 1045 


2. S = {1, 5}; T = (2, 3, 4}. Just move 2 down and you see it. 
4. Yes, S = {1, 4, 5, 8} 


ence th te estate crventeeek eye 
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6. No, as for a triangle, septangle, etc., whereas square, hexagon, octagon, « - - , are bi- 
partite. 
8 1-2-3-7-5-4 

10. (1, 4), (2, 3), (5, 7) 

12. From the answer to Prob. 9 we see that as a matching of cardinality 3 we can take 
(1, 4), (3, 6), (7, 8). Addition of (2, 5) gives the desired matching of maximum. car- 
dinality 4. 

14. 5. (Make a sketch.) 


16. 
Period 
1 2 3 4 
T, Ca C3 Cy — 
Ts cy C4 c3 Co 
Ts a c2 Ca c3 


20. One might perhaps mention that the particular significance of Ks and K3,3 results from 
Kuratowski’s theorem, stating that a graph is planar if and only if it contains no 
subdivision of K; or Kg,3 (that is, it contains no subgraph obtained from Ks or K33 
by subdividing the edges of these graphs by introducing new vertices on them). 


SOLUTIONS TO CHAPTER 21 REVIEW, page 1046 


0 1 0 1 0 0 
0 0 1 1 1 0 1 1 0 0 
0 0 0 1 0 1 0 1 0 0 
16. 18. 
1 0 0 0 1 1 1 0 1 1 
1 1 0 0 0 0 0 1 0 0 
0 0 0 1 0 0 
20. 
22. 
Vertex Incident Edges 
1 €1, 3. 
2 €1, €2, €4 
3 €2, €5 
4 €3, C4, C5, &g, &7 
5 &g 
6 eq 


24. (1, 2), (1, 4), (2,3); Le = 2,L3 = 5,14 =5 
28. The maximum flow is f = 7. 
34. (1, 6), (4, 5), (2, 3), (7, 8) 


PART G. PROBABILITY AND STATISTICS 
CHAPTER 22 Data Analysis. Probability Theory 


Change 


The beginning is a new section on data analysis, explaining stem-and-leaf plots and 
boxplots and motivating probability by relative frequency. 


SECTION 22.1. Data: Representation, Average, Spread, page 1050 


Purpose. To discuss standard graphical representations of data in statistics. To introduce 
concepts that characterize the average size of the data values and their spread (their vari- 
ability). 
Main Content, Important Concepts 
Stem-and-leaf plot 
Histogram 
Boxplot 
_ Absolute frequency, relative frequency 
Cumulative relative frequency 
Outliers 
Mean 
Variance, standard deviation 
Median, quartiles, interquartile range 
Comment on Content 


We explain the logic of the order of material. The gtaphical representations of data to be 
discussed in this section have become standard in connection with statistical methods. Av- 
erage size and variability give the two most important general characterizations of data. 
Relative frequency will motivate probability as its theoretical counterpart. This is a main 
reason for presenting this material here before the beginning of our discussion of proba- 
bility in this chapter. Randomness is not mentioned here because the introduction of sam- 
ples (random samples) as a concept can wait until Chap. 23 when we shall need them in 
connection with statistical methods. The connection with this section will then be imme- 
diate and will provide no difficulty or duplication. 


SOLUTIONS TO PROBLEM SET 22.1, page 1054 


2. dr = 16, gy = 17, gy = 17.5. Not symmetric with respect to gy. 
4. a, = —0.51, gy = —0.18, Qu = 0.25 
6. gp = 11.0, ay = 12.6, gy = 13.4 
8. ar = 82, qu = 84, qy = 86 
10. gq, = 199, a4 = 201, gy = 201 
12. X = 16.9, s = 0.83, IQR = 1.5 
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14. X = 12.6 but gy = 7. The data are not sufficiently symmetric. s = 9.07. 

16. Xmin S Xj = Xmax- Now sum over j from 1 to n. Then divide by n to get 
Xmin =x= Xmax- 

18. Points to consider are the amounts of calculation, the size of the data (in using quar- 
tiles we lose information—the larger the number of data points, the more informa- 
tion we lose), and the symmetry and asymmetry of the data. In the case of symme- 
try we have better agreement between quartiles on the one hand and mean and variance 

_ on the other, as in the case of data with considerable deviation from symmetry. 


_ SECTION 22.2. Experiments, Outcomes, Events, page 1055 
Purpose. To introduce basic concepts needed throughout Chaps. 22 and 23. 
Main Content, Important Concepts - 


Experiment 

Sample space S, outcomes, events 

Union, intersection, complements of events 
Mutually exclusive events 

Representation of sets by Venn diagrams 


Comment on Content 
To make the chapter self-contained, we explain the modest amount of set-theoretical con- 
cepts needed in the next sections, although most students will be familiar with these mat- 


ters. 


SOLUTIONS TO PROBLEM SET 22.2, page 1057 
2. 62 = 36 outcomes, which are ordered pairs (1, 1), (1, 2), - - - (6, 6), where the first 
number refers'to the first die and the second number to the second die. 
4. Let A: Six, N = A°: No Six. Then the infinitely many outcomes are A, NA, NNA, 
NNNA, etc. 
6. No, AM B = S \ ({RRR} U {LLL}). Yes, we cannot obtain 2 right-handed and 2 
left-handed screws in the same trial because we draw only 3 screws. 
8. A= {(0,1),---, 6, 6}, B = {C, 0), (1, 2), C2, 3), 2 D, @, 2), G, D}ANB= 
{(1, 1), @, 2)}, ete. 
10. With the notation in Prob. 4 we have 
E = {A, NA, NNA, NNNA, NNNNA}. 
The complement is 
E®: Rolling 6 or more times to get the first Six. 


12. T has 7 elements, L has 10, TM L has 4. 


Ss 


Section 22.2. Problem 12 
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14. For instance, for the first formula we can proceed as follows (see the figure). On the 
right, 
A U B: All except 3 


AU C: All except 5 
and the intersection of these two is 


Right side: All except 3 and 5, 
On the left, 


A=1U2U6U7 
BNC=4U7 


and the union of these two gives the same as on the right. 
Similarly for the other formula. 


Section 22.2. Problem 14 


SECTION 22.3. Probability, page 1058 
Purpose. To introduce 


1. Laplace’s elementary probability concept based on equally likely outcomes, 
2. The general probability concept defined axiomatically. 
Main Content, Important Concepts 

Definition 1 of probability 

Definition 2 of probability 

Motivation of the axioms of probability by relative frequency 

Complementation rule, addition rules ; 

Conditional probability 

Multiplication rule, independent events 

Sampling with and without replacement 


Comments on Content 


Whereas Laplace’s definition of probability takes care of some applications and some sta- 
tistical methods (for instance, nonparametric methods in Sec. 23.8), the major part of ap- 
plications and theory will be based on the axiomatic definition of probability, which should 
thus receive the main emphasis in this section. 

Sampling with and without replacement will be discussed in detail in Sec. 22.7. 
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SOLUTIONS TO PROBLEM SET 22.3, page 1063 


2. AP = {(5, 6), (6, 5), (6, 6)}, P(AS) = 3/36. Answer: 1 — 3/36 = 11/12 

4. Increase. The probabilities are (20/30)(19/29) for RR, (20/30)(10/29) for RL and 
LR. For RR the probability decreases, whereas the other two probabilities increase. 
Answer: 780/870 = 0.89655 > 8/9 = 0.88889 

6. P = 1/6 + 1/6 + 1/6 — 1/36 — 1/36 — 1/36 + 1/216 = 91/216. Check by the com- 
plementation rule: 1 — 53/216 = 91/216 because each of the dice can independently 
show one of the numbers 1, - - - , 5, whereas 6 is out. 

8. AS = {(1, 1), (1, 2), (2, 1), (1, 3), (2, 2), (3, 1)}. The sample space has 10 - 10 = 100 
outcomes. Answer: 1 — 6/100 = 94% 

10. By the multiplication rule (Theorem 4) we obtain 

100 99 

(a) 300° 199 24.874% 
(b) 100 100 100 100 


—— -— 4+ —— :-— = 50.25% 

200 199 200 199 ° 
(c) Same as (a). 
Since (a)—(c) exhaust all possibilities, these probabilities must add up to 1, which pro- 
vides a way of checking results in this and similar cases. 


(d) 0 2 Biok 
200.199 


12. P* = 0.99 gives P = 0.99749 as the probability that a single switch does not fail dur- 
ing a given time interval, and the answer is the complement of this, namely, 0.25%. 

14. Drawing without replacement from the (hypothetically infinite) production that is go- 
ing on. The probabilities are 


(a) 0.987 = 96.04% 
(b) 2 - 0.98 - 0.02 = 3.92% 
(c) 0.02? = 0.04% 
and the sum is 1. 
16. We list the outcomes that favor the event whose probability we want to determine, 
and after each outcome the corresponding probability (F = female, M = male): 


FF 1/4 
MFF 1/8 
FMF 1/8 
MMFF 1/16 
MFMF 1/16 
FMMF 1/16 


This gives the answer 11/16. 
18. We have 
A=BU(CNBY) 


where B and A M B® are disjoint because B and B® are disjoint. Hence by Axiom 3, 
P(A) = P(B) + P(A N B®) 2 PB) 
because P(A M B°) is a probability, hence nonnegative. 
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20. We have 
. P(A) = 2/4 = 1/2, P(B) = 1/2, P(C) = 1/2 
and 
P(A / B) = 1/4, PBN C) = 14, P(C' A) = 1/4, 
but P(A N BN C) = 0 because there is no chip numbered 111; hence 
P(AN BOC) # P(A)P(B)P(C) = 1/8. 


SECTION 22.4. Permutations and Combinations, page 1064 


Purpose. To discuss permutations and combinations as tools necessary for systematic 
counting in experiments with a large number of outcomes. 


Main Content 


Theorems 1-3 contain the main properties of permutations and combinations we must 
know. 


Formulas (5)—(14) contain the main properties of factorials and binomial coefficients 
we need in practice. 


Comment on Content 


The student should become aware of the surprisingly large size of the numbers involved 
in (1)—-(4), even for relatively modest numbers n of given elements, a fact that would make 
attempts to list cases a very impractical matter. : 


SOLUTIONS TO PROBLEM SET 22.4, page 1068 
2. The 5!/3! = 120/6 = 20 permutations are 


ae ai ao au 


: ea el eo eu 
ia_ile 3 io iu 
oa oe ai : ou 


ua ue ui uo 


5 
The () = 10 combination without repetition are obtained from the previous list by 
regarding the two pairs consisting of the same two letters (in opposite orders) as equal. 


5+2-1 6 
The ( P = ()) = 15 combinations with repetitions consist of the 10 com- 


binations just mentioned plus the 5 combinations 
aa ee ii oo uu. 


4. In 7! = 5040 ways 


<1 () () () -sow 


100 
8. There are ( a samples of 10 from 100; hence the probability of picking a partic- 
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100 97 
ular one is 1/ ( 10 . Now the number of samples containing the 3 male mice is ( 7 ) 


because these are obtained by picking the 3 male mice and then 7 female mice from 


97 
97, which can be done in ( 7 ways. Hence the answer is 
97 100) 2 0.074% 
7 107 2695. 0° 
10. In 6!/6 = 120 ways 
12. (a) 1/84, (b) 5/21 


14. The complementary event (no two people have a common birthday) has probability 


1 
36520 365 - 364 - - - 346 = 0.5886 


(which can also be nicely computed by the Stirling formula). This gives the answer - 


41%, which is surprisingly large. 

16. TEAM PROJECT. (a) There are n choices for the first thing and we terminate with 
the kth thing, for which we have n — k + 1 choices. 
(b) The theorem holds when k = 1. Assuming that it holds for any fixed positive 


nt+k 
k, we show that the number of combinations of (K + 1)th order is (’ ? ) . From 


n+k-14 
the assumption it follows that there are ( k ) combinations of (k + 1)th 


order whose first element is 1 (this is the number of combinations of kth order). 


n+k—-—2 
Then there are ( k combinations of (k + 1)th order whose first ele- 


ment is 2 (this is the number of combinations of kth order of the 2 — 1 elements 


n+k—-3 


2, 3,°*°,n). Then there are combinations of (k + 1)th order 


whose first element is 3, etc., and, by (13), 
re oem (; S|) ("*) 
+ teeet = = 
k k kN k+1 
(d) a*b"-* is obtained by picking k of the n factors 
(a + bla + b)::-(at+b) (n factors) 
and choosing a from each of k factors (and b from the remaining n — k factors); 
n 

by Theorem 3, this can be done in (') ways. 

(e) Apply the binomial theorem to 
(1 + Bb)? + bt = (1 + b)PTe 


q 


+ 
bT has the coefficient (’ ‘) on the right and >} ¢ ( ) on the left. 
r : r— 
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SECTION 22.5. Random Variables, Probability Distributions, page 1069 


Purpose. To introduce the concepts of discrete and continuous random variables and their 
distributions (to be followed up by the most important special distributions in Secs, 22.7 
and 22.8). 


Main Content, Important Concepts 
Random variable X, distribution function F@) 


Discrete random variable, its probability function 
Continuous random variable, its density 


Comments on Content 


The definitions in this section are general, but the student should not be scared because 
the number of distributions one needs in practice is small, as we shall see. 

Discrete random variables occur in experiments in which we count, continuous ran- 
dom variables in experiments in which we measure. 


For both kinds of random variables X the definition of the distribution function F(x) is’ 


the same, namely, F(x) = P(X = x), so that it permits a uniform treatment of all X, For 
discrete X the function Fi (x) is piecewise constant; for continuous X it is continuous. For 
obtaining an impression of the distribution of X the probability function or density is more 
useful than F(x). 


SOLUTIONS TO PROBLEM SET 22.5, page 1074 


2. k = 1/8 because of (6) and1+3+3+1=8 
4. k = 1/100 because of (6) and1 + 8+27+ 64= 100 
6. F=0,-$ + dy, lifx<2,2<x<6,x>6, respectively. The probabilities are 4 
and $. 
This problem and Prob. 7 are important to the student in explaining the two basic 
tasks. 


1. Find P for given x, 
2. Find x = c for given P 
in the simplest possible situation. 
8. f = 0.1e7°?*, 1 — e-%1* = 9.95, x = (In 20)/0.1 = 29.96 
10. 42/90, 42/90, 6/90, 0, 48/90 


12. To have the area under the density curve equal to 1, we must have k = 5. If A de- 
notes “Defective” and B = A°, we have 


120.09 
P(B) =5 f dx=09, P(A) = 0.1, 


119.91 


so that about 50 of the 500 axles will be defective. This can also be seen without 
calculation. 


14. The outcomes and their probabilities are (A: Six, B = A’) 
P(A) =% 
PBA) = 3-3 
_ P(BBA) = 8-8-2 etc. 


ne ef 
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Hence the event X = x: First Six in rolling x times has the probability 


1/5" 
ee) wees: 


We can now verify (6) by applying the sum formula of the geometric series: 


= LPS: 1S ASV. --6 
S r0=23 (2) == (2)- =i, 
z=1 6 x=1 6 6 6 ioe ,) 
Here x — 1 = y. 
16. Integrating the density, we obtain the distribution function 
F(x) = Oifx < -1, F@) =40+ D?if-1sx<0, 
Fa) =1-30@- 1° if0S%x<1,F@)=1ifx21. 
About 500 of thé cans will contain 100 gallons or more because Y = 100 corresponds 
to X = 0 and F(0) = 0.5. Similarly, Y = 99.5 corresponds to X = —0.5 and 
F(—0.5) = 0.125; this is the probability that a can will contain less than 99.5 gallons. 


Finally, F(—1) = 0 is the answer to the last question. 
18. By differentiation, 


f(x) =0.4x if2<x<3, f(x) = 0 otherwise. 


Furthermore, 
P(2.5 < X S 5) = F(5) — F(2.5) = 1 — 0.45 = 0.55, 
that is, 55%. 
20. P(X Sc) = P(X Sb) + Plb < X Sc) 2 P(X S b) because all probabilities are 
nonnegative. 


SECTION 22.6. Mean and Variance of a Distribution, page 1075 


Purpose. To introduce the two most important parameters of a distribution, the mean wu 
of X (also called expectation of X), which measures the central location of the values of 
X, and the variance o” of X, which measures the spread of those values. 


Main Content, Important Concepts 
Mean p given by (1) 
Variance a7 given by (2), standard deviation 
Standardized random variable (6) 


Short Courses. Mention definitions of mean and variance and go on to the special dis- 
tributions in the next two sections. 


Comments on Content 
Important practical applications follow in Secs. 22.7, 22.8, and later. 
The transformation theorem (Theorem 2) will be basic in Sec. 22.8 and will have var- 


ious applications in Chap. 23. 
Moments (8) and (9) will play no great role in our further work, but would be more 


important in a more theoretical approach on a higher level. We shall use them in Sec. 
23.2. 
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SOLUTIONS TO PROBLEM SET 22.6, page 1078 


2. 


10. 
12. 


14. 


16. 


# = 3.5, as follows by symmetry, without calculation. The variance is 
o* = 32+ 2.57 + 2- 1.52 + 2- 0.5%) = 2.916667. 


-w=t,o?= | @-e*dx=1 
0 


. 6 = 2,07 = 44-1 = 16 
. 20.8% because for a nondefective bolt we obtain 


1+0.06 0.06 a 
kf f(x) dx = 750: a) (0.1 + z)(0.1 — z) dz = 0.792 
1-0.06 0 
where x — 1 = z. 
About 70 
We are asking for the sale x such that F(x) = 0.95. Integration of f@) gives 
F(x) = 3x7 -2x3 if OSx< 1. 
From this we get the solution 0.8646, meaning that with a probability of 95% the sale 
will not exceed 8646 gallons (because here we measure in ten thousands of gallons). 
Thus 
P(X = 0.8646) = 0.95 
and the complementary event that the sale will exceed 8646 gallons thus has a 5% 
chance, 
P(X > 0.8646) = 0.05 
and then the tank will be empty if it has a capacity of 8660 gallons. 
He should pay the expected gain per game, which is the mean of 0.1 X, where X is 


the number that shows up; thus, 
6 


0.1 = De 
6 a x = 35 cents. 
TEAM PROJECT. (a) E(X — pw) = E(X) — pwE(1) =  — p = O. Furthermore, 
o” = E((X — p]’) = E(X? — 2yX + p?) 
= E(X*) — 2wEX) + pE(1), 

where E(X) = yw and E(1) = 1, so that the result foliows. The formula obtained has 

various practical and theoretical applications. 

(b) g(x) = X and the definition of expectation gives the defining formula for the 
mean. Similarly for (11). For E(1) we get the sum of all possible values or the 
integral of the density taken over the x-axis, and in both cases the value is 1 be- 
cause of (6) and (10) in Sec. 22.5. 

(c) E(X*) = (b*** — a®*1)/[(b — a)(k + 1)] by straightforward integration. 

(d) Set x — ys = t, write 7 instead of t, set r = —2, and use fle -—D = f(ut dO. 
Then 


foo 0 co 
BUX ~ uP) =f Pfu t nar= J w+ part J Pfut nae 
—oc oo 0 


0 00 
= | otra — 9a + [Pru + nde =0. 
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©) w= 2,07 =2, y= 4/29? = V2 
(g) fl) = 4, f(—4) = 3, f) = §. But for distributions of interest in applications, 
the skewness will serve its purpose. _ 


SECTION 22.7. Binomial, Poisson, and Hypergeometric Distributions, 
page 1079 

Purpose. To introduce the three most important discrete distributions and to illustrate 
them by typical applications. 
Main Content, Important Concepts 

Binomial distribution (2)-(4) 

Poisson distribution (5), (6) 

Hypergeometric distribution (8)-(10) 
Short Courses. Discuss the binomial and hypergeometric distributions in terms of Ex- 
amples 1 and 4. 
Comments on Content 
The “symmetric case” p = g = 1/2 of the binomial distribution with probability function 
(2*) is of particular practical interest. Formulas (3) and (4) will be needed from time to 
time. The approximation of the binomial distribution by the normal distribution follows 
in the next section. 


SOLUTIONS TO PROBLEM SET 22.7, page 1083 


2. 1 — 0.75% = 68.36%, where 0.75* is the probability of not hitting the target in the 4 
trials. 


100\ ° 
4. fw = 0.0470.9610-* =~ 4%e~4/x!, Values 0.018, 0.073, 0.147, 0.195, 0.195, 
x 


0.156. Sum 0.784. This leaves 21.6% for the remaining x-values. 
6. p = 0.02, g = 0.98, hence 0.98% = 74% 
8. Let X be the number of customers per minute. The average number is 120/60 = 2 
per minute. Hence X has a Poisson distribution with mean 2. Waiting occurs if 
X > 4. The probability of the complement is P(X = 4) = 0.9473 (see Table 6). Hence 
the answer is 1 — 0.9473 = 53%. _ 
10. For this problem, the hypergeometric distribution has the probability function 


ro-0)6")/0). 


The numerical values are 
x 0 1 2 3 


= 455. 525 150 10 
P(X = x) 1140 1140 7140 1140 


These values sum up to 1, as they should. 
12. If a package of N = 100 items contains precisely M = 10 defectives, then the prob- 
ability that 10 items drawn without replacement contain no defectives is 
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#0) = 10\ /90 is _ 90-89---8I = 339 
0} \10// \10/ =100-99---93 
Answer: 67%, so the method is very poor. 
14. TEAM PROJECT. (a) In each differentiation we get a factor x; by the chain rule, 


so that 
k tax; 


GPO) = Dx ef). 
g 


If we now set t = 0, the exponential function becomes 1 and we are left with the de- 
finition of E(X*). Similarly for a continuous random variable. 


(d) By differentiation, 
G'() = n(pe’ + g)"~Ipe’, 
G") = n(n — 1)(pet + q)""2(pe*)? + n(pet + gy” pet. 
This gives, since p + gq = 1, 
E(X?) = G"(0) = n(n — 1)p? + np. 
From this we finally obtain the desired result, 
o? = E(X?) — pw? = n(n — 1p? + np — n*p* = npq. 
(e) Gt) gives G(O) = 1 and furthermore 
GO =e exp [pe] we’ = eG), 
GC") = welG® + G'O), 
E(X?) = G"0) = w+ p?, 
o” = E(X?) — pw = pm. 
(f) By definition, 
w= > xf) = am =2(") ("~ 


_ rs 


‘(summation over x from 0 to n). Now 


(“) _ XMM — 1)-++(M-—x +1) 
- x} x! 


_ MM — 1)---M-x+)) =u) 


(x — 1)! x-1 
Thus 
M M-1\ [(N-M 
mye (a) ee 
: 


Now (14), Sec. 22.4, is 


=O) (5) (74 


(summation over k from 0 to r). With p = M — lk=x-—I1,q=N-M, 


t 
I 
i 
1 
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r-~k=n-xwehavep+q=N-1,r=k+n—x =n — 1 and the for- 
mula gives 


SECTION 22.8. Normal Distribution, page 1085 


Purpose. To discuss Gauss’s normal distribution, the practically and theoretically most 
important distribution, and the practical use of the normal tables. 


Main Content, Important Concepts 
Normal distribution, its density (1) and distribution function (2) 
Distribution function ®(z), Tables A7, A8 in Appendix 5 
De Moivre—Laplace limit theorem 


Short Course. Emphasis on the use of Tables A7 and A8 in terms of some of the given 
examples and problems. 


Comments on Content 
Most important is that the student learn how to use Tables A7 and A8. Second, the stu- 
dent should get a feeling for the distribution of values as expressed in (6) or (7). 
Applications of the De Moivre—Laplace theorem follow in Chap. 23. 
Bernoulli’s law of large numbers is included in the problem set. 


SOLUTIONS TO PROBLEM SET 22.8, page 1090 
2. From Table A7 in Appendix 5 we get 


112.5 — 105 
5 


100 — 105 
5 


P(X S 112.5) = F(112.5) = o( = @(1.5) = 0.9332, 


P(X > 100) = 1 = FAO) = 1 = @f =1- &(-1) 


1— (1 — ®()) = 0.8413, 
111.25 — =) _ i = =) 
5 5 
= (1.25) — &(1.1) = 0.8944 — 0.8643 
= 0.0301. 


P(110.5 < X < 111.25) = o( 


4. We have 


Fy et ee | poeoenn 
(XZcd= 01 = 0.5. 


Thus, from Table A8 in Appendix 5, 
c — 3.6 =0 
0.1 : 
This could be seen without calculation. Next, 


Pes oe toe | aoa, . BI 0 
Sa a ee 7 ae Dama 


c = 3.6. 


10. 


12. 


14, 
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From the table, 
c— 3.6 
0.1 


= 1.282, c = 3.7282. 


Finally, 


an OF —c 
P(-c <X — 3.6 Sc) = &(-—] - o(—*] = 99, 
(-e 3.6 Sc) (<) o(=) 99.9%, 


c 
aa 3.291, ec = 0.3291. 


. Smaller. This should help the student in qualitative thinking and an understanding of 


standard deviation and variance. 


. We have np = 4040 - 4 = 2020 and o = V npq = 1010. By the De Moivre—Laplace 


theorem we thus obtain 
4040 — 2020 + 0.5 2048 — 2020 — 0.5 
P(2048 = X < 4040) = (S02 + 05) 7 o( ) 
V 1010 V1010 


I! 


19.3%. 


Hence the event actually observed has a not too small probability of occurring under 
the assumption that the coin was fair (p = 3). 
Applying the De Moivre—Laplace theorem, we get 


50 


10 
1000 
P=> ( 0.017 0.991000-« 
x=0 x 
10 — 10 + 0.5 0-10-05 
agg eS) 02-45) = 0.564, 
( V9.9 V9.9 

(The exact value is 0.583.) , 
We get the maximum load c from the condition 


By Table A8 in Appendix 5, 
ec — 1500 
————. = — 1.645, = 1418 kg. 
50 : 
TEAM PROJECT. (c). Let e denote the exponential function in (1). Then 
t 2 
= 1 = 
(oV2af)" = (- He) = (-4 + (: i) ) = 0, — w)? = 0, 
; Oo 


hence x = wt oa. 
(d) Proceeding as suggested, we obtain 


Co co P 
nan a 
eM dy J ee’ 2 dy 

co 


oe a 1 
al ary mol Vin J 


7 = iz J ee Ga in Ge r dr dé. 


The integral over 6 equals 27r, which cancels the factor in front, and the integral 
over r equals 1, which proves the desired result. 
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(e) Writing 6 instead of o in (1) and using  — yw)/B = u and dx = B du, we 


obtain < ; 
oesig lente 354) 
= Tea [peep du = — been du 
= & [we-ne**) du (« = a) 
= = (oe%? 7 + Te ewe au =» 
(f) We have 


Xx 
P( x -| <¢| = Pip — en < X < [p+ e]n) 
and apply (11) with a = (p — ©)n, b = (p + ©hn. Then, since np cancels, 
B = (en + 0.5)/V npg, a= —B£, 
and a—> —%, B —> © as n —> ©, Hence the above probability approaches ®(°) 
. - O(-~) =1-0=1. 
(g) Set x* = cyx + cy. Then (x — p)/o = (x* — p*)/o* and 
F(x*) = P(X* S x*) 
= PX Sx) 
= O(% — p)/o) 
= O(* — p*)/o*). 


SECTION 22.9. Distributions of Several Random Variables, page 1091 


Purpose. To discuss distributions of two-dimensional random variables, with an exten- 
sion to n-dimensional random variables near the end of the section. 


Main Content, Important Concepts 
Discrete two-dimensional random variables and distributions 
Continuous two-dimensional random variables and distributions 
Marginal distributions 
Independent random variables 
Addition of means and variances 


Short Courses. Omit this section. (Use the addition theorems for means and variances in 
Chap. 23 without proof.) 


Comments on Content 
The addition theorems (Theorems 1 and 3) resulting from the present material will be 
needed in Chap. 23; this is the main reason for the inclusion of this section. 

Note well that the addition theorem for variances holds for independent random vari- 
ables only. In contrast, the addition of means is true without that condition. 
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a aa. 


SOLUTIONS TO PROBLEM SET 22.9, page 1099 


2. The answers are 0 and 1/32. Since the density is constant in that triangle, these re- 
sults can be seen from a sketch of the triangle and the regions determined by the in- 
equalities x > 4,y>4andxS1,y $1, respectively, without any integrations. 

4. We have to integrate f(x, y) = 1/32 over y from 0 to 8 — x, where this upper inte-’ 
gration limit follows from x + y = 8. This gives the density of the desired marginal 
distribution in the form 

Fe er ees } f0=xs8 d 0 otherwi 
fi) = > 32 Ly 4 32" fOSxs an otherwise. 

6. By Theorem 1 the mean is 10 000-2 = 20 kg. By Theorem 3, assuming indepen- 
dence (which is reasonable), we find the variance 10 000 - 0.032 = 9, hence the stan- 
dard deviation 3 grams. Note that the mean is multiplied by 7 = 10 000, whereas the 
standard deviation is multiplied only by Vn = 100. . 

8. From the given distributions we obtain 


fi@®) = 25 if098<x< 1.02 and 0 otherwise, 
fo(y) = 25 if 100 <y< 1.04 and 0 otherwise. 


A pin fits the hole if X < 1 and P(X < 1) = 50%. 

10. By Theorem 1 the mean is 105 Ib. By Theorem 3, assuming independence, we get 
the variance 0.04 + 0.25, hence the standard deviation V0.29 = 0.539 lb. 

12. No. Whereas for the mean it is not essential that the trials are not independent and 
one still obtains from 4 = M/N (single trial) the result ft = nMIN (n trials) via The- 
orem 1, one cannot use Theorem 3 here; indeed, the variance @? = M(N — M)/N? 
(single trial) does not lead to (10), Sec. 22.7. 

14. (X, Y) takes a value in A, B, C, or D (see the figure) with probability F(b,, bo), a 
value in A or C with probability F(a,, b,), a value in C or D with probability 
F(b,, ag), a value in C with probability F(a,, a2), hence a value in B with probabil- 
ity given by the right side of (2). 


x = ay x = by 
Section 22.9. Problem 14 


16. In the continuous case, (18) is obtained from (17) by differentiation, and (17) is ob- 
tained from (18) by integration. In the discrete case the proof results from the fol- 
lowing theorem. Two random variables X and Y are independent if and only if the 
events of the form a, < X S b, and a, < YS by are independent. This theorem can 
be proved as follows. From (2), Sec. 22.5, we have 


Pay < X 3 by)P@ < Y S bg) = [Fy(b,) — F(a,)][Fo(b2) — Fo(az)]. 
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In the case of independence of the variables X and Y we conclude from (17) that the 
expression on the right equals 
F(by, bz) — F(a, be) — F(by, aa) + F(ay, ag). 

Hence, by (2), 

Pay < XS by)P(ag < Y S bo) = Play < X S by, ag < YS dy). 
This means independence of a, < X = b, and ag < Y S by; see (14), Sec. 22.3. Con- 
versely, suppose that the events are independent for any a,, by, dy, bo. Then 

Pla, < X 3 by)P(@_ < Y S bg) = Py <X Sd, a, < Y= b,). 


Let a, > —%, dg — —© and set b, = x, bo = y. This yields (17), that is, X and Y 
are independent. 


SOLUTIONS TO CHAPTER 22 REVIEW, page 1100 


26. 
28. 
30. 


32. 
34 


36. 


38. 


40. 


44, 
46. 


QO, = 110, Qy = 112, Qy = 115 
¥ = 111.9, s = 4.0125, s? = 16.1 
Xmin = x; S Xmax. Sum over j from 1 to n to get 
n 
NXmin = > xj = nN Xmax- 

: j=l 
Divide by zn. 
HHH, HHT, HTH, THH, HTT, THT, TTH, TIT 
Obviously, A € B implies A M B = A. Conversely, if AM B = A, then every ele- 
ment of A must also be in B, by the definition of intersection; hence A C B. 


( (*) = 220, (b (;) = 84, (c) (') (’) = 108 
a) 3 7 ? ( ) 3 ma ? c 1 2 = ’ 


(d) (' = 27, (e) (}) = 1. Note that the sum of (b) through (e) is 220. 


f@) = 27%, x = 1, 2,--+-+. From this and the definition of mean we first have 
o oe} 1 n 
p=>d Ey ee n(3) 
=1 =, \2 
x nT 


This can be summed by the derivative of the geometric series with g = 3, as follows. 


& 1 sec 1 
n n—-1 _ . 
24 1-q’ 2 n4 a — @ 


Now multiply the last series by g to get q/(1 — q)” on the right, and take g = 4; then 
the right side equals 2 and the left side equals our series for the mean. Hence the an- 
swer is ws = 2. 

6° outcomes. The 6! permutations of 1, 2, 3, 4, 5, 6 are of the desired type. Answer: 
61/68 = 5/324 = 1.5% 

1,3 

We first need 


=2fxa- ye) ees pees 
feeder ae} alee 
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In the further integrations we can use the defining integrals of E[X — w?| 
and E[(X — y.)°] or,.more simply, 


ke 1 1 1 [a 
mmo — a= 2 fata nar—5aa[t—2] Fat 
and similarly, 
E((X — p)*] = E(X®) — 3pE(X?) + 3y2E0X) — p3 
= E(X*) — 3pE(X?) + 23 
. ee... 
=2) 8d ~ ode — 3-524 
-o¢-2]-F42 24 
4 5 6 27 135 
This gives 
y = 18VI8 _ 2V2 


48. 0.1587, 0.6306, 0.5, 0.4950 
50. 25.71 cm, 0.0205 cm 


CHAPTER 23 Mathematical Statistics 


300 


Changes 


The first section on random sampling is new. At the end of the chapter an introduction 
to correlation analysis has been added. 


SECTION 23.1. introduction. Random Sampling, page 1104 


Purpose. To explain the role of (random) samples from populations. 
Main Content, Important Concepts 

Population 

Sample 

Random numbers, random number generator 

Sample mean: xX; see (1) 

Sample variance s?; see (2) 


Comments on Content 


Sample mean and sample variance are the two most important parameters of a sample. 
X measures the central location of the sample values and s” their spread (their variabil- 
ity). Small s? may indicate high quality of production, high accuracy of measurement, etc. 

Note well that ¥ and s® will generally vary from sample to sample taken from the same 
population, whose mean yu and variance o” are unique, of course. This is an important 
conceptual distinction that should be mentioned explicitly to the students. 


SECTION 23.2. Estimation of Parameters, page 1106 

Purpose. As a first statistical task we discuss methods for obtaining approximate values 
of unknown population parameters from samples; this is called estimation of parameters. 
Main Content, Important Concepts 


Point estimate, interval estimate 
Method of moments 
Maximum likelihood method 


SOLUTIONS TO PROBLEM SET 23.2, page 1108 


4. 1 = 1/(b — a)” is maximum if b — a is as small as possible, that is, a equal to the 
smallest sample value and b equal to the iraese 

6. w= 1/0, P= 

8. 6 = 1/% = 2, FO) =1- e~° if x = 0 and 0 otherwise. A graph shows that the 
step function F(x) (the sample distribution function) approximates F(x) reasonably 
well. (For goodness of fit, see Sec. 23.7.) 


Instructor’s Manual 301 


a i ee 


10. 


The likelihood function is (we can drop the binomial factors) 
1= pl (1 — pyr. - ply — pyr 
= phit + hme] — pyran Cet t Km), 
The logarithm is 
Ind = (ky + +++ + Km) Inp + [am — (ky + +++ + kn) In — p). 
Equating the derivative with respect to p to zero, we get 
1 


1 
EE tem trem a Oe Re) aa 


Multiplication by p(1 — p) gives 
(ky +++ +k) — p) = [nm ~ (ky ++: + ky) p. 


By simplification, 
ky t++++ky, = nmp. 
The result is 


1” 
p= im = ky, 
12. The likelihood function is 
I= f = pl — py. 
The logarithm is 


Ind =Inp + @— 1) In(1 — p). 


Differentiating and equating the derivative to zero, we get 


1 — 1 
—-=—- =9, 
Pp 1l-p 
Hence the answer is 
ie ok 
| aay 
x 


14, 6 = 2/7 + 6) = 2/13, by Prob. 13. 


SECTION 23.3. Confidence Intervals, page 1109 


Purpose. To obtain interval estimates (“confidence intervals”) for unknown population 
parameters for the normal distribution and other distributions. 


Main Content, Important Concepts 


Confidence interval for ys if 0? is known 

Confidence interval for ys if 0? is unknown 

t-distribution, its occurrence (Theorem 2) 

Confidence interval for a? 

Chi-square distribution, its occurrence (Theorem 3) 
Distribution of a sum of independent normal random variables 
Central limit theorem . 
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Comments on Content 
The present methods are designed for the normal distribution, but the central limit theo- 
rem permits their extension to other distributions, provided we have available sufficiently 
large samples. 
The theorems giving the theory underlying the present methods also serve as the the- 
oretical basis of tests in the next section. Hence these theorems are of basic importance. 
We see that, although our task is the development of methods for the normal distribu- 
tion, other distributions (¢ and chi-square) appear in the mathematical foundation of those 
methods. 


SOLUTIONS TO PROBLEM SET 23.3, page 1117 


2. 


4. 


10. 


12. 


2.576 - 3/V 100 = 0.773. Length increase by 30%. The shift of ¥ causes a corre- 


sponding shift (3 units) of the interval. 
n= 8, c = 1.960, X = 10.25, k = 0.832, so that we obtain the confidence interval 


CONF 95{9.41 = Bb = 11.09}. 


. Reduction of the sample size by a factor 4 corresponds to an increase of the length 


by a factor 2. 


. n = 290 gives Lio ~ 0.3, hence L = 0.18, L/2 ~ 0.09, so that the confidence inter- 


val is 
CONF 99{16.21 Sw Ss 16.39}. 

n— 1 = 4; F(c) = 0.995 gives c = 4.60. From the sample we compute 

X = 659.2, s® = 22.70. 

Hence k = 9.8 in Table 23.2, 4th step. This gives the confidence interval 
CONF 99{649.4 = pw = 669.0}. 

n = 24000, ¥ = 12 012, 6 = xX/n = 0.5005. Now the random variable 

X = Number of heads in 24 000 trials 


is approximately normal with mean 24 000p and variance 24 000p(1 — p). Estima- 
tors are 


24 0006 = 12 012 and 24 000A(1 — p) = 5999.99. 


For the standardized normal random variable we get from Table A8 in Appendix 5 
and ®(c) = 0.995 the value 


c* — 12012 
c = 2.576 = ————_ 
V 6000 
and 
c* — 12012 = 2.576V 6000 = 199.5 
so that 


CONF 99{11 812 S wS 12212} 
and by division by n, 
CONF 99{0.492 = p = 0.509}. 


14. 


16. 


18. 


20. 
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n — 1 = 9 degrees of freedom, F(c,) = 0.025, C1 = 2.70, F(c2) = 0.975, co. = 19.02 
from Table A10. From the sample, 


x = 253.5, 95? = 54.5. 


Hence k, = 54.5/2.70 = 20.19, ke = 54.5/19.02 = 2.86. From Table 23.3 we thus 
obtain the confidence interval 


CONF 95{2.8 S o? S 20.2}. 


n — 1 =7 degrees of freedom, F(c,) = 0.025, cy = 1.69, F(cz) = 0.975, co = 16.01 
from Table A10. From the sample, 


x = 17.7625, (n — 1)s? = 7s? = 0.73875. 
Hence k, = 0.437, ky = 0.046. The answer is 
CONF 95{0.046 = o? = 0.437}. 


By Theorem 1 in this section and by Team Project 14(g) in Sec. 22.8, the distribu- 
tion of 4X, — Xp is normal with mean 4 - 16 — 12 = 52 and variance 16-8 + 2= 
130. 

By Theorem 1, the load Z is normal with mean 40N and variance 4N, where N is the 
number of bags. Now 


2000 — 40N 


P(Z S 2000) = ® 
: ) ( 2VN 


= 0.95 


gives the condition 
2000 — 40N 
2VN 


by Table A8. The answer is N = 49 (since N must be an integer). 


2 1.645 


n 


SECTION 23.4. Testing of Hypotheses, Decisions, page 1118 


Purpose. Our third big task is testing of hypotheses. This section contains the basic ideas 
and the corresponding mathematical formalism. Applications to further tasks of testing 
follow in Secs. 23.5-23.8. 


Main Content, Important Concepts 


Hypothesis (null hypothesis) 

Alternative (alternative hypothesis), one- and two-sided 
Type I error (probability a = significance level) 

Type I error (probability B; 1 — 8 = power of a test) 
Test for 4 with known o? (Example 2) 

Test for 4 with unknown o” (Example 3) 

Test for o? (Example 4) 

Comparison of means (Example 5) 


Comparison of variances (Example 6) 
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Comment on Content’ 

Special testing procedures based on the present ideas have been developed for control- 
ling the quality of production processes (Sec. 23.5), for assessing the quality of produced 
goods (Sec. 23.6), for determining whether some function F(x) is the unknown distribu- 
tion function of some population (Sec. 23.7), and for situations in which the distribution 
of a population need not be known in order to perform a test (Sec. 23.8). 


SOLUTIONS TO PROBLEM SET 23.4, page 1127 


2. 


10 


12. 


14. 


If the hypothesis p = 0.5 is true, X = Number of heads in 4040 trials is ap- 
proximately normal with gw = 2020, o% = 1010 (Sec. 22.8). 
PX Sc) = O([c — 2020]/V 1010) = 0.95, c = 2072 > 2048, do not reject the 
hypothesis. 


. Left-sided test, c?/n = 9/20 = 0.45. From Table A8 in Appendix 5 we obtain 


P(X) <0) = o( SS) = 0.05 
= (cal W045 . - 


c = 60.0 —-1.645V 0.45 = 58.9 > ¥ 


and we reject the hypothesis. 


Hence 


. We obtain 
(57.0) = P® S c)y-57 = o( a) = (2.83) = 998% 
n < = Cc =57 045 ‘ 4 0. 
. Hypothesis up = 35 000, alternative 4 > 35 000. Using the given data and Table A9, 


we obtain 
t = (37000 — 35000)/(5000/V 25) = 2.00 > c = 1.71. 


Hence we reject the hypothesis and assert that the manufacturer’s claim is justified. 
Hypothesis Ho: not better. Alternative H,: better. Under Hp the random variable 


X = Number of cases cured in 400 cases 


is approximately normal with mean 4 = np = 300 and variance o7 = npg = 75. 
From Table A8 and a = 5% we get 


(c — 300)/V75 = 1.645, c = 300 + 1.645V75 = 314. 


Since the observed value 310 is not greater than c, we do not reject the hypothesis. 
This indicates that the results obtained so far do not establish the superiority. 
We test the hypothesis oo” = 25 against the alternative that 0? < 25. As in Exam- 
ple 4, we now get 
Y = (n — 1)S7/o9” = 2787/25 = 1.0882. 
From Table A10 with 27 degrees of freedom and the condition 
PY <c)=a=5% we get c = 16.2. 


Since y = 1.085? = 1.08 - 3.5? = 13.23 < c and the test is left-sided, we reject the 
hypothesis and assert that it will be less expensive to replace all the batteries simul- 
taneously. 
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16. We test the hypothesis 0,” = o” against the alternative 0,2 > 0,2, We proceed as 
in Example 6. By computation, 


Uo = 542/92 = 350/61.9 = 5.65, 


For a = 5% and (5, 6) degrees of freedom. Table All gives 4,39. Since 5.65 is 
greater, we reject the hypothesis and assert that the variance of the first population is 
greater than that of the second. 


18. In this two-sided test we use (11), obtaining 


gai fi2-18-28 10-14 a uiat 
: 30 ViL-9 + 17-9 ie 


From the t-table with ny + ng — 2 = 28 degrees of freedom we obtain Cy = 2.05 
corresponding to 973% and —2.05 for 23%, by symmetry. Since —3.58 < —2.05, we 
reject the hypothesis and assert that the population means are different. 


SECTION 23.5. Quality Control, page 1128 


Purpose. Quality control is a testing procedure performed every hour (or every half hour, 
etc.) in an ongoing process of production in order to see whether the process is running 
properly (“is under control,” is producing items satisfying the specifications) or not (“is 
out of control”), in which case the process is being halted in order to search for the trou- 
ble and remove it. These tests may concern the mean, variance, range, etc. 


Main Content 


Control chart for the mean 
Control chart for the variance 


Comment on Content 
Control charts have also been developed for the range, the number of defectives, the num- 
ber of defects per unit, for attributes, etc. (see the problem set). 


SOLUTIONS TO PROBLEM SET 23.5, page 1132 


2. 1+ 3-0.02/V4 = 1 + 0.03 


4, Decrease by a factor V2 = 1.41. By a factor 2.58/1.96 = 1.32. Hence the two op- 
erations have almost the same effect. 


6. LCL = 3.5, UCL = 6.5 , 
8. The sample range tends to increase with increasing n, whereas o remains unchanged. 
10. The random variable Z = Number of defectives in a sample of size n has the variance 
npq. Hence X = Z/n has the variance 0? = npq/n? = 0.04 - 0.96/100 = 0.000 384. 
This gives 
UCL = 0.04 + 3a = 0.0988. 
From the given values we see that the process is not in control. 
12. Choose 4 times the original sample size. 


14. LCL = ng — 2.580 Vn, UCL = npig-+ 2.580 Vn, as follows from Theorem 1 in 
Sec. 23.3. ; 
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SECTION 23.6. Acceptance Sampling, page 1133 

Purpose. This is a test for the quality of a produced lot designed to meet the interests of 
both the producer and the consumer of the lot, as expressed in the terms listed below. 
Main Content, Important Concepts 


Sampling plan, acceptance number, fraction defective 

Operating characteristic curve (OC curve) 

Acceptable quality level (AQL) 

Rejectable quality level (RQL) 

Rectification 

Average outgoing quality limit (AOQL) 
Comments on Content 
Basically, acceptance sampling first leads to the hypergeometric distribution, which, how- 
ever, can be approximated by the simpler Poisson distribution and simple formulas re- 


sulting from it, or in other cases by the binomial distribution, which can in turn be ap- 
proximated by the normal distribution. Typical cases are included in the problem set. 


SOLUTIONS TO PROBLEM SET 23.6, page 1136 

2. We expect a decrease of values because of the exponential function in (3), which in- 
volves n. The probabilities are 0.9098 (down from 0.9825), 0.7358, 0.0404. 

4. P(A; 6) = e~7°%1 + 206) from (3). From Fig. 504 we find @ and B. For 6 = 1.5% 
we obtain P(A; 0.015) = 96.3%, hence a = 3.7%. Also B = P(A; 0.075) = 55.8%, 
which is very poor. 

6. [6e—°9(1 + 300)]' = 0 gives 6 = 0.054 and the value 0.028. 

8. The approximation is 6°(1 — 6)” and is fairly accurate, as the following values show: 


6 Exact (2D) Approximate 


0.0 1.00 1.00 
0.2 0.63 0.64 
0.4 0.35 0.36 
0.6 0.15 0.16 
0.8 0.03 0.04 
1.0 0.00 0.00 


10. From the definition of the hypergeometric distribution we now obtain 


P(A; 6) = oa ‘e - “ i; (?)- 20 = 20619 ~ 20618 ~ 206) 
o/\ 3 3 6840 


This gives P(A; 0.1) = 0.72 (instead of 0.81 in Example 1) and P(A; 0.2) = 0.49 (Gin- 
stead of 0.63), a decrease in both cases, as had to be expected. 

12. P(A; 0) = e2°%1 + 206). [AP(A; 6]' = 0 gives 6 = M% = 0.0809, OH P(A; %) = 
0.0420. 
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14. For 6 = 0.05 we should get P(A; 6) = 0.98. (Figure 504 illustrates this, for differ- 
ent values.) Since n = 100, we get np = 5 and the variance npg = 5-0.95 = 4.75. 
Using the normal approximation of the binomial distribution, we thus obtain, with c 
to be determined, 


°, {100 —5+0. —-5-0. 
>> ( Jo.oseo9sio-s ~ o( +95) = o(°— 55) = 0.98, 
z=0 x 


V4.75 V4.75 
c-5+05 =5:5. 
| —___—_] = ® <4) + 0.98 = 0.9859. 
( V4.75 ( V4.75 


From this and Table A8 we get (by interpolation) 
c= 45 + 2.214V4.75 = 9.325. 


The answer is that we should choose 9 or 10 as c. 


SECTION 23.7. Goodness of Fit. x?-Test, page 1137 


Purpose. The y7-test is a test for a whole unknown distribution function, as opposed to 
the previous tests for unknown parameters in known types of distributions. 
Main Content 

Chi-square test 


Test of normality 


Comments on Content 
The present method includes many practical problems, some of which are illustrated in 
the problem set. 

Recall that the chi-square distribution also occurred in connection with confidence in- 
tervals and in our basic section on testing (Sec. 23.4). 


SOLUTIONS TO PROBLEM SET 23.7, page 1140 


2. X02 = 0.4 <c = 3.84. Assert that the coin is fair, 

4. Xo” = 94.19 > 11.07, reject. As usual, it is interesting to see the contributions of the 
various terms to yo". In the present case these vary considerably, between 1.6 
and 52: 


1.628 + 26.582 + 7.426 + 52.250 + 3.945 + 2.359. 


6. Xo" = al(13 — 8)? + 3 — 8)? + (8 — 8)°] = 6.25 > 3.84 because p = (13 + 3 + 
8)/600 = 4% was estimated, so that we have K— 1 —1=1 degree of freedom. The 
difference between the numbers of defectives is significant. 

8. The maximum likelihood estimates for the two parameters are x = 59.87, § = 1.504. 
K ~— 1 — 2 = 2 degrees of freedom. From Table 23.10 we get the critical value 
9.21 > xo” = 6.10. Accept the hypothesis that the population from which the sam- 
ple was taken is normally distributed. y,? is obtained as follows. 
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KOE 
o( : Expected Observed Terms in (1) 


Xo” = 6.20 


Slightly different results due to rounding are possible. 


Let 50 + b be that number. Then 2b7/50 > c, b > 5Vc, 50 + b = 60, 63, 64. 


K = 2 classes (dull, sharp). Expected values 10 dull, 390 sharp; 1 degree of freedom; 
hence 
Vi #2 + Pain = 5.03 > 3.84. 


Reject the claim. Two things are interesting here. First, 16 dull blades (an excess of 

60% over the expected value!) would not have been sufficient to reject the claim at 

the 5% level. Second, 49/10 contributes much more to x9” than 49/390 does; in other 

applications the situation will often be qualitatively similar. 

TEAM PROJECT. n = 3-77 = 231. 

(a) a; = 231/20 = 11.55, K = 20, Xo" = 24.32 <c = 30.14 (a = 5%, 19 degrees 
of freedom). Accept the hypothesis. 

(b) Xo" = 13.10 > c = 3.84 (a = 5%, 1 degree of freedom). Reject the hypothesis. 

(c) Xo” = 10.62 > c = 3.84 (a = 5%, 1 degree of freedom). Reject the hypothesis. 


SECTION 23.8. Nonparametric Tests, page 1142 


Purpose. To introduce the student to the ideas of nonparametric tests in terms of two typ- 
ical examples selected from a wide variety of tests in that field. 


Main Content 


Median, a test for it 


Trend, a test for it 


Comment on Content 


Both tasks have not yet been considered in the previous sections. Another approach to 
trend follows in the next section. 


SOLUTIONS TO PROBLEM SET 23.8, page 1143 


2. 


4. 


18 4 6- (4° + 15- (2° = 34% is the probability of at most 2 negative values if 
pt = 0, which we do not reject. 


We drop 0 from the sample. Let X = Number of positive values. Under the hypoth- 
esis we get the probability 


9\ (1 
P(X =9)= o} 2 = 0.2%. 


Accordingly, we reject the hypothesis that there is no difference between A and B 
and assert that the observed difference is significant. 
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6. Under the hypothesis the probability of obtaining at most 3 negative differences 


10. 


12. 


14. 


(80 — 85, 90 — 95, 60 — 75) is 


OD C)+(9 +0] 


We reject the hypothesis and assert that B is better. 


. Let X = Number of positive values among 8 values. If the hypothesis is true, a pos- 


itive value is as probable as a negative value and thus has probability 1/2. Hence, un- 
der the hypothesis the probability of getting at most 1 positive value is 


P=32+ 8-2 = 3.5%. 
Hence we reject the hypothesis and assert that the setting is too low. 
n = 5 values, with 2 transpositions, namely, 
111.1 before 110.9 and 111.0, 
so that from Table A12 we obtain 
P(T = 2) = 0.117 
and we do not reject the hypothesis. 
n = 8 values, with 4 transpositions, namely, 
33.4 before 31.6 
35.3 before 31.6, 35.0 
37.6 before 36.5. 
Table A12 gives. 
P(T = 4) = 0.007. 


Reject the hypothesis that the amount of fertilizer has no effect and assert that the 
yield increases with increasing amounts of fertilizer. ; 


We order by increasing x. Then we have 10 transpositions: 
418 > 301, 352, 395, 375, 388 
395 > 375, 388 
465 > 455 
521 > 455, 490 


Hypothesis no trend, alternative positive trend, P(T S 10) = 1.4% by Table A12 in 
Appendix 5. Reject the hypothesis. 


SECTION 23.9. Regression Analysis. Fitting Straight Lines, page 1145 


Purpose. This section is a short introduction to regression analysis, restricted to linear re- 
gression and involving the famous least squares principle. 


Main Content 


Distinction between correlation and regression 
Gauss’s least squares method 
Sample regression line, sample regression coefficient 


Population regression coefficient, a confidence interval for it 


al Rca 
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SOLUTIONS TO PROBLEM SET 23.9, page 1150 


2 


~y=2— 0.55x 


4, y = 2.99x, k = 1/2.99 
6. y = —120.5 + 9.15x, y(35) = 200. The negative constant —120.5 simply indicates 


10. 


that our linear interpolation by the least squares principle is meaningful only over a 
relatively short interval where we can approximate the actual function y(x) by a lin- 
ear function. 

. ¥ = 2,5, 5,7 = 5/3, ¥ = 7.475, Sy” = 14.9225, 3Sy = 14.95, ky = 2.99, go = 0.067, 
c = 4.30 (2 degrees of freedom) from (13) and the t-table, K = 0.35197, so that the 
answer is 


CONF  95{2.63 3 k, = 3.34}. 


Multiplying out the square, we get three terms, hence three sums, 
SG — x) = be = 2x> XG + nx" 
= 2_ 2 yx. > i : 
=> es Xi 2,%; tn 7 Hi 


and the last of these three terms cancels half of the second term, giving the result. 


SECTION 23.10. Correlation Analysis, page 1150 


Purpose. Correlation analysis deals with the interrelation of X and Y in a two-dimensional 
random variable (X, Y). This section is an introduction without proofs. 


Main Content, Important Concepts 


Sample covariance s,,, 

Sample correlation coefficient r 

Population covariance Oxy 

Population correlation coefficient p 

Independence of X and Y implies p = O (“uncorrelatedness”). 


Two-dimensional normal distribution 


If (X, Y) is normal, p = 0 implies independence of X and Y. 


Test for p = 0 


SOLUTIONS TO CHAPTER 23 REVIEW, page 1153 


26. ¥ = 20.325, s* = 4.551, s = 2.133 

28. f. = 20.325, &? = (7/8)s2 = 3.982 

30. k = 1.96 - 5/500 (see Table 23.1 in Sec. 23.3). CONF 95{21.56 S p = 22.44} 
32. k = 2.576 - 3.2/V8 = 3.0 (Table 23.1 in Sec. 23.3). CONF 99{28.4 S w S 34.4} 
34. k = 2.06 - 7/2 = 2.9 from the t-table in Appendix 5 with 24 degrees of freedom. 


36. 


CONF) 95{113.1 S w S&S 118.9} 
n — 1 = 3 degrees of freedom, F(c,) = 0.025, cy = 0.22, F(cy) = 0.975, co = 9.35 
from Table A10 in Appendix 5; hence ky = 0.05/0.22 = 0.227, ky = 0.05/9.35 = 0.005 


38. 


40. 


42. 


48. 


50. 
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by Table 23.3 in Sec. 23.3. The answer is 
CONF 95{0.005 S o? S 0.227}. 

The test is two-sided. We have o?/n = 0.025, as before. Table A8 gives 

c — 15.0 

0.025 


and 15.0 — 0.31 = 14.69 as the left endpoint of the acceptance region. Now x = 
14.5 < 14.7, and we reject the hypothesis. 

We proceed as in Example 3 in Sec. 23.4. The test is right-sided. From Table A9 with 
n — 1 = 19 degrees of freedom and 


PT > c)y= 0.01, thus PT So), = 0.99 


PX < cso = o( = 0.975, c= 15.31 


we get c = 2.54. From the sample we compute 


j 29.8 — 28.0 7135 > 

= c 
V 1.2/V 20 

and reject the hypothesis. 


X = 376.3, ¥ = 335.3, 17 = 1009.3, so? = 869.3, tp = 1.64 <c = 2.92 (a = 5%, 
2 degrees of freedom); do not reject the hypothesis. 


. Because the sample size n is finite. 
-a=1— (1 — 6)® = 5.85%, when 6 = 0.01. For 6 = 15% we obtain B= 


(1 — 6)§ = 37.7%. lf n increases, so does a, whereas B decreases. 


We drop the two rods of exact length. Then we have a sample of 18. Under the hy- 
pothesis that no adjustment is needed, longer rods and shorter rods have the same 
probability 3. Hence the probability of getting three or fewer shorter rods is 


(2) + 18 + 153 + 816) = 0.0038 


and we reject the hypothesis and accept the alternative. 
= 3.4 — 1.85x 


a ee 


